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PREFACE 


The historical background of this work is sketched in Chapter I, & 
and need not be repeated here. It should, however, be complemented by 
remarks of a more personal nature, particularly as regards the author’s indebted¬ 
ness to his, mathematical colleagues. 

It has become more or less apparent to students of cultural evolution tliat the 
genesis of a line of thought cannot be fixed either in chronological fashion or 
bibliographically. If proper evidence were on record, an idea which seems to 
emanate at a fixed date or in a particular work would be found upon analysis 
to be only the end product of a collection of prior ideas; the “oiiginator” of the 
idea being only the medium tlirough which tliese latter ideas achieve their 
synthesis. Even the particular individuality of the “originator” is probably 
not of i)aramoimt importance; of importance is the perennial presence of the 
“creative^” mind, ready to receive the stimuli. Can anyone doubt that the 
calculus would have evolved even though Ixjibnitz and Newton had taken up 
funning instead of sciienee? Simultaneous announcement of “discoveries” by 
contemi)oi‘uries, often widely separated, is not a rare occuirencc. 

It is fitting, then, for an aiitlior to attempt to place his work in its jiroper 
sel.ting amongst past and contemporary influences. This is the object of the 
hisl.orical remarks in (!luipt<‘r I. Hut these fonnal remarks only ]:iartially fill in 
tlic i)icture. On inor(\ ])ersonal side, 1 wish to express my indc^btedness to 
Pfoh'ssor R. fv. Moore, umk'i- whose tutelage I leceivod a thorough grounding 
in i)oint s(d, tlieory. It was (luring my early corita(3ts with him that I came to 
r(3aliz(3 1h(! vac.inun in our knowknlge of the sot-theoretic structure of the /i-ccil, 
particulai’ly the luck of a to])ological characterization. Later, tlirough ]K‘t'.sonal 
contacts with Pi-ofcssor Paul Ale.xandroff in 1928, I became convinced (a con¬ 
viction which he obviously shared) that the problem of the w-cell demanded new 
tools, (^specially the extension to geiKu-al spaces of tlio theoiy of pimectivity 
(Iioinology). Acknowledgements arc also due to Professor Eduard Cech (whose 
theory of gc^nei'ul homology is used herein), who visited the United States in 1934- 
35 and from wliom I gained much stimulation and personal encouragement. I 
am also gi-atcful to the Institute for Advanced Study for making ])ossible a year’s 
uiiintciTupted research in 1933-34, during which the present investigations on 
manifolds were initiated; and to the John Simon Guggenheim Memorial Founda¬ 
tion for the grant of a fellowship in 1940-41. It was during the latter period 
that Uie euclidean fonn of many of the results given in Chapters X-XII were 
found. 

As regards the end result—the book itself—^it cannot be emphasized too 
strongly that what is presented herewith is only a beginning. It is only those 
properties of manifolds that can be handled by set-theoretic and homologie 
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tools that are developed, and even these are not completely treated. Problems 
concerning homotopy, mappings of manifolds, applications to the study of group 
manifolds, etc., are all awaiting attention. But I hope that what is done here 
will serve as a useful basis for an attack on such problems. 

The delay in publishing has been due to several factors. Since my deliveiy of 
the Colloquium Lectures on “Topology of Manifolds" at Vassar in September, 
1942, in which the general outlines of this work were presented, the major part 
of a war has been fought, and a teacher in American universities need not be told 
what the attending demands, and the heavy post-war university enrollment of 
veterans, have done to the time that can be devoted to research. Also, most of 
the results in the later chapters, published here for the fii*st time, were worked 
out with the euclidean n-space as locale. Resetting these in the generalized 
manifolds required not only revamping of proofs but taldng advantage of the 
parallel advances in algebraic topology. New and more powerful tools were 
developing, such as the theory of cohomology and chain products, whose incor¬ 
poration necessitated much revision but which justified themselves by the greater 
simplicity made possible in proofs. In many cases, proofs involving homology 
which were long and difficult became much simplified through the device of 
reverting to cohomology. 

It also became apparent that the work would have to be topologically self- 
containing; the reader could not be expected to have previously read works on 
point set theory, topology of polyhedrals (combinatorial topology) and the 
newer algebraic topology. On the other hand, it was not possible to write a com¬ 
plete exposition of all these aspects of topology. The plan finally adopted was 

develop the progi-am from its simplest elements to its more complicated stages 
while simultaneously introducing the tools needed. Starting at first with general 
spaces, sufficient topological properties are introduced to characterize the basic 
1-dimensional configurations (arc, 1-sphere). As a consequence, Chapter I is 
quite elemcntaiy. Some of the Schoenflies insults in two dimensions are then 
given as well as some of the more modem plane point set theory—partly to 
furnish a natural basis and motive for the n-dimensional case and partly to 
present a unified treatment whdcli takes advantage of the newer methods. 

Algcbi-aic topology is not introduced until needed—some topology of polyhe¬ 
drals cntei-s incidental to the material on the euclidean n-sphere in Chapter II, 
the more recent algebraic topology not being introduced until Chapter V. Al¬ 
though tlie treatment of these topics obviously could not be made in such general 
and complete fashion as m tlie companion volume by Lefschetz [L] in this series, 
enough is given to carry through the later chapters. The discerning reader will 
see many algebraic problems to be solved. Throughout the later chapters only 
an algebraic field is used as coefficient group, since, for example, the geometric 
form of the Alexander-Pontrjagin duality forms an important tool (three coeffi¬ 
cient gmups are usually involved—one to define the manifold, and one each for 
the homology theory of a subset M and for the complement of M). However, 
it is impossible to do more in a work of this size than to sketch in the general 
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picture; the author hopes that other writers will fill in some of the gaps and bring 
the picture into sharper focus. 

In an Appendix, I have pointed out some unsolved problems. Some of these 
may have very simple solutions; others (as for instance 1.1) are probably quite 
difficult. Such well-lcnown (and difficult) classical problems as the classification 
of manifolds, conditions under which the in bounds a 3-cell, etc., are 
omitted. 

References to the bibliography are enclosed in brackets, those involving 
capital letters such as [V] or [Mo] referring to books on topology, and those 
involving only lower case letters such as [a], [c] referring to miscellanea, mainly 
journal articles. Page numbers, etc., may be included, as in [a; 20] referring to 
page 20 of the article cited. Cross-ieferences to items in the text are generally 
made by citing chapter and section; thus “V 12.2’' refera to Chapter V, section 
12.2. When a section number alone occurs, such as “12.2”, the reference is to 
the chapter in which the citation occurs. References to formulae are enclosed in 
parentheses. 

Along with tlic index of terms, there is included for easy reference an index of 
symbols. Certain symbols which refer to analogous concepts might easily be 
confused. The latter I'emaik applies particularly to the symbols for homology 
and cohomology groups. The problem of symbolizing the various types of 
these groups which are encountered in the present work, and the corresponding 
Betti numbers, proved a serious one, and it is questionable if it has been satis¬ 
factorily solved! 

I am grateful to those who have lent their advice, read some of the chapters or 
assisted in reading proofs; particularly to Professors Miriam C. Ayer, E. G. 
Beglo, S. Kaplan, P. A. AVhitc and Gail S. Young; also to Dr. K. 1C. Butcher, 
Dr. E. F. Larguicr and Messrs. M. L. Curtis and L. F. llsicli. Aid in pieparation 
of the manuscript was received from the Alexander Ziwet Fund, administered 
by the Executive Board of the Rackham School of Graduate Studies of the 
University of Michigan. 

I wish to thank the American Mathematical Society for the honor and privilege 
of publishing this vokune in its Colloquium sctics. 

Ann Arbor, Michigan 
December, 1948 
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CHAPTER I 


ELEMENTARY CONCEPTS; CHARACTERIZATIONS OF AND 

We shall describe in this chapter some elementary types of topological spaces, 
as well as some of the properties such as connectedness, separation by cut- 
points, etc., that are needed in characterizations of the simplest types of mani¬ 
folds. Several modes of recognition of the simplest manifold of all, the 1-sphere, 
are given in this chapter and the next, partly as an application of the concepts 
introduced, and partly as a key to subsequent generalizations. We begin with 
the logical notion of class or collection and the related symbols and operations. 

1. Sets. We use the term set as synonymous with the logical notion of class 
or collection. That an individual x is an element of a set M we denote by the 
relation x S M. More generally, that individuals x, y, ■ ■ • , w Me elements of 
M will be denoted by the single relation x,y, ■ ■ ■ ,w^M. We usually denote 
sets by capital italic letters, their elements by lower case italic letters. When 
it becomes necessary to employ three levels in the hierarchy of sets, we shall 
use capital German letter's such as U to denote the highest level. Identity 
between sets i.s denoted by the e(iuality sign " = ”. 

If A and B are sets such that every element of A is also an element of B — 
that is, X G A implies x G B —then A is called a subset of B; this relationsliip 
is denoted by A C B or B A. In particular, the -riutl set —the set which has 
no elements—is denoted by 0 and is a subset of every set. Negations of C, 
3, G are indicated by CH, ID, ^ respectively, li A G B and there exists x 
such that X G B and x A, then we call A a proper subset of B. 

Jiy the union (or jom) of two sets A and B, symbolized A. VJ B, we mean the 
set of all .t’s such that at least one of the relations x G A, x G liolds. For 
several sets A, B, ■ ■ ■ , N, we write A \J B VJ ■■■ \J N, meaning the set of all 
ot’s such that at least one of the relations x G A, x G B, • • • , .r G A'’ liolds. 
The difference, A — B, is the set of all a;’s such that x G A and x ^ B. For 
example, we may define A to lie a proper subset of B by the relations A C B 
and B ~ A 9^ 0. \i A G B, then we may call B — A the complement of A in B. 

The intersection (“meet”) of two sets A and B, symbolized A r\ B, is the 
“common part” of A and B; that is, the set of all x’s such that both relations 
X G A,x G B hold. For example, A U B = (A — R) W (A H R) W (B — A). 
If A n B = 0, we say that A and B are disjoint sets. 

Use of the symbols U and r\ instead of the classical -|- and • is due to the 
desire to preserve the latter for use in the algebraic portions of topology. It 
will also be of advantage to introduce the following device for set definitions: 
If A is the set of all elements x having a certain property P, we may indicate 
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the fact by writing; 

(1) A = \x\x has the property P]. 

We may also find convenient the symbols & for “and”, and V for “or” (more 
precisely, “and/or”). For example, .d H B = [a: | (.t ^ ^ ^S)}; A U 5 = 

{a; I (a; G V (x S B)}; and B - A {a: | (x G ^ . 

Generally, we use the braces { ) to indicate a collection whose elements 

are generically denoted by the symbol within the braces. Thus, A = {x} 
means a collection any one of whose elements we may denote by the symbol x. 
Usually the elements will be indexed in some fashion, the index denoted by a 
subscript. For example, A ~ {x„) will usually denote a set of elements which 
are indexed by the natural numbers 1, 2, • • • , n, • • • . The elements of a set 
may, and frequently will be, sets themselves. And if {Ai} is a collection of 
sets A i, U*A i, or simply U A <, will mean the set (x | x 6 A < for at least one i }. 
And by *• j n , wo denote the set [x\x S Ai for all f {. 

We shall have frequent need of combinations like u A{ U L/ Bi j meaning 
A,) \J Bj), for example; or such as u Ub, , meaning (Oa^) O 
(U Bj). Wherever confusion might result, however, parentheses will be em¬ 
ployed. 

A set 0 is called nonempty or nonvacuous. If a set has more than one 
element, it is called nondegenerate. 

2. Spaces. A space is a specialized form of set. In general it is a set in 
which for each subset A, a set A' of “limit points” has been assigned. The 
means by which this is accomplished are various and dependent in general 
upon one’s purposes. Usually we want the sets A' to bo assigned so as to satisfy 
a certain minimum set of conditions which may be stated in the form of axioms. 
In our treatment we prefer to assign to each point x a nonempty collection 
of certain special subsets, to be called neighborhoods of x, which contain x (this 
corresponds to the firet axiom of Hausdorff for a topological space; ITausdoiif 
[H; 213]) and in terms of which it is determinate whether x is a “limit point” 
of any given set or not. For example, in tho case (2a) of tho cartesian plane, 
we usually stipulate that a neighborhood of a point is the set of all points 
within any circle having that point as center. In assigning neighborhoods for 
the plane in this manner, wo have in mind its special character as a set of points 
constituthig a “plane” in the cartesian sense. 

When neighborhoods have been assigned for the points of a set S, we' say 
that an element, or point, x of jS is a limit point of a set A C ^ if for every 
neighborhood U of x it is tme that (U - x) H A 0. Thus in (2a) above, 
every point of the set S of all points in the cartesian plane is a limit point of >3; 
and the origin (0,0) is a limit point of the set, A, of all points of the form (1/n, 0), 
where n is any natural number. Note that 

2.1. Whether a point x is a limit point of a set A is not in any way dependent 
upon whether x E A or x ^ A. 
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Also we note that it follows immediately from the definition that 

2.2. If X is a limit point of a set A, and M is a set sitch that A C. M, then x 
is a limit point of M. 

We shall sometimes symbolize the statement “rc is a limit point of M” by 
“re Ip M”. A neighborhood of x will often be indicated by symbols such as 
V{x), V(x), etc. 

Example (2b). Let denote the set of all real numbers, and for each 
X ^ R^ such that x 0 and each positive number e, let a neighborhood consist 
of all numbers y ^ Ri^ such that \ x — y \ < «. And denoting by A the set of 
all numbers l/n, no, natural number, let a neighborhood of 0 be the set of all 
numbers y Q which are not in A and for which \ y\ < €. With neighborhoods 
so defined the set becomes a space . 

Now when we speak of the space of real numbers, we do not mean the 
space Sb, since in the former space we always assign neighborhoods for 0 exactly 
like those assigned in Sb for all numbers except 0. Thus while Sb and are 
identical as sets, they are different as spaces, although they may be said to 
differ only “at” the one point, 0. For in R\ 0 is a limit point of the set A, 
whereas in Sb , 0 is not such a limit point. 

Another way of looking at this is the following: Suppo.se M is a .subset of 
a space S —meaning that M is a subset of the set S —and that for x G d/ and 
neighl)orhood f/(.r) in S, wn let V{x) = M r\ U{x) be a neighborhood of x in 
M. With neighborhoods defined in thi.s way for i!/, wo (udl M a stihspace of S. 
In t.lvc jihove, examples >S’,, is not a subspace of R\ 

It is freciuenlly eonvenieint to niplaco the given (eoIUu'.tion, usually e:i,l]cd 
system, of n(!igh))orlioods of a space, hereafter to be calle^d the definmij system, 
by a different syst.em which is equivalent to the defining syslxin in the following 
s(!ns(i: Two systems of neighborhoods 91, and of a space .S’ are^ (*ail('(I equivalent 
if for every x G S and U(x) G 91i(9h) there exists a F(:r) G (91,) siicii that 
K(.r) C Tims in Fxample (2a) the ckilining syst(im is cU'arly (‘(juivahint 

to the syslom obtained by letting eu(h iK!igliborhoo<l of the (h'lining sy.sl.om 
also be a neighborhood of any point which it contains. 

The j'cader may verify that 

2.3 If 91, and 91a equivalent neighborhood systems of a space S, an<l x Ip M 
in terms of 91, , then x Ip M in terms of 9?2 ; conversely, if x Ip M in terms of 91, 
implies a: Ip iW in terms of 9 I 2 and vice versa, then 91, and 9 I 2 arc equivalent. 

Thus equivalent neighborhood systems give the same special character to a 
set in the sense that the relations x Ip M are identical for the t\vo systems. 

Going back to Example (2a) again, the set of points on the x-axis is a subset 
of The neighborhood system obtained by considering as a subspace 
of is equivalent to the neighborhood system obtained by considering as 
identical with the space R^ of real numbers. 

It is to be noted that any set S whatsoever can be turned into a space in a 
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trivial way, namely by letting each point be its own neighborhood. In such 
a space no point would be a limit point of any set. 

3. Metric spaces. A simple type of space is that whose cliaracter is deter¬ 
mined by distances between points. If £1 is a set, then a distance function or 
metric over S is a single-valued real function p{x, y) which is defined for all 

2 / G ■S' and which satisfies the following conditions: (1) p{x, y) = 0 if and 
only if X and y are the same clement of (2) if x, y, z ^ S, then p(x, y) g 
p{x, z) -f p{y, z). It follows easily that p{x, y) is necessarily nonnegative and 
symmetric. In order to assign neighborhoods in S, for each x E: and positive 
number €, let B{x, t) — {y\{y E ^&[p{x, y) < e]}. We call such sets S{x, e) 
spherical neighborhoods, and they constitute the natural neighborhoods of the 
metric space S„ whose distance function is p. The number e is called the “radius” 
•of the neighborhood S{x, e). In terms of their usual metrics, the euclidean 
spaces are metric spaces, and we have already, in Example (2a), set up the 
spherical neighborhoods for the special case of the euclidean plane. 

According to the definition of limit point in §2, x Ip M in a metric space if 
for every neighborhood S{x, e), e) — x] r\ M 9 ^ Q. In metric terms, this 
means that x Ip M if for every € > 0 there is a point y oi M such that 0 < 
p(x, y) < e —that is, there are points of M distinct from x which are “a.s near 
to a: as we please.” 

The reader may verify that 

3.1 If M is a metric space, then the neighborhood system obtained by leltiruj each 
S{x, e) be a neighborhood of every y E S(x, e) is equivalent to the defining sysLem. 

Any set whatsoever can be turned into a metric space by defining the distance 
function p(.r, y) — I for every pair of distinct elements x, y of the set. Tliis is 
the metric apace which is apacially identical with the space mentioned at the 
end of §2. 

Of special importance among the metric spaces are the so-called “complete” 
spaces: 

3.2 Definition. Let a sequence {a-„i of points of a metric space B have 
the property tliat for arbitrary « > 0 there exists a natural number such 
that for k > n{<-) and m > n{e), p(xh , x^) < e; such a sequence is called a 
Cauchy seqiumcc (of points of S). If for a sequence {.Tn} there exists x E B 
such that for aibitrary t? > 0 there exists n(ri) such that for n > n( 7 }), p{x „, x) < 
ij, then the sequence is called convergent.' Then a metric space in which 
every Cauchy sequence is convergent is called complete. 

The reader will recognize the relation to the ordinary Cauchy sequences of 
real numbers;^ the space furnishes an elementary example of a complete 
space. 


^Compare III 1.19. 
^See 5.12 below. 
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4. Closed and open subsets of a space. We pointed out in 2.1 that whether 
a point ic is a limit point of a set M in a space S is not in any way dependent 
upon whether x S M or x ^ M. Now if 71/ is a subset of a space such that 
M contains all its limit points in S, then we call M closed. Inasmuch as the 
notion is a relative one, we may frequently, in order to avoid confusion, speak 
of M as closed relative to S (rel. S) or closed in S. 

We may also define tl^ notion as follows: With each subset 71/ of a space S 
is associated its closure, M, which is the set consisting of _M and all limit points 
of 71/ in S. Then a set 71/ is closed if and only if 71/ = M. In particular, S is 
itself closed. (Obviously, if S is a subspace of a space T, however, S may fail 
to be closed rel. T.) The set of Example {2b) is closed since it has no limit 
points and consequently A ~ A. 

If F is a closed point set in a space S, then the complement of Z’ in S is called 
open; that is, a set U is open if and only if 5 — U is closed. (Here again we may, 
to avoid confusion, stipulate “rel. S” or “in S”.) In particular, since S is closed, 
the null set 0 is open. Also, since we stipulated in §2 that a set becomes a space 
only upon the assignment of neighborhoods to all its points, we can conclude 
that the null set is closed, and hence .S' is open. 

4.1 In cvenj space S, each of the .sets S, 0 is both clo.scd and optni. Incidentally, 

4.1 emphasizes the fact that as used in topology, the terms “closed” and “open” 
are not logically disjunctive; “open” does not mean “not closed.” From the 
dclinil.ion of “open” we have 

4.2 In order that U C be open, it its nece.s.Hnri/ niid .siijfieieiit that .r G H 
imply that there exists a ■neighborhood X of x such that .'V C X. 

In 2.2 wo stated that if x Ip .1, and .1 C d/, tlu'H x Ip M. From this follows 
easily that 

4.3 In. any space S, if {/'M is a eolleelion of clo.'<ed point .st/.s' I',. , then (~\ F, 
i.s a closed, point set. 

And sin(;(! in any set .S', if 'd/d (n>ll<!clion of .sc'ts M, , tlu'u iS — .1/,) = 
N — M, , we may infer from -1.3 thaf. 

4.4 hi any space S, if 17 hi h a collection of open point .sct.s Ih , then u i', 7.S 
an open point set. 

Now if we had the following axiom, 

4.5 If X S S, and U(x), F(.r) are neighborhoods of x in S, then there exists a 
neighborhood W(x) of x such that IF(.r) C Uix) A F(.r), we could prove that 

4.G The union of a finite number of closed point sets is closed; and the inter¬ 
section of a finite number of open sets is open. Axiom 4.5 is the so-called “2nd 
Hausdorff axiom”. Its necessity in proving 4.6 is shown by the following 
example: 
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4a Let S be the set of all real numbers, with neighborhoods defined as in 
Example (2b) except for 0; for 0, let the neighborhoods be the sets 
{a; I 0 ^ ® < 1/n} and [x \ —l/n < a: ^ 0} for all natural numbers n. Then 
ii A = {a: I a: < 0 j and B = {a;|0 <a:},0isa limit point of -4 U J3, but not a 
limit point of either A or B. Consequently A and B are closed, but A U B k 
not closed. 

A candidate for a neighborhood system of a space is the set of all open point 
sets, each open set to be a neighborhood of each of the points that it contains. 
However, -without imposing further requirements, the space defined by the open 
sets may be different from the original. For example, consider the example 
(4b) of a space T having only three points a, h, c. Denoting a neighborhood 
of X by U(x), let U{a) ~ a\J h, U(h) = hU c, U{c) = cU a, these being the 
only neighborhoods.^ Then a~cU a, b = aUb, c^^bUc; and hence no 
subset of S con sisting of one p oin t is clo sed, so that no point-pair forms an 
open set. Also, c'U a = aU h ~ h\Jc — a'Ub'Uc, so that no point-pair 
is closed and hence no single point constitutes an open set. Thus the only 
possible open set which can be used as neighborhood is S itself. Consequently 
if the open sets of S were to be used as neighborhoods, we should have a = 
a U & VJ c, whereas actually, a = o U c as originally defined. Thus the space 
obtained from S by using open sets as neighborhoods is topologically different 
from the old. Note that both the 1st (see §2) and 2nd Hausdorff axioms are 
true of S. The following axiom, the 3rd Hausdorff axiom, would allow the use 
of open sets as neighborhoods without changing the character of the space: 

4.7 If y ^ U{x), then there exists U{y) such that U(y) C U(x). Evidently 

4.7 implies that every neighborhood is an open set, and 

4.8 Every space which satisfies 4.7 has the property that its defining neighbor¬ 
hood system is equivalent to the system of all open sets, each open set being a neigh¬ 
borhood of each point that it coniaitis. 

In view of 4.8, it has become customary, in dealing with any space which 
satisfies 4.7, to use the system of all open sets as neighborhood system. 

An important consequence of 4.7 is: 

4.9 In a space, satisfying 4.7, the closure of a point set is closed. 

4.10 Frequently, in later chapters, we shall wish to indicate that the closure 
of a point set 5 is a subset of a set A; to do this, we write 5 C A, or A 3* B. 

5. Mappings; homeomorphisms. If S and S' are (the same or different) sets 
and / is a correspondence which makes correspond to each a; G ^ a unique 

^Thc set which consists of the point a alone should be denoted by a new symbol, such os (a), 
and the aljove relations witten U{a) « (a) 'U (6), for example. But in accordance with the 
usual custom, when no confusion might result, we shall abbre-viate by using the same symbol 
for the set whoso .sole element is x as for the element itself, 
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element of ^S', then we call / a mapping of ;S into S'. A mapping / of 

into S' may be denoted variously by/ :S-~^ S' orf(S) C S'. If every element 
of S' corresponds to some x S S, then we call / a mapping of S onto S', and 
write/(*S) = S'. If M' C S', then by we denote the set | (a: G S)& 

I/(^) € -^1}- Generally, the same element x' of S' may correspond to any 
number of elements of S —i.e., although f(x) is unique, the inverse, may 

not be unique. When f~^(x') is unique, the mapping/is called (1-1). 

In practice, S and S' may be spaces, vector spaces, groups, etc., and usually 
/ will have further properties in addition to those mentioned above. In partic¬ 
ular, / may be required to “preserve” certain relationships between elements 
or sets. Thus, if A, J5 are subsets of S, and r is a binary relationship between 
sets or elements, of significance for S and S', then we may require of / that for 
all A, B such that ArB, the relation/(A)r/(S) hold in S'. Suppose, for instance, 
r is the relationship of nonidentity between elements— 7 ^. Then to require 
that/ preserve 7 ^ (i.e., x 9 ^ y implies/(a:) 9 ^ f{y)) is another way to impose the 
(1-1) character upon the mapping. 

Of more significance to us, however, i^he ease where S and S' ar^ spaces 
and th e rela tionship ArB is that of x G M. If we require that .r G imply 
fix) G SiM), then we say that the mapping preserves limits. 

5.] Definition. If S and S' are spaces and f : S S' a mapping which 
preserves limits, thenf is called continuous. 

5.1a There arc many propcidies which are equiv'-alcnt to the continuity 
properly defined in 5.1. An obvious one is that if x' G S' and f/(.r') a neigh¬ 
borhood of x' in S', then there e.visls a neighborhood I’l-r) of .r in S such that 
/|h(^)l C (-iix'). Anotlior is tliat if U' is an open (closed) .Hubset of S', then 
f~'i(.i') is open (closed) in S. (The equivalence in tlu' lattc'r case require.s that 
'.S” satisfy 4.7.) 

ddie most familiar example is that of real single-valued functions. Every 
such function is a mapping / ; IV —> iS , where IS is the spa(a- of real numbers, 
C’ontitiuily of siudi a function in the ordinary s(uise is (‘(piivalent to continuity 
of tlu! mapping / as <lefincd above. 

(5a) lOxAMPLio. In the .set if' of all real miml)er.s, lot A = j.r | (0 < .r < 1) V 
Or = -1) V (.T = 2)1;^ = {.T I (0 ^ X < I) V (x = 2)\,C = jx | 0 ^ x g 1). 
Then there exist continuous mappings/(/I) = B, giB) = C. 

Along with any class of mappings one may study the a.ssociatcd invariants. 
One of the most important invariants associated with the class of all continuous 
mappings of one space into another is that of connectedness: 

5.2 Definition. A space is connected if it is^ot the union of two non¬ 
empty sets A. and B such that Ar\B = Q~Ar\B. 

5.2a We leave to the reader the proof of the invariance of the connectedness 
property defined in 5.2. The most familiar and fundamental of the connected 
spaces is the real number continuum with the usual topology. 
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For handling spaces that are not connected, the notion of separate sets is 
very useful: Two non-empty point sets A and B are called separate (or separated) 
ii A r\ B = 0 — A r\ B. The fact that a set M is the union of two such sets 

may be expressed by a relation 

« 

(5.2a) M — A'U B separate. 

If a space S is not connected, then clearly it is the union of separate .sets. 

Another invariant of continuous mappings, for which we shall have important 
use in this chapter, is that of countable compactness: 

5.3 Definition. A space S i^-couniably compact if every infinite subset of 
S has a limit point in SA 

For example, any closed interval of the real number continuum is countably 
compact. Such an interval loses its countable compactness, however, if one of 
its end points is deleted. 

But to return to the general mapping / of a space S into a space *S': If such 
a mapping is (1-1), then/is called bicontinuous if both/ and /"* are continuous. 

5.4 A mapping / : S ^ S' which is (1-1) and bicontinuous as well as “onto” 
is called a topological mapping of S onto S', or a homeomorphism i)etwe<’n S 
and S'. 

5.5 Definition. If between two spaces S and S' there exists a liomeo- 
morphism, then S and S' are called topologically equivalent or homeomorphic.^ 

Properties which are invariant under topological mappings arc cialled topo¬ 
logical imanants, and the latter of course form a larger class than tlui invariants 
of mappings that are merely continuous. 

5.G As a branch of geometry, Topology may be defined as the sludy of 
topological invariants of a space." 

The reader may verify the following theorem: 

5.7 Thkouem. If j : S —> S' is a (1-1) mapping of S onto S', then a ncce.'^mrij 
and siijlicicnt condition ihatf be a komeomorphmn is that in each of the .'Spaces .S', 
.S", the defining system of neighborhoods be equivalent to the system formed by the 
images of the neighborhoods of the other space. 

We shall have occasion to use the notion of imbedding: 


“The notion definocl hero is that which Froohot (tailed “(!omi)aet”. The reason for our use of 
the qualifying “countably” will be apparent inter. 

«Thc reader will not confuse ‘'horaeomorphie'' with the group-theoretic “liomoinorphic”. 

«Altliough this d(ifinition is perliaijs adcciuato for Lire scope of the present work, it is certainly 
no longer valid to (3onfine the meaning of the term “Topology” within tl\c framework of the 
Klein classification. Indeed, to attempt a fonnal definition of Topology during the present 
period of rapid evolution would Idb as fruitless as to propose a definition of matliematics itself. 
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5.8 Definition. If A and B are spaces, and a subspace A' of B is homeo- 
morphic with A, then we say variously that A' is A topologically imbedded in 

B, or simply A' is A imbedded in B-, also, that A' is imbedded in B. 

We recall that (§2) as a space, A' has for its defining system of neighborhoods 
the “overlappings” with A' of neighborhoods of B. On the other hand, A has 
its own defining system entirely independent of B or A'. The homeomorphism 
between A' and A may be considered a result of such an equivalence as stated 
in Theorem 5.7. Frequently the term “imbedded” is implied. For example, it 
is customary to speak of “an in SV’ meaning “an 5' imbedded in 

5.9 Definition. If A and B are spaces', then we say that A can be imbedded 
in B if there exists A' C. B such that .4' is an .4 imbedded in B. 

For example, as pointed out below, if A is the set of points within a square 
in the plane together with the boundary, and B is an interval of a straight 
line, then A cannot be imbedded in B. As another example, it is trivial that 
the identity mapping f{x) = .r of a space S into itself is a homeomorphism 
between *S and itself. However, if S has neighborhood.s that do not satisfy 
the 3d Hau-sdorfi' axiom (§4.7), and S' is the space obtained by taking open 
sets in S as neighborhoods, then the identity mapping may not be a homeo¬ 
morphism—as for instance, if S is the space T of example (4b), §4.6, above 
where each point is an open set and therefore a neighborhood of itself in S'. 
As a matter of fact, one can prove the following: 

5.10 'Thkouem. If S is any space, and S' is the space ohtained from S hy 
using open sets as neighborhoods, then the identity mappitig .r = f(x) of S onto S' 
is continnuns; and if the neighborhoods of S satisfy the ‘Sd Ilaiistlorjf axiom, then 
the identity mapping is a homeomorphism. 

One might aslc, in view of the Bernstein ('({uivaleiico theoi-ein in li'ansHiiite 
number theory, wliether the existence of (L-1) eonl.inuous map})ings/(.S') = S' 
an<l g{S') = S implies the; existence of a lionK'omorpliism bi'twi'cn .S' and .S'.' 
TIh; following (‘xample show.s the answer is negalive: l.et .1, B an<l d be tlu* 
spaces of Kxample (5a), §5.1. J.et S con.si.st of an infinile s(‘(iuence of disjoint 
spacers /!, , , ••• each homeomorphic wilii .1, tmd an inliniU' 

seciuenco of disjoint space.s C, ,('■>, • • • , , • ■ • , each liomeoniorpliic with C. 

Let A i r\ = 0 for all i, J and let. the onl}’’ neighborhoods of .S' be those already 
defined in the 4.-’s and C,-’s. Let S' be formed by a .space S'l homeomorphic 
with S but with the addition of a set B (as of example (5a)), such that Si A 
B = 0 and the only neighborhoods are those alread}’’ defined in .Sf and B. 

We define continuous mappings f{S) and g{S') as follows: Denoting the 
homeomorphs of Ac and C,- under a fixed homeomorphism hiS) = by 4- 

^See Fundamenta Mathematicae, vol. 1 (1920), p. 223, Prob. 1 by W. Sierpinsld; and 

C. Kuratowski, Solution d’un problbme concement les images continues d’ensembles de poirds, 
ibid., vol. 2 (1921), pp. 158-160. 
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and C'i respectively, and noting that S Ai , 8{ , S ~ Ci homeomorphic, 
let/(4i) = B (cf. example (5a)), and let/(/S' — A^) = Si constitute a homeo- 
morphism; let giB) ~ (7, , and let g{S' — B) — g{S'^ = S — Ci also constitute 
a homeomorphism. Then/(>S) = /S'and ^(/SO = S are continuous mappings. 

However, the sets S and S' are not homeomorphic. For the set B' = B — h, 
where h is the point corresponding to the number 2 in Example (6a), being 
connected, would have to correspond to one of the sets Ci of S or else to one 
of the sets homeomorphic to the set of real numbers 0 < a: < 1. Now no two 
of the sets yl' : 0 < a: < 1; B' : 0 g a: < 1; C" ; 0 ^ .r g 1 are homeomorphic. 
That B' and C are not homeomorphic follows from the fact that B' is not 
countably compact and C' is countably compact. An easy way to show that 
A' and B' are not homeomorphic is to note (1) that A' contains only cut points 
(see Definition 5.11 below) and B' has one non-cut point, (2) that the property 
of being a cut point is topologically invariant. 

5.11 Definition. If S is connected and x ^ S such that S — x = X U Y 
separate, then x is called a cut point oi S. li 8 — x is connected, x is called a 
non-cut point of 8. 

In general, if 8 is connected and Af C B is such that S — Af is not connected, 
then M may be said to disconnect or separate S, or we may say ‘*8 is discon¬ 
nected by the omission of M.” {If 8 — M = A W B separate, we may say 
that if separates 8 into A and B, and if a E .4, 6 ^ B, that M separates a 
and b in 8; or, more generally, if 5 — if is the union of multi-wise separate** 
sets Ap , we may say that if separates B into the sets A,.) Obviously a cut 
point of a connected space is a point which disconnects the space. 

If D is the set of points wthin a ^uare in the euclidean plane, tlnm no homco- 
morphism exists between C and D since C' lias cut points and D lui,s none. 
In this case, too, continuous mappings/(C") = D (see Theorem Ill 2.5) and 
g{D) = C' exist, although neither is (1-1). 

A classical example of imbedding is that of the space of real rational fractions 
in the complete space of real numbers; indeed, by use of tlic C-aucIiy-C'antor- 
Mcray-HausdorlT procc.ss one may show: 

5.12 Theoiuiim. Every metric space can he imbedded in a complete metric 
space. 

6 . Historical remarks. The term “topology” apparently originatotl in List¬ 
ing’s Vorsiudien zur Topologic, which was published in 1847." The synonymous 
terms “Analysis situs”, “Geometria situs” were used even earlier; thus, Gauss 
employed the latter in 1833 in connection with the presentation of his classical 
“linking integral”. (See [A-H, 497-498]). As one might expect, theorems 
which are clearly topological in nature appear here and there in works which 


®See § 9.4 below. 

^Gottingen Studicn, pp. 811-875. 
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are by no means topological. A classical example of this is the Euler polyhedral 
formula. The reasons for this are not always to be found in an inability to 
recognize the topological nature of a theorem, but are partially due to the 
generality and fundamental character of topological ideas. 

As is so commonly the case with a new branch of mathematics, one finds 
the beginnings of topology in the applications to already existing fields of 
mathematics, as well as to physical theories. In Riemann’s investigations of 
functions which arise from the integration of total differentials, we find the 
basic ideas of homology theory emerging from the necessity for distinguishing 
between the various connectivities of the related surfaces.And Poincare’s 
extensive work, which formed the real basis for the so-called combinatorial 
method in topology, was instigated by his interest in the classification of algebraic 
surfaces (although he had earlier employed topological ideas in his work in 
analysis). The first work on linear graphs (1-dimensional complexes) was pub¬ 
lished by the physicist Kirchhoff, who applied them to the theory of electric 
circuits; and Tait’s fundamental work on the theory of knots was inspired by 
one of the molecular theories then in vogue in physics. 

The theory of sets was developed by Cantor with an eye to its use in the 
clarification and solution of problems in function theory and analysis; it would 
be difficult to imagine a function theory without such basic topological ideas 
as arc embodied in the classical coming theorems, for e.xample. And in the 
early part of the twentieth century the evolution of the theory of sets into the 
theory of abstract spaces was motivated by the needs of functional and general 
analysis. 

The rapid development of topology as a self-sufficient branch of mathematics 
during the first q\iartor of the twentieth century took place generally along 
two lines: the combinaiorial and the ad-theurctic. The former was the natural 
development of the itleas of Ricmann and Poincard, and was distinguislied by 
its./tm7c charader. I'lie basic configuration was not a point set, but a polyhedral 
or complex consisting of a finite number of/arcs of various dimensions, and tlic 
manner in which the latter were joined together or incident to one another 
determined th<! complexity of the configuration—the sort of “iioles", and how 
many such it might have, for instance. The situation locally, in the neighbor¬ 
hood of a i)oint, was not of special interest, since the local situation was eitlier 
simply euclidean or a finite combination of simple euclidean surfaces joined at 
a point to form a singularity. Such a set-up led inevitably to algebraic analysis. 
The incidence between faces, or cells as they were called, could be displayed by 
finite matrices, whose elements were 0 (to indicate “not incident to”), 1 or —1 
(according as the incidence “agreed” with the orientations assigned to the cells 
or not). The connectivity of the polyhedral, described by numbers called the 

i®See Weber’s edition of Riemanu’s Werke, in which will be found, besides the detailed treat¬ 
ment of the 2-dimensional surfaces, a previously unpublished Fragment containing the essential 
notions concerning "connectivity numbers” which were later published by Betti (who evidently 
had no Icnowledge of this Fragment). 
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Betti numbers or connectivity numbers, could be calculated from the numbers of 
cells and the ranlcs of these matrices. (See [V], for instance.) The surface, or 
portion of a surface bounded by closed curves, treated by Riemann, came to 
be represented by a poljmomial in the symbols for the cells, with integral co¬ 
efficients, called a chain, and the boundary of a chain led to the concept of 
bounding cycle, and more generally to that of cycle. When a cycle occurred 
which bounded no chain, the presence of a “hole” was indicated—that is, the 
surface was not simply connected. 

Although the real significance of these algebraic tools was only gradually 
realized, the inlc was not long dry on Poincare’s publications before chains came 
into use in which the integral coefficients were replaced by integers modulo 2 
(Tietze [a], Veblen-Alexander [a]). And although these seemed to be a device 
to avoid orientation, for cases where the latter was not of significance or perhaps 
undesirable, it opened the way for the use of other types of coefficients. During 
the 1920’s the integers mod p, where p is any integer, were introduced as co¬ 
efficients by Alexander [b], and the rational numbers by Lefschetz [a, b]. The 
latter type of coefficient seemed intuitively difficult to grasp, since the geo¬ 
metrically minded were prone to ask, what can “one-half a cell” mean? Only 
the full realization that a chain was an algebraic entity, not a geometric object, 
could remove the difficulty, and although the distinction may now seem trite, 
it formed one of the “stone walls” which had to be hurdled. This accomplished, 
the way was open for the introduction of group-theoretic methods; and the study 
of homology groups through the introduction of chains \vith coefficients in an 
optional abelian group led rapidly to an algebraic topology rich in problems 
unrealized in the older topology of complexes. 

A growth parallel to the developments just mentioned was the study of 
topological properties by the setrtheoretic method. Here the basic configuration 
was a point set, and whereas in the combinatorial approach the properties of 
the configuration in the large were the center of interest, in the set-theoretic 
approach the local properties—the situation in the neighborhood of a point— 
were those naturally studied. Ignoring for the moment the work of Schoenflies 
during the first decade of the century, one of the most fruitful notions of the 
set-theoretical topology, namely that of local connectedness, was introduced 
during the second decade for the purposes of an easier recognition, and topo¬ 
logical analysis, of continuous curves (originally defined analytically by C. 
Jordan [a]). The space-filling curve problem —can a continuous curve in the 
plane contain all the points inside a circle ?—had been solved by Peano in 1890, 
but the satisfactory solution of the really inherent problem —what can a con¬ 
tinuous curve in any dimension look like, and what type of configuration is ex¬ 
cluded ?—was not solved until Hahn and Mazurkiewicz independently showed, 
about 1914, that the notion of continuous curve in separable spaces is'identical 
with that of locally connected continuum. With the introduction of this topo¬ 
logical characterization, topologists—^particularly of the Polish and American 
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schools—undertook a thorough-going structural study of the continuous curve, 
which gradually came to be called Peano space or Peano continuum. 

At the same time the various types of abstract spaces were coming to be an 
object of inquiry; the metrization problem is an excellent illustration —what 
topological properties characterize the metric spaces? Here the coverings of a 
space, which were ultimately to form the connecting link between the local 
and the large properties of a space, were of fundamental importance—^partic¬ 
ularly the existence of a denumerable set of neighborhoods equivalent to the 
defining system. For a resume of the work on the metrization problem, the 
reader is referred to Chittenden [a]. 

The line of thought which eventually showed the way to the merging of 
these two approaches to topology can be traced back to the investigations of 
Schoenflies on what we shall call positional invariants-. Given two configurations 
A and B such that B is imbedded in A, what can be said about the relationships 
existing between A and B as B is subjected to topological transformations within A f 
The classic example—one whose antedating of Schoenflies’ work incidentally 
shows the difficulty in pointing to any one mathematical event as the genesis 
of a line of thought—is the Jordan Curve Theorem: If A is the euclidean plane 
and B is homeomorphic to the circle x' -{• y'^ = 1 (.4 D B) then tli£ set ^ — B 
is the union of two connected, separated point sets X and Y such that X r\ Y = B. 
Although this theorem appears in Schoenflies’ 1908 work Die Entmekdung der 
Lchrc von den Punktmannigfaltigkeiten [S], its proof would hardly accord him 
any special distinction since proofs which precede his work are nearly as numer¬ 
ous as those which succeed it. But Schoenflies not only proved a converse 
theorem (see Theorem II 5.38 below); he considered many other cases, such as 
tlie case where B is a totally disconnected closed point set, and the case where B 
is a general closed curve —a configuration which contains the homeomorph of 
the cii'cle as a special case. And one of his most important contributions was 
the case where B i.s a continuous curve; in this case he found positional properties, 
such as accessibility, which were sufficient completely to characffu’izo the con¬ 
tinuous curve in the plane. 

Although this work of Schoenflies did not, in the opinion of the present writer, 
attract tiu^ attention it deserved," it did not escape the attention of Brouwer 
[a], who wrote some critical material concerning Schoenflies’ investigations, and 
later (contributed many fundamental ideas of his own {who,se influence, also, 
was not at first fully felt), such as the notion of linking coefficient. The partic¬ 
ular item which we wish to mention in Brouwer’s work resulted from his dis¬ 
covery of certain incorrect assumptions made by Schoenflies concerning the 
closed curve (evidently due to the inexperienced intuition of the pioneer). 

>iA like opinion seems to be held by Profes-sor R. L. Moore; see 463 of [Mo]. One is moved 
to wonder, for instance, how much of the fumbling use of "continuous curves” which may be 
encountered in some texts on complex function theory, might have been avoided by a familiarity 
with Schoenflies’ work on plane point sets. 
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la 1912, Brouwer published a proof [b] of the theorem (lacking in Schoenflies' 
work) that the property of being a closed curve in the plane is invariant—i.e., 
a point set in the plane which is the boundary of all its complementary domains^^ 
will still have this property after any topological transformation, and, furthermore, 
the number of the domains will remain invariant. The metliods which Brouwer 
used to prove this theorem contained the germ of the modem application of 
the combinatorial method to general spaces. The possibility of such an ex¬ 
tension was apparently known to Brouwer himself, who communicated his 
ideas to Vietoris [a; 454 footnote]. The latter, in 1927, published his homology 
theory of metric spaces, with an application to the study of continuous trans¬ 
formations. Almost simultaneously there appeared works of Alexandroff [c] 
and Franld [a] embodying ideas of a similar nature, and it is noteworthy that 
the latter authora made applications to positional properties. 

It is the general intent of the present work to carry on the researches begun 
by Schoenflies in the positional properties of configurations in euclidean spaces. 
The topologists of the Polish and American schools, in connection with their 
investigations of continuous curve spaces—^Peano spaces—settled rather con¬ 
clusively the problems concerning the positional properties of continuous curves 
in the plane, begun by Schoenflies, as well as the general properties of plane 
closed point sets.^^ But the case of three and higher dimensions was virtually 
untouched. A notable exception was the extension of the Jordan Curve Theo¬ 
rem: Denoting the n-dimensional euclidean sphere by S", we may say that 
the Jordan Curve Theorem treats the case of the topologically imbedded 
in S^. Brouwer [c] was the first to prove that if K is an topologically 
imbedded in S", then K separates S" into two connected sets A and B whose com¬ 
mon boundary is K. And in 1922, J. W. Alexander [a], using combinatorial 
methods in conjunction with certain limiting processes, extended this result, 
making it a special case of a general duality relating the Betti nimibcrs (mod 2) 
of a complex topologically imbedded in S" to the Betti numbers of Us complement 
in 5'*. The unification of the set-theoretic and combinatorial methods in 
topology could not be far in the offing. 

That Schoenflies could foresee this unification, at least to a certain extent, 
cannot be denied. In discussing the material included in his book [S] ho say.s, 

. . one can easily distinguish two main groups of theorems. . . A first group 
is formed by the general theorems on point sets; they represent the set-theoretic 
foundation. A second group is formed by the simple theorems on straight lines, 
polygons, and polyhedrals, w^hicli I assume as given without a closer axiomatic 
analysis. In these is the conception of form, the intuitively accessible founda¬ 
tion, contained.” At the end of Chapter 5 he remarks: ‘T have chosen the 
methods of proof in this chapter in such a way that they permit an extension 
to configurations in space. Nevertheless the proofs are directly applicable only 
in a certain part. Firstly, in three-space there must be taken into consideration 


domain (in any space) is meant an open, connected point set. 

“For non-closed plane point sets there remain many unsolved problems. 
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the contrast between curve and surface, and secondly, the connectivity number^* 
plays an important role in the theorems and proofs. The connectivity number 
is an invariant of topology, but without a knowledge of it only a part of the 
developments of this chapter can be directly extended. Yet one should not 
consider this a defect in the methods used. For the consideration of the corir 
neciivitAj number in three-space is unavoidable; every method which ignores it would 
yield only a part of that which is to be proved.”^^ 

Evidently Schoenliies was aware, then, that in discussing properties in the 
large of configurations in higher dimensions, one cannot avoid the use of some 
such invariant as the connectivity numbers. And today, as we shall see later, 
it is not necessary even to consider the polyhedral case in order to introduce 
these numbers (or, more generally, the homology groups); one can revise the 
historical development by first introducing them for the general space and then 
applying them to the polyhedral by considering the latter as a point set rather 
than a complex of cells. 

Now inasmuch as it is no longer necessary to have a complex in order to 
have a homology theory, the problem presents itself of generalizing the topology 
of euclidean spaces or, more generally, the theory of manifolds, especially with 
regard to the duality theorems and positional invaiiants, to a class of more 
general configurations among the abstract spaces. This problem was attacked 
by Cech [b] and Lefschetz [c] in 1933. Both proposed generalized manifolds 
defined axiomatically in terms of their homology properties. About the same 
time, having succeeded in extending a portion of the Schoenfiies program to 
three-space, especially as regards the converse of the Jordan-Brouwer separa¬ 
tion theorem, the present author published in 1034 [n] a characterization, by 
intrinsic liomology propertic.s, of tho.se point sots in w-spaee which bounded 
domains having the same sort of smooth propertic.s which the domains l)ouuded 
by 2-manifolds in 3-space were found to possess. It soon became apparent that, 
for the compact metric case, the point sets thus characterized were identical 
with the Cech-Lefschetz manifolds. 

TIh' question then arose; Assuming that 1-he generalized manifolds (not 
ncc(!ssarily metric) are the natural extensions to abstract spaces of the classical 
manifolds, would it not he more fitting to extend the Schoenfiies program to 
positional properties in the now manifolds than to limit one’s invc.stigations to 
the euclidean spaces? For the latter, as pointed out in the preface, there has 
not been found any suitable topological characteiization among the abstract 
spaces, and their topology must be based on analytical considerations foreign 


^♦Ilere Schoenfiies was referring to the Riemann connectivity numbers. 
i^Tho italics are the present author’s. 

‘®It is nevertheless convenient to calculate the Betti numbers of a polyhedral by means of a 
cellular subdivision, however. But the invariance of these numbers, and of the corresponding 
homology groups, is more easily proved by use of the fact that the latter are isomorphic with 
the respective homology groups of the polyhedral considered as a point set, the latter being 
obviously invariant. 
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to the spirit of topology. Moreover, a beautiful symmetry might be attained 
if, for instance, the Jordan-Brouwer separation theorem and its converse con¬ 
cerning the separation of the Ti-sphere by an (n — l)-manifold could be pre¬ 
sented as a special case of a theorem on the separation of the generalized n- 
manifold by the generalized {n — l)-manifoId. 

It is to this program—extension of the Schoenflies program to the generalized 
n-dimensional manifold—that the present work is devoted. 

7. Connected spaces. In §5.2 we defined connectedness of a space and cited 
it as an example of a property invariant under all continuous mappings. Up 
to now we have used solely the definition of space given in §2; namely, a set S 
in which to each 'point there is assigned a nonempty collection oj subsets of S con¬ 
taining the point, called neighborhoods of the point, and in terms of which limit 
points are determined. 

With so general a notion of space one might expect not to be able to proceed 
fai', and we have already stated above certain axioms of Hausdorff that may 
be used to avoid situations that are intuitively undesirable. However, we shall 
not, in the present section, use any of the latter unless it is specifically men¬ 
tioned. That is, all sets mentioned in the present section are assumed to be 
imbedded in a space S as defined in the preceding paragraph. Thus, when we 
speak of a connected set M, it may be assumed that M is imbedded in such a 
space S, and therefore that the limit points of M, etc., are detennined by the 
neighborhoods of S. {M and S may be identical, of course, unless the contrary 
is specifically stated.) 

7.1 Theorem. If M is a point set and M = A \J B separate-, then a con¬ 
nected subset of M must be either a subset of A or a subset of B. 

7.2 Theorem. If M is a connected point sat and L is a point set such that 

M C. Ij d M, thm L is connected. 

7.3 IkiEOREM. If A and B arc connected point sets and A r\ B 0, thru 
A \J B is connected. 

Theorem 7.3 is the most frequently used special case of the following theorem: 

7.3a IkiisoREM. If Ax , Ai Aa is n well-ordered collection of 

connected point sets A a such that no A a is separated from the union of those that 
precede it, then the totality of sets forms a connected set ( = KJa^). 

7.3b Theorem. The union of any number of connected point sets, no two of 
which are separated, is connected. 

7.4 Theorem. If M is a point set, and x, y ^ M implies that there exists 

A (x, y) C M such that A {x, y) is connected, then M is connected. 

7.5 Definition. If iW C then a point x such that every neighborhood 
of X contains at least one point of M and a point of S — M is called a boundary 
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point of M (and of S — M). The set of all boundary points of M is called the 
boundary of M] this set will frequently be denoted by F{M) in the sequel. 
Evidently if is a neighborhood of a point x, then x is not a boundary point 
ofM. 

A boundary point of a set may or may not belong to the set. Thus, if M is 
{a; I 0 ^ a: < 1} in then both 0, 1 are boundary points of M. The notion is 
clearly a relative one; if the set M just defined is considered as a subset of the 
cartesian plane, then every point of M is a boundary point of M. If x ^ M, 
and X is not a boundary point of M, then x is called an interior point of M, and 
the set of all such points may be called the interior of M. Evidently from 4.2 
we have 

7.6 In order that a set of points should be open, it is necessary and sufficient 
that it be identical with its interior. 

7.7 If M is an open set, then the boy^ary of M is a subset of S -• M; more¬ 
over, it is identieal with the set of points M r\ (S — M). 

The following theorem will be of frequent use in the sequel: 

7.8 Theorem. If A C. S, and M is a connected set such that A r\ M 
0 7^ {S — A) r\ M, then M contains a boundary point of A. 

From the definition 5.2 it follows that in every space 8 the null set and the 
sets consisting of single points are connected. That a space consisting of any 
finite number of points may be connected is shown by spaces modelled after 
the idea of Example (4b) of §4, which is an example of a connected space con¬ 
sisting of three points. 

7.9 Example. Let 8 consist of n points .r, , • • • , x„ , and for each i < ti 
let the only neighborhood of x, bo the set Xi LJ Xi,, , and tlie only neighborhood 
of x„ be Xi\J Xn . Then 8 is connected. 

As noted in connection with Example (4b), such spaces fail to satisfy the 
3rd HausdorlT axiom. However, consider tlie following: 

7.10 Example. Let 8 consist of two points x, y, and let the only neigh¬ 
borhoods of X and yhax'^y and y, respectively. Then 8 satisfies the 1st, 2nd 
and 3rd HausdorlT axioms and is connected. 

It is evident, then, that if one is to attain a type of space in which “connected” 
is to imply something more in accord with the intuitive connotation of the 
word—and for a nondegenerate connected space to be finite seems intuitively 
undesirable—one needs more than the three Hausdorff axioms. It will be noted 
that in each of the above examples there is a point that does not constitute a 
closed point set. This suggests the following axiom: 

7.11 Weak Separation axiom. Every point constitutes a closed point set. 

One can now prove: 

7.12 Theorem. In a space satisfying the weak separation axiom, every point 
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of a nondegenerate connected set M is a limit point of M] and M contains at least 
three points. 

That a space S can be connected, satisfy 7.11, and yet consist of exactly three 
points is shown by the following example: 

7.13 Example. Let 5 consist of three points re, ?/, 2 , and let neighborhoods 
be defined as follows: U^ix) = x\J y, U 2 {x) = x'U z; Ui(y) = y'U x; U^iy) — 
yUz; Ui(z) = z'U x; U 2 (z) = z'U y. 

However, Example 7.13 does not satisfy the 2nd Hausdorff axiom. As a 
matter of fact one can prove: 

7.14 Theorem. In a space satisfying the 2nd Hausdorff axiom and the weak 
separation axiom, no finite set of points has a limit point. 

7.15 Theorem. In a space satisfying the 2nd Hausdorff axiom and the weak 
separation axiom, every nondegenerate connected point set contains an infinite 
number of points. 

We do not go further in this direction—^for instance, as to whether a connected 
space might be denumerably infinite. We refer the reader to the paper of 
Urysohn [b]. It is interesting to note that the study of this problem led ITrysohn 
to his famous lemma, to which we make reference later on (III 1.14). The 
reader will note that it follows immediately from Theorem 7.8 that in a metric 
space every nondegenerate connected point set is of at least the cardinal numbcir 
of the continuum; and that hence, in particular, nondegenerate connected sub¬ 
sets of euclidean spaces are of exactly the cardinal number c. 

8. Components; quasi-components. 

8.1 Definition. Two points x and y of a space «S arc called c-cquivalcnt 
(in S) if there exists a connected subset of S which contains them. 

8.2 Theorem. The relation of c-equivalence in a space S is reflexive, sym.- 
metric and transitive. 

As a consequence, a space may be decomposed into classes of o-cqiiivalont 
points: 

8.3 Definition. The classes of c-equivalent points of a space S are called 
components of S. 

8.4 Theorem. The components of a space are both closed and connected. 

Intuitively, then, the components of a space are the “largest” connected sub¬ 
sets of the space. In particular, if a space is itself connected, it has only one 
component, and conversely. 

8.5 Definition. Two points x and y oi a space S are called q-equivalent if 
there does not exist any decomposition S - A\J B separate such that x E A, 
yEB. 
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8.6 Theorem. The relation of q-equivalence in a space S is reflexive, sym¬ 
metric and transitive. 

8.7 Definition. The classes of g-equivalent points of a space S> are called 
quasi-components of S. 

8.8 Theorem. The quasi-components of a space are closed. 

8.9 Example. In the cartesian plane, let M consist of all points (l/w, y), 
n = 1, 2,3, • • • , —1 ^ 2 / ^ 1, together with the points a = (0, —1), b == (0, 1). 
Then, considering ilf as a space (subspace of the cartesian plane), a and b are 
g-equivalent in M but not c-equivalent. 

Thus, two points may be g-equivalent without being c-equivalent. That the 
converse cannot be, follows from Theorem 7.1: 

8.10 Theorem. A component of a space S lies in a single quasi-component 
of S. 

Regarding the invariants of the above equivalences, we can state (cf. §§5.1, 
5.2): 

8.11 Theorem. Both c- and q-equivalence are invariant under continuous 
mappings. 

Of course it does not follow that the components or quasi-components of a 
space are invariant under continuous mappings, .since non-c- and non-g-equiva- 
lence are not invariant. However, we have: 

8.12 Theorem. The components and quasi-components of a space arc in¬ 
variant under topological mappings of the space. 

9. Connected spaces satisfying the 2nd Hausdorff axiom and the weak 
separation axiom. We saw in §7 that in ordc'r that the conneetcMlness of a 
space should imply (in the nondegeneratc case) an infinity of points in the 
space, it was noce-ssary to restrict the character of the space by imposition of 
tiio 2n<l nausdorlf axiom and the weak separation axiom. In the present section 
we assura(i that all point sets are imbedded in a space satt-^fying i)oth these 
axioms. 

9.1 Theorem. If a point is a limit point of the union of a finite number of 
point sets, then it is a limit point of at least one of them. 

9.2 Corollary. If Mi , • • • , are point sets, finite in number, such that 
Ml and Mi are separated for i — 2, • ■ ■ , n, then Mi and Ur 3 Mi are separated. 

9.3 Corollary. If the number of components of a point set is finite, then its 
components are also quasi-components) moreover, if the number of quasi-components 
is finite, then quasi-components and components are identical. 

9.4 Definition. If {Mr} is a collection of point sets My such that M,- 
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and My.’ are separated for every pair of different indices v', v", then we say 
that the sets M, are -paindsc separated. If for every pair u ■My , u,. .My 
of disjoint unions of these sets, u. .My and u < 'My are separated, then we say 
the sets My are multiwise separated. 

9.5 Corollary. // a point set M has only a finite number n (> 1) of com¬ 
ponents, then for any natural number h such that 1 < h ^ n, M is the union of 
separated sets Mi , • ■ ■ , Mk such that Mi , ■ ■ ■ , Mk-i are arbitrary components 
of M, and we may write M ~ Mi with the understanding that the sets Mi 
are muUiwise separated. 

9.6 Corollary. If the point sets Mi , ■ • ■ , , finite in number, are pair¬ 

wise separated, then they are muUiwise separated. 

9.7a Theorem. If a point set M has at least n (>l) components, then it is 
the union of n separated sets. 

For the case of quasi-components, the analogue of Theorem 9.7a is as follows: 

9.7b Theorem. If Xi ,Xi, ■ • • , Xk are a finite number of points of a space S, 
no two of which lie in the same quasi-component of S, then S is the union of pairwise 
separated sets S{ , i = 1,2, ■ • ■ , k, such that Zi G Si . 

(True for = 2 by definition of quasi-component, and for general k by 
mathematical induction.) 

Kemark. That Theorem 9.7b fails to hold if “component” is substituted 
for “quasi-component” is shown by Example 8.9 above. 

9.8 Theorem. If C is a connected subset of a connected point set M such 
that M — C — A \J B separated, then both C ^ A and C\J B arc connected. 

Proof. Suppose C U ^ is not connected. Then 
(9.8a) C \J A = E \J F separated. 

From Theorem 7.1 Ave know that C C. F, say. Plence by (9.8a), E C. A, 
and consequently E and B are separated. Accordingly we may write M = 
{C U A) 'U B = E U F 'U B = E \J (F yj B) separated (by Corollary 9.2), 
contradicting the fact that M is connected. 

The same type of argument shows that: 

9.9 Theorem. If C is a connected subset of a connected point set M such 

that M — C is the union of n (>1) pairwise separated sets Mi , then Mi U C is 
connected for i = , n. 

9.10 Theorem. If M is a nondegenerate connected point set, then M is the 
union of two nondegenerate, proper, connected subsets {which are not necessarily 
disjoint, however).''^ 


I’For the existence of nondegenerate connected point sets that are not unions of disjoint 
nondegenerate, proper connected subsets, see B. Knaster and C. Kuratowski [a; § 6], Wilder [fj. 
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Proof. Let x ^ M, and consider the set M — x. The latter is either (1) 
connected or (2) not connected. If (2) holds, the proof concludes on the basis 
of Theorem 9.8 with C = x. If (1) holds, \e% y ^ M ~ x. li M -- y \s not 
connected, we proceed as in case (2). li M — y is connected, then M = 
{M ~ x)\J {M - y). 

9.11 Theorem. 7/ C is a connected subset of a connected point set M and A 
is a component of M ~ C, then M ~ A is connected. 

Proof. Suppose that M — Ais not connected. Then 
(9.11a) M — A = E'O F separated. 

Since A C. M — sets A and C are disjoint. Accordingly, C C. M ~ A. 

lienee by (9.11a), C QE^J F and by Theorem 7.1, C Q E ov C <Z F) say 

(9.11b) CCF. 

From (9.11a, b) we have that E\J A d M — C. But by Theorem 9.8, E \J A 
is connected. Hence ii x d E, y S A, x and y are c-equivalent in M — C and 
A cannot be a component of M — C, contrary to hypothesis. 

10. Spaces irreducibly connected about a subset. In this section we continue 
our study of connected space.s {continuing to asstnne the 2nd Ilausdorff and weak 
separation a.tioms), but witli attention fixed upon the additional property of 
b('ing irreducibly connected about a subset. 

10.1 DiiFiNiTiON. If S is connected, and A is a suixset of S such that no 
proper connect,ed sul)set of ^8 contains A, tlien S is said to be irmlucibly con¬ 
nected. about A. In particular, it is trivial that every connected space is iri-e- 
ducibly connected about itself. An important spe<ual (unso is that where A 
consists of two points a and b; in this case we frc'quently say that F is irredueibhj 
eonneeted from n to b. The following are examples of sots of the lalter type: 

10.2 This is the subspace A’‘ of tlie space JF of all real numbers 
X consisting of all x sucli that 0 ^ x ^ 1; a, b are 0, 1 respectively. 

10.3 EX.A.MPLH. In the cartesian plane, S = (0, 0) U [{.r, y) | (0 < a: ^ 
]/v)&{y = sin l/x)}; a, h are (0, 0), (I/tt, 0), respectively. 

10.4 Example. In the cartesian plane, E', let F ~ {(a-, y) | (0 g x g 1)& 
(0 ^ y ^ 1)}; but this time we do not consider iS as a subspace of the cartesian 
plane. Hather, we define neighborhoods for *S by first ordering its points as 
follows: If a;, y G such that in E'\ abscissa x < abscissa y, let a: < y in S; 
if abscissa x — abscissa y and ordinate x < ordinate y in let a: < y in F. 
The points of F are simply ordered by this definition, and the neighborhoods of 
S may be taken as open intervals. Let a — (0, 0), b = (1, 1). 

10.5 Theorem. In order that a connected space F should be irreducibly con¬ 
nected about A C. S, it is necessary and sufficient that if x d S — A, then F — x 


22 


ELEMENTARY CONCEPTS; AND S'- 


[I] 


is the union of two separated sets each of which contains at least one point of 

The proof of the necessity is based on Theorem 9.8. 

As for the sufficiency: Suppose a proper connected subset M of S contains 
A; let a: G <S — ilf . Then by hypothesis, S — a; is the union of separated sets 
C and D each of which contains points of A and hence points of M. This con¬ 
tradicts Theorem 7.1. 

By the same method of proof we have; 

10.6 Ti-imoEEM. (This is the same as Theorem 10.5 but with ‘W’ replaced 
by “X’\ where X is a connected subset of ;S — A.) 

10.7 Corollary. If S is irrediicibly connected about A C *5, then A contains 
all the non-cut points of S. 

10.8 Corollary. In order that a connected space S should he irreducihly 
connected from atoh (a, h ^ S), it is necessary and sufficient that if x ^ S ~ a — h, 
then S — X = A \J B separated where a S A and h ^ B. 

10.9 Tjieorem. In order that a connected space S should he irreducihly con¬ 
nected about A C. S, where A consists of exactly n (>1) points, it is necessary 
and sufficient that if x G B ~ A, then S — x = U‘. 1 Mi where 2 ^ k Sn, and 
the sets Mi are components of S — x such that Mi A 0. 

Proof of necessity. By Theorem 10.5, S — x is not connected. If on 
the other hand S — x has more than n components, at least one of these, C, 
contains no point of A. But by Theorem 9.11, S — C is connected, ami thus 
5 is not irreducihly connected about A. Hence if Jc is the num))er of com¬ 
ponents of iS — a;, then 2 ^ /c ^ n. That each of thc.se meets A i.s shown as 
above. 

10.10 Theorem. (This is the same as Theorem 10.9 but with “a’” rciplucod 
by “X”, wliere Xis a connected subset of B — A.) 

10.11 Corollary. In order that a space S should he, irreducihly connected 
from a to h, a, b <— B, it is necessary and sufficient that if x ^ B — a — b, or more 
generally if x is a connected subset of B — a — b, then .S' — x consists of exactly 
two components each of which contains either a or h. 

The following arc examples of spaces B irrediutibly connected aboiil, subsets A 
containing more than two point,s: 

10.12 Example. S consi.sts of those points (x, y) of the cartesian plane 
such that (1) — 1 ^ .T ^ 1, ^ = 0; (2) .-i; = ±1,-1 ^ y ^ A consists of the 
four point^i ( — 1, —1), (—1, 1), (1, —]), (I, ]). (Theorems 10.5-10.10 are well 
illustrated in this example.) 

10.13 Example. In the polar coordinate piano, B is the .subspace con- 


‘®In view of Corollary 9.6, the word “two” may bo replaced by “a finite number of jmirwjee”. 




[10] SPACES IRREDUCIBLY CONNECTED ABOUT A SUBSET 23 

sisting of all points (p, d) such that (1) p = 1 , d arbitrary; (2) p = (6 — 1 )/$, 
1 ^ 0 < CO; A consists of (0, 0) and aU points for which p = 1. 

10.14 Theokem. If S is irreducihly connected about A C. ^ o/f^d xis a point 
of S such that S — x = MiU ■ • • \J separated, n > 1, then the set MiKJ x 
is irreducihly connected about At U x, where Ai ~ Mi r\ A and i = 1, • •' , n. 

Proof. The sets VJ a: are connected by Theorem 9.9. Suppose a set 
Mi U X, say ilf* U x, has a proper connected subset C containing .4* U x. 
But then the union of the sets C, Mi x for i 5*^ A, is a proper connected 
(Theorem 7.3b) subset of S containing A. 

10.15 Corollary. If S is irreducihly connected from a to h, a, h S 

X ^ S — a — b, and A'(x), B'(x) are the components of S ~ x containing a, b 
respectively, then Aiz) = A'{x) W x is irreducihly connected from a to x and 
B{x) ~ B'{x) \J xis irreducihly connected from x to b. 

10.16 DEFiNiTioN. If S is irreducihly connected about ACS, but S is 
not irreducihly connected about any proper subset of A, then A is called a 
basic set about which S is irreducihly connected. 

Thus, if S is irreducihly connected from o to 6, a, & ^ S, then a U 6 is a basic 
set about which S is irreducihly connected. In Examples 10.12, 10.13, the 
sets A are basic. A space S may have a subset A about which it is irreducihly 
connected, yet have no basic set: 

10.17 Example. Let S consist of the subspace of the real numbers {x] 
sucli that 0 < a: < 1. Tlien S is irreducihly connected about the set A con¬ 
sisting of tlie rational numbei*s in S, hut has no basic set about which it is 
irreducibly connected (see Tlieorcm 10.18 below). 

A trivial case of a basic set is that where S is connected and has no proper 
subset about which it is irreducibly connected; in this case S is its own basic 
.set, and by virtue of Theorem 10.18 below has no cut points. Thus the set of 
all points on a circle has itself as l}asic set. 

10.18 IhrEOUEM. If S has a basic set, B, about which it is irreducihly con¬ 
nected, then B is the set of non-cut points of S] and if S is irreducibly connected 
about A C S, then A 3 B. 

Proof. Let N be the set of non-cut points of Then 3 A’ by Corollary 

10.7. Suppose xSB — N. Then S — x ~ MiU separated. Let Br\Mi = 
Bi,i — 1,2. Neither B, nor B 2 is empty, else one of the sets ilf < VJ a: is a proper 
connected (Theorem 9.8) subset of S containing B. 

li B' — Bi\J B 2 = B — X, then S has a proper connected subset C containing 
B', since B is a basic set. But C r\ Mi 9 ^ 0, i = 1, 2, and hence a; 6 C by 
Theorem 7.8. But then C is a proper connected subset of S containing B. 
Consequently B — N — 0 and B is the set of non-cut points of S. 

Finally, if A is a set about which S is irreducibly connected, Af) Bhy Corol¬ 
lary 10.7. 
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A space S may be irreducibly connected about subsets A, B such that 
A Pi jB = 0; for instance, in Example 10.17, let B be the set of irrational num¬ 
bers. However, from Theorem 10.18 we have 

10.19 ConoLLARY. A space can have only one basic set about which it is 
irreducibly connected. 

10.20 Corollary. A necessary and sufficient condition that a connected space 
S be irreducibly connected a^out itself as basic set (i.e., have no proper subset 
about which it is irreducibly connected) is that it consist entirely of non-cut points. 

Proof. The necessity is of course an immediate consequence of Theorem 
10.18. As for the sufficiency, if S> has no cut points, then by Corollary 10.7, S 
has no proper subset about which it is irreducibly connected. 

A connected space S is not always irreducibly connected about its set, iV, of 
non-cut points—as for instance in the trivial case where N = 0 as in Example 
10.17. For a nontrivial case, consider the space S' obtained from the space S 
of Example 10.3 by deleting the point b, but inserting a new point h' = (0, 1). 
S' is connected, a U b' is its set of non-cut points, but *S" is not only not irre¬ 
ducibly connected from a to b', but has no subset whatsoever that is. 

We have seen that a connected space S may or may not have a proper subset 
about which it is irreducibly connected; and that even if it is irreducibly con¬ 
nected about a subset, it may not have a basic set. We next inquire whether 
there exist special conditions under which the existence of a .set about which 
the space is irreducibly connected leads to the existence of a basic set. We 
shall establish such conditions in Theorems 10.24-10.20 below. In tlic proofs 
we shall need the following fundamental lemma (Cantor Product Tlicorem): 

10.21 Lkmma. In order that a space S should he c.ounlabhj conipaci, U is 
necessary and sufficient that if Mi , M 2 , • • • , M„ , ■ ■ ■ is a sequence of iioiievipiy 
closed point sets such that for each n, M„ 3 M„^i , Ihcuf^X^.i M„ ^ 0. 

Proof. For each n, let x„ E M„ . If, for infinitely many valiuis n, of n, 
the ar„. all represent the same point, then this point i.s in n:-. M„ . ()ih(^rwis(‘, 
the set M — U:.. x„ is an infinite set, and if S is countal.)!}^ compact, lias a 
limit point x. Consider any fixed value k of n, and let A ~ u .1 B = 

U:-... X,. Then M — B, and by Theorem 9.1, x is a limit point of either 
A or By and since by Theorem 7.14 x cannot be a limit point of A, we have 
a: Ip S C ) and hence by 2.2, a: Ip . Since Mk is closed, x E Mk. Con.se- 
quently x e n:-, 

Conversely, suppose Xi , X 2 , ■ ■ • , x„ , • • • m infinite set of distinct points 
such that M = has no limit point. Then M is closed, and each of the 

sets M k = U%x n is closed. But clearly r>:-. Mk is empty. 

10.22 DefinI'IION. A space S is called separable if it has a countable subset 
D such that D = S. 



[ 10 ] 


SPACES IRREDUCIBLY CONNECTED ABOXJT A SUBSET 


25 


The space of real numbers is separable (the set of rational numbers, for 
instance, forms a set D), but the space of Example 10.4 is not. Consider also 
the following example: 

10.23 Example. Let M denote the well-ordered set of ordinal numbers of 
the first and second classes. Between each two successive ordinals a, a 1, 
insert a space Sa which is ordinally similar to the space of Example 10.17. 
The set consisting , of M and u Sa is ordered in the natural fashion, and the 
space S resulting from assigning the usual open interval neighborhoods is 
countably compact, but not separable. • 

From Theorem 10.5 it follows that 

10.24 Theorem. If a space S is irredudhly connected about its set, N, of 
non-cut points, then N is a basic set about which S is irredudhly connected. 

10.25 Theorem. A necessary and suffident condition that a connected space 
S have a basic set about which it is irredudhly connected is that S he irredudhly 
connected about its set of non-cut points. 

Theorem 10.25 is a reformulation of the combined theorems 10.18 and 10.24. 

10.20 Theorem. If a space S is irredudhly connected about a closed and 
countably compact set A, and A — N is separable {where N is the set of non-cut 
points of S), then the set N is a basic set about which S is irredudhly connected. 

Proof. By Corollary 10.7, A 1) N. A = N, or Sis irreducibly connected 
about N, the theorem follows from Theorem 10.24. 

Suppose A — N 9^ Q and S not irreducibly connected about N. Then S 
has a proper connected subset C ^ N {C may be empty if N is empty). By 
hypothesis, A — N has a countable subset X = U:., X. such that X^ 3 x-l — N. 

Not all points oi A — N are in C, else C Z) A and S is not irredindhly connected 
about A. Let x ^ {A — N) r\ {S — C). As x is not a point oi N, S — x ~ 
B yj D separated. By Theorem 7.1, C C B say. Then the set D contains 
points oi A — N\ otherwise, since N Q C, B\J xisn connected (Theorem 0.8) 
proper subset of S containing A. And iis no point of D is a limit point of B VJ x, 
tlicrc arc points of X in D; let be the first such point in the sequential order 
of tlie points of X indicated above. 

Then S — — Bi^J D, separated, where B^,Z) S\J xZ) C Z) N. Arguing 

as before, we let be the first point of X in i),, and then <S’ — = B 2 hJ Dj 

separated, where Bg 3 B, VJ x„, 3 B U x 3 C 3 X. The inductive definition 
of sets Bi , Di , ,i = Z, ■ ■ ■ , should be clear. 

Let Di r\ A — Ai {i = 1, 2, 3, • • •)• Then A.- VJ is a closed subset of 

A — N, and since A is countably compact, Ai U is countably compact. 
Also, for each i, Ai \J 3 Ai+i 0 , and hence nr.. (A< 'U x„i) contains 

at least one point p, by Lenoma 10.21. A.s p ^ A — N, S — p = B^\J D„ 
separate, where x E . As p E A< C L>i for all i, evidently 3 B< W . 
Hence X C . But the set D„ must contain points of A — X, else B„ U p 
is a proper connected subset of S containing A. But this is impossible since 
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X r\ — 0. This contradiction shows that either A = N ov S is irreducibly 
connected about N and the theorem, follows. 

An important corollary of Theorem 10.26 follows: 

10.27 Theorem. Every countably compact, separable, connected space S 
which is nondegenerate has at least two non-cut points. 

Proof. Suppose S has either no non-cut points, or only one non-cut point x. 
Then in Theorem 10.26, AT = 0 or iV = x, and S is irreducibly connected about 
the closed and countably compact set A ~ S, with A — N = Sot A — N = 
S — X. Space /S is separable, hence S — x is separable, and by the conclusion 
of Theorem 10.26, S has N as basic set about which it is irreducibly connected. 
But this is impossible, since no nondegenerate connected set is irreducibly 
connected about a single point or the null set. 

Remark. The necessity of the compactness assumption in the above theorem 
is shown by the space of Example 10.17; and the necessity of the separability 
assumption is shown by Example 10.23, which has only one non-cut point. 

By the same method of reasoning we can prove the following, actually more 
general theorem. 

10.28 Theorem. If a nondegenerate space S is irreducibly connected about 
a separable, countably compact and closed point set, then S has at least two non-cut 
points. 

The following theorem is another corollary of Theorem 10.26: 

10.29 Theorem. A space which is irreducibly connected about a finite set of 
points is irreducibly connected about its set of non-cut points. 

10.30 Theorem. Every countably compact, separable, connected space is irre¬ 
ducibly connected about its set of non-cut points.'^ 

Proof. Let /S be a countably compact, separable, connected space and let 
AT be the set of non-cut points of S.‘° li N = S the theorem is trivial. 

Let X G 8' — AT. Then S — x = A KJ B separate. The sets A x, B x 
are connected (Theorem 9.8), countably compact and separable; hence each has 
at least two non-cut points of itself by Theorem 10.27. The latter points are 
easily shown to 3 deld a non-cut point of S in each of the sets A, B; i.e., 
A r\N 9^ 0 9^ B r\ N. Hence S is irreducibly connected about N by Theorem 
10.5. 

10.31 Corollary. Every countably compact, separable, connected space has 
its set of non-cut points as basic set about which it is irreducibly connected. 

This corollary follows from Theorem 10.30 and Theorem 10.24. 

i”Compare H. M. Gehman [a, Theorem 1); Gehman's theorem followa from Theorem 10.26 
above. 

“Note that if we knew S — N were separable, the theorem would follow at once from 
Theorem 10.26; this would be the case if S were metric, for example. 
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10.32 Corollary. A necessary and sufficient condition that a countably 
compact, separable, connected space S he irredudhly connected about a subset, A, 
is that A contain all the non-cut points of 

11. The simple arc and the l-sphere. In this section we consider the position, 
in the above order of ideas, of the euclidean straight line interval and the circle 
(l-sphere). These two configurations evidently occupy extreme positions in 
regard to basic sets about which they are irreducibly connected, the former 
having a basic set of only two points, the latter being its own basic set. We 
shall show, first, that among the countably compact, separable spaces, and indeed 
among a wider class (the “locally peripherally countably compact”—see below), 
the homeomorphs of the straight line interval are characterized by the above 
property. 

Throughout this section we shall assume the 2nd Hausdorff and weak separation 
axioms. And I will denote a space that is irredudhly connected between two points 
a and b. 

11.1 Definition. A space which is homeomorphic with the euclidean 
straight line interval (or what amounts to the same thing, the subspace 
(see 10.2) of the real numbers) will be called an arc. If a and h are the points 
of the arc that correspond to the real numbers 0 and 1, then a and b are called 
the end points of the arc, and we shall often speak of the arc as an arc from 
a to h. By “arc ab” will be meant an arc with end points a and b, and by the 
S 3 Tnbol (ah) will be denoted tlie open arc ah — a — b. 

11.2 Theorem. If C is a connected subset of I which contains a or b, then 
I — C is connected. 

Proof. Were I — C = A\J B separate, then one of the connected (Theorem 
9.8) sets A \J C, B U C would be a proper connected subset of I containing 
aW6. 

n.3 Theorem. If M and N are connected subsets of I each of which contains 
a, then either M C. H or N C. M. 

Proof.^^ li N C. M the theorem is proved. If iV C then 
(11.3a) (I -M)nN9^Q. 

By Theorem 11.2, 1 — M is connected. Also, I — M contains b, else G M 
and M == I D N. Consider 

(n.3b) (I -M)UN = I. 

Relation (ll.Sb) must hold since, by (11.3a), I ~ M and N have a common 


^•Compare Gehman, loc. cit.. Theorem 2. 
“See Knaster and Kuratowski [a; 218]. 
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point, and consequently their union is a connected (Theorem 7.3) set containing 
aU h. 

However, relation (11.3b) shows that the part of I which is deleted to give 
I — M, namely M, is supplied by N; that is, M C N. 

In Corollary 10.15 we saw that ii for x ^ I — a — h we let A'ix), B'(x) 
denote respectively the components of I — x containing a, h, then the sets 
A{x) — A'(x) VJ X, B{x) = B'(x) U a; are irreducibly connected about aU x, 
h U X respectively. We retain the symbols A(x), Bix) below, extending their 
meanings so that A{a) = a, A(b) — I. 

11.4 CoROLLAEY. The set A(x) is the only subset of I that is irreducibly con¬ 
nected from a to x. 

11.5 Theorem. If for x,y ^ 1 weletx < y indicate that x 9 ^ y and A{x) C 
A(y), then the set I is simply ordered by the relation <. 

Proof. It follows from Theorem 11.3 and Corollary 10.15 that if x 9 ^ y, 
then x < y or y < x; and it follows from the definition of the < relation given 
in the theorem that ifx <y, then x 9 ^ y. Hence it is only necessary to establish 
the transitivity of the relation <. 

The relations A(x) C Aiy) C -^( 2 :) imply A{x) C A{z), and we have only 
to show that x 9 ^ z. Now if x = z, then il(a^) = A(s) (Corollary 10.15), and 
hence A(x) = A(y). But the relation A{x) = A{y) implies x ~ y. For A(x) 
is irreducibly connected from a to a; (Corollary 10.15) and a, x are non-cut 
points of u4(a;) by Theorem 11.2. Hence by Corollaiy 10.7, aU xis the complete 
set of non-cut points of A{x) and, since A(t/) is irreducibly connected from a 
to y, we must have a U y Z) a \J x (again by Corollary 10.7). Hence (by 
symmetry), x = y, contradicting the supposed relation x < y. 

11.6 Theorem. For every x ^ I, A{x) is identical with the set of all y ^ I 
such that y ^ X. 

Proof. U y < x, then A(y) C A{x) and y G Aix) by definitions; and if 
y = X, y ^ A(a::). Hence y ^ x implies y G A{x). 

Conversely, let y ^ A{x). As A{x) is irreducibly connected from a to x, it 
follows from Corollary 10.15 that A ( 2 :) contains a set irreducibly connected from 
a to y, and hence by Corollary 11.4, A(x) Z) A(y). Thus y ^ x. 

11.7 Theorem. If p, g ^ I such that p < q and R is the set of all x S I 
such that p < X < q, then R is an open set. 

Proof. As R is the set of all re G such that p < x < q, the set I — R 
must consist of all points y such that y ^ p or g S y',iGt A — {y\y p] and 
B = {y\q ^ y]. 

By Theorem H.6, A — A{p), and by definition, A{p) = A'{p) \J p, where 
I — p = A'{p) \J B'{p) separate. By Theorems 7.14 and 9.1, a limit point of 
A(p) is also a limit point of A'{p), and as the latter has no limit points in B'{p), 
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Aip) is therefore a closed set. Similarly, B — since A{q) — is the set 
of all z such that z < qhy Theorem 11.6. Hence B is closed. Thus A\J B 
is closed by Theorem 9.1, and R is therefore open. 

11.8 Theorem. As ordered hy the relation <, I satisfies the Dedekind Cut 
Axiom. (See Index). 

Proof. Let I = A'U B such that A < B'm the sense that x ^ A, y ^ B 
imply X < y 8S well as that A 9 ^ 0 9 ^ B. Suppose A has no last element and 
that B has no first element. Consider x ^ A. Then there exists c ^ A such 
that X < c. 11 a < x, then by Theorem 11.7 the set R of all y such that a < 
2 / < c is an open set. But R C. A. Hence A is open if a is not a limit point 
of B —and the latter is easily shown. Similarly B is open. Then I = AU B 
separate, contradicting the fact that I is connected. 

11.9 Theorem. If I is separable, then I is ordinally similar to the set of real 

numbers x such that 0 ^ ^ 1. 

Proof. Let X be a countable set such that X D I. If p, q ^ I and R is 
defined as in Theorem 11.7, then by the latter theorem B is open, and since 
B 9^ 0, we must have X C\ B 9^ fi. That is, 1 contains a countable separating 
set—i.e., a set X such that if p, <7 G 7, V < q, there exists x G X such that 
p < X < q. 

Since the order type of a closed real number interval is characterized by 
(1) simple order, (2) validity of the Dedekind cut axiom, (3) existence of a 
countable separating .set, and (4) existence of nonidentical Krst and last elements, 
the tlieorcm now follows with the aid of Theorems 11.5 and 11.8. 

II. 10 Definition. A space S is called locally compact if for x G and 
neighborhood U of x, there exists a neighborhood V of x such that U D V' and 
V is compact (12.G). A space *S' is called locally peripherally coniilahly ronipacl 
if for G -S’ and U a neighborhood of x, there exists a neighborhood I' of x 
su(4i that U D I' and such that the boundary (§7.5) of V is a clo.scd, countably 
compact set. 

11.11 Theorem. If I is locally peripherally countably compact, then I is 
countably compact. 

Proof. Suppose I contains an infinite sequence a;, , a-j , .13 , • • • , such 
that the sot X = U:-. .t. has no limit point. As I is simply ordered by the 
relation <, we may assume x„ < a:„+i for all n without loss of generality. We 
decompose I into disjoint sets A, B, such that A < B, in the following manner; 
X ^ A if there exists a;„ G X such that x < Xn ; otherwise x G B. Evidently 
X C A, b G B. By Theorem 11.8, either A has a last point or 5 has a first 
point. Evidently the latter must be the case; let p denote the first point of B. 

Since p is not a limit point of X, there is a neighborhood 17 of p containing 
no points of X, and by hypothesis we may assume that the boundary, F, of 
17 is a closed, countably compact set. 
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Let Rn = {a: \ Xn S X S p}- Then i2„ is a connected set. For B{x„) is irre- 
ducibly connected from to h by Corollary 10.15, and contains Ra by Theorem 
11.6; and R„ is identically the set “A(p)” in B{x„), hence connected by Corollary 
10.15. Consequently by Theorem 7.8, Pi F 5 ^ 0. Let ^ P Clearly 
q„^p (7.5), and therefore ?«<?>• Also, for fixed n, there will exist by definition 
a natural number k such tliat Qn < , hence a g* such that q„ < Qk • We may 

assume without loss of generality that the g„ are all distinct. 

Let Q = a--. . As Q C F, Q has a limit point q. Now q 9 ^ p, and q ^ B 

since A'(p), B'(p) are separated and Q C A'(p), B'(p) ~ B ~ p. But neither 
can q S A. For suppose g £ A. Then q < p, and there exists such that 
q <x^. Let Qi = ^3 n A’(x^, (3a = QP Then Q - Qt separate. 

But is finite, hence g is a limit point of Q 2 (Theorem 9.1). This is impossible, 
since g £ . 

Thus the assumption of the existence of an infinite subset of I that has no 
limit point leads to contradiction, and 1 must be countably compact. 

11.12 Theorem. If I is separable and countably compact, then I is an arc 
from atob. 

Proof. By Theorem 11.9, I has the same order type as the set of real 
numbers x such that 0 S g 1. To establish the homeomorphism asserted 
above, we use Theorem 5.7. In I, let U denote the defining system of neigh¬ 
borhoods, and 9i denote the system obtained from the images of the open interval 
neighborhoods of E^. With the aid of Theorem 11.7 we see that for .r £ / 
and an 9t-neigliborhood of x, the latter contains a U-neighboihood of x. 

Let ?7 be a U-neighborhood of x, and suppose that no 9Nneighborhood of x 
lies in IJ. Now there is a monotonic sequence of 9L-noighborhoods such 
that rx-, R„ — X', let gn £ P (/ — U)- As I is countably compact, the 
set Q = U:-. & has a limit point q 7 ^ x. Considerations such as those used 
in the proof of Theorem 11.11, however, show that g cannot exist. 

Remark. Concerning the proof of Theorem 11.12; In proving that twery 
U-neighborhood contains aniK-neighborhood, the separability hypothesis is used. 
The question might be raised as to whether it is not the case that the countable 
compactness alone is sufficient for this. More specifically, if an I is countably 
compact, are not its ^^-neighborhoods equivalent to the defining system? The 
following example shows this not to be the case. 

11.13 Example. To the space of Example 10.23 let us adjoin w, , the first 
ordinal of the 3rd class. But instead of using neighborhoods of wi as defined 
in tei-ms of order, suppose that we define neighborhoods as follows; Let a be 
any ordinal <wi . For every ordinal ^ > a, delete an open interval in the seg¬ 
ment (A ^ "h 1 )—loi* example the points corresponding to the real numbers 
1/4 < X < 3/4 in the homeomorphism between the closed interval [/?, /S -f 1] 
and Eb The residue of the half-open interval {a, wi], after all such deletions, is 
a neighborhood of wi . 

From Theorems 11.11 and 11.12 we have 
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11.14 Theorem. If I is a separable, locally peripherally countably compact 
space, irreducihly connected from a to b and satisfying the 2nd Hausdorff axiom 
and the weak separation axiom, then I is an arc. 

11.15 Theorem. Let S he a countably compact, separable, connected space 
satisfying the 2nd Hausdorff axiom and the weak separation axiom, and let a, 
b ^ S, a 9^ h, such that if x ^ S — (aU b), then S — x is not connected] then 
S is an arc from atob. 

Proof. By Theorem 10.27, S has at least two non-cut points. These must 
be the points a, b. By Theorem 10.30, S is irreducihly connected from a to b. 
The theorem now follows from Theorem 11.12, 

Remark. Another way of stating Theorem 11.15 is as follows: 

11.15' Theorem. A countably compact, separable, connected space satisfying 
the 2nd Hausdorff axiom and the weak separation axiom, which has at most two 
non-cut points, is an arc. 

11.16 Definition. If a space S is homeomorphic with the n-sphere 

{{Xi ,Xt , • • • , \x\ A- xl • • • + — 1}, of cartesian (n + l)-space, 

then we call S itself an n-sphere. We shall always denote a topological space 
which is an n-sphere by the symbol 5”. The space is also frequently called 
the simple closed curve or closed Jordan curve. A space homeomorphic with the 
set {(.T, , .^2 , • • • , x„) \ xl -h xl • • • -|- < 1} of cartesian n-spaco is called 

an n-cell,^^ and is denoted by E", while a space homeomorphic with the sot of 
poirU-.s defined by r? -h • • • ^ 1 is called a closed n-cell and i.s denoted 

by the boundary of 7i”‘ in E" is called the boundary {n — \)-sphcrc of the set 
E". Clearly an E" is also homeomorphic with the entii-e carte,■^ian 7i-spaco, so 
that the latter and its topological images arc also denoted by the symbol E'\ 
In the above terminology, an arc i.s a closed 1-cell, and its end points constitute 
its boundary 0-sphere. 

11.17 Tteorem. a necessary and sufficient condition that a counUMij com¬ 
pact, or locally peripherally countably compact, separable space S should be an 8^ 
is that it contain two distinct points a, h suck that /S = /i W L, where /,• (i = 1, 2) 
is irreducihly connected from a to h and the sets — (a^J h) arc separated. 

Proof. The necessity is obvious, and we need only show for the sufficiency 
that I, is an arc from a to h. We do this on the ba.sis of Theorems 11.12 and 
11.14. Evidently Ii is closed by Theorems 7.14, 9.1. 

Suppose S countably compact. Then every infinite subset of 7i has a limit 
point in S] this point is in 7i, since 7i is closed. Similarly, if is locally periph¬ 
erally countably compact and a; G 7i, then for any neighborhood JJ of x, there 

“This use of the term n-cell coincides with that of the same term as employed in the classical 
combinatorial (“polyhedral”) topology. It should not be confused with the “n-cell” of Chapter 
V, which has a quite different meaning but bears the same relation to the abstract theory set 
up therein as the n-cell of the classical theory bore to the latter. 
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is in t/ a neighborliood V oi x such that the boundary F of V is closed and 
countably compact. Let F r\ Ii = Fi . The set Fi is closed (§4.3). As F is 
countably compact and closed, any infinite subset of Fi has a limit point in F. 
Such a point cannot be in fS — /i, hence is in Fi . Thus Fi is countably com¬ 
pact, and 7i is locally peripherally countably compact. __ 

The set Ji is separable. For let X be a countable set such that X = S, and 
let Xr\Ii = Xi. Evidently XO 7i - {a\J and if we let XJ = Xi\J a\J h, 
then Xi is a countable subset of Ji such that X! Z> 7i . 

The theorem now follows from Theorems 11.12 and 11.14. 

11.18 Definition. If a space <S contains two distinct points a and h such 
that jS = Ji U Is, where li {i — 1,2) is irreducibly connected from a to & and 
the sets /.• — {aKJ h) are separated, then S is called a quasi-closed curve. 

11.19 Lemma. If S is a quasi-dosed curve, then every two distinct 'points a 
and b of S satisfy the conditions stated in Definition 11.18. 

This lemma follows from Theorem 10.5 and Corollary 10.15. 

In terms of quasi-closed curves, Theorem 11.17 is simply stated as follows: 

Restatement op Theoeem 11.17. A countably compact, or locally periph¬ 
erally countably compact, separable quasi-closed curve is an and conversely. 

11.20 Theoeem. In order that a nondegenerate connected space S should be 
a quasi-closed curve, it is necessary and sufficient that it consist of non-cut points 
and be disconnected by the omission of every two distinct points. 

Peoop. That the conditions of the theorem are necessary follows from 
Theorems 7.3, 11.2 and Lemma 11.19. 

To prove the sufficiency, let a and b be distinct points of S. The set S — a 
is connected, but {S — a) — b = S — {aVJ h) = CUD separate. Then 
C U 6 and D\J h are connected by Theorem 9.8. Similarly, C\J a and DU a 
are connected. Finally, C U aU b and D U u U 5 are connected by Theorem 
7.3. 

Suppose C' is a proper subset of C such that C" U o U 6 is connected. Let 
c e C - C", d G D. Then S ~ (c\J d) = HU K separated, and C" U a U h, 
as a connected subset of HU K, lies in H, say (Theorem 7.1). As shown above, 
a set such as X U c U d is connected. This is impossible, since KU cU d C. 
S ~ (aU b) ~ CUD separate, and c ^ C, d S D (Theorem 7.1). Hence 
C U a U 6 must be irreducibly connected from a to 6. 

As a consequence of Theorems 11.17 and 11.20, we have: 

11.21 Theorem. If the nondegenerate connected, separable space S is count¬ 
ably compact, or locally peripherally countably compact, and has no cut points hut 
is disconnected by the omission of every pair of distinct points, then Sis a l-sphere. 

11.22 Theorem. In order that a nondegenerate connected space S should he a 
quasi-closed curve it is necessary and sufficient that if M is any connected subset 
of S, then S — M is connected. 
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Proof. The necessity is a consequence of the definition of quasi-closed curve 
and the above theorems on irreducibly connected sets. 

For the sufficiency, we use Theorem 11.20. The space S has no cut points 
by hypothesis. And if a, 6 G cf 5 ^ &, then S — (a U &) is not connected. 
For if it were connected, then 5 - (a U &)] = a W & would be connected 

by hypothesis, which is impossible by Theorem 7.15. 

As a corollary of Theorem 11.22 we have: 

11.23 Theorem. If the noiidegenerate connected, separable space S is count¬ 
ably compact, or locally peripherally countably compact, and is not disconnected 
by the omission of any connected subset, then S is a l-spheref'^ 

12. Some fundamental lemmas. Thus far, we have got along with a rather 
scanty amount of topological equipment. And although we do not find it 
necessary as yet to add to our list of axioms, we shall digress to introduce some 
notions that are fundamental in the sequel. 

In §8 we discussed the quasi-components of a space to some extent. We 
now characterize them from a point of view that makes some important con¬ 
nections with the later theory. 

12.1 Definition. If S is a space and U is a collection of subsets of S, 
then U is said to cover S if every point of S is in at least one set of the collection 
U; i.c., X S S implies that there exists U G U such that x G U. 

12.2 Definition. 1{ x, y S then a finite collection of sets Si , S-i, • ■ • , 
Sn will be said to form a sitnple chain of sets from x to y if ( 1 ) Si contains x if 
and only if i = 1; (2) S, contains y if and only if i = n; (3) Si H *S’,- 7 =^ 0, f < j, 
if and only ii j = f + 1. The sets may be called the links of the chain. 

12.3 Simple C^i.mn Theorem. If S is a space, and a, h G S, then a and h 
arc q-cquivalent if and only if every covering of S by open sets contains a simple 
chain from a to h. 

Proof. Suppose every covering of S by open sets contains a siinpk' chain of 
these sets from a to h. Then a and h are (/-equivalent. For if a is not (/-equivalent 
to h, then by definition S = A B separate, where a G A, 1; G P- But A 
and B arc open sets constituting a covering of S and containing no simple chain 
from a to b. 

Conversely, suppose a and h are ^'-equivalent, and let U be a covering of S 
by open sets. Let A consist of all G *8 such that U contains a simple chain 
from a to a:. If 5 G A, the proof is complete. Suppose h ^ A. Then S — 
A W ((S — A) is a decomposition of S into disjoint sets A, — A, such that 
a S A, b ^ S — A. Asais ^-equivalent to b, these sets are not separated. 
Suppose an a; G A is a limit point of (S — A. If ^Si , *82 ? * * • j *5* is a simple 
chain of open sets of U from a to x, then Sk must contain at least one point, y, 


^‘Compare J. R. Kline [a] Theorem A. 
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of — A. But then either the collection Si , • • • , Sh-i or the collection Si , 

• • • y Sk constitutes a simple chain from a to y, contradicting the definition of 
A. On the other hand, if — A contains a limit point, y, of A, let (S' 0 U 
contain y. Then S', being open, contains a point x ^ A. As there exists a 
simple chain >Si , • • • , -Sj, of sets of U from a to x, the collection (Sj , • • • , »S*, 
S' is readily shown to contain a simple chain from a to y, again contradicting 
the definition of A. We must conclude, then, that & C A. 

12.4 CoROLLABT. // S is 0 , spocc, S, then the quasi-component of S which 
contains a is identical with the set of points which can be simply chained to a in 
every covering of S by open sets. 

12.5 Corollary. A space S is connected if and only if, for arbitrary a, 
h S S and covering U of Shy open sets, U contains a simple chain from a to b. 

12.6 Depinition. A space S is called compact^ if every covering of S by 
open sets contains a finite covering of S. Specifically, if {17,} is a collection of 
open sets XJy covering S, then a finite number of the U, cover S. 

An interesting connection between the notion of compactness and the notion 
of simple chain may be made as follows: 

12.7 Theorem. If I is defined as in §11, and is simply ordered as in Theorem 
11.5, then every covering of S by open intervals is reducible to a finite covering of S. 

Proof. We showed in Theorem 11.7 that every open interval of S of the 
type {x\p < X < q], where p and q are fixed elements of S, is also an open set. 
Similarly the intervals of type A'(p), p 9 ^ a, and B'{p), p 9 ^ b, are open (see 
proof of Theorem 11.7). Thus every covering of S by open intervals is a covering 
of S by open sets, and by Corollary 12.5 contains a simple cliain from a to h. 
We leave to the reader the proof that such a simple chain is again a covering of (S'. 

An interesting consequence of Theorem 12.7 is that if the topology of a space 
S which is irreducibly connected about two of its points is dofinod in terms of 
the order relation as above, then the compactness of S follows without any 
appeal to separability. In particular, if the order type of the real number 
continuum is defined in the usual manner, the compactness is not dependent 
on the separability assumption. And inasmuch as the higher-dimensional 
euclidean spaces are definable, as we note below, as product spaces of the real 
number continuum, the like observation holds for these also. 

It is trivial, in view of the above, that every arc is compact. For in the case 
of the arc, the topology is definable in terms of the open interval neighborhoods 
(see proof of Theorem 11.12). 

As regards the relation between the properties compact and countably com¬ 
pact, we note the following theorem, which, incidentally, discloses the motive 
for the term "countably compact.” 


*»We use compact here in the sense of the bicompact of AlexandrofI and Urysohn [d; 12]. 
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12.8 Theorem. If a space S satisfies the 2nd Hausdorff axiom and the weak 
separation axiom, then the following properties are equivalent: (1) Countably 
compact; (2) If the subsets M„ (n = 1, 2, 3, • • •) of S are nonempty and closed 
and Mn ID Mn.t -1 for all n, then n:-. Mn 7^ 0; (3) Every covering of a closed subset 
of Shy a countable collection of open sets has a finite subcollection covering the set. 

Proof. The equivalence of (1) and (2) is given in Lemma 10.21. That 
(2) implies (3) may be seen as follows: If il/ is a closed set and the collection 
I XJn], w = 1, 2, 3, • • • , of open sets covers M, then some set M — XJ„ 
is empty, else, by (2), M - vJr.i 0, implying that the collection {f4.} 
fails to cover M. (The set u;.. C/„ is open by 4.4. And if (7 is an open subset 
of S, then Af — ?/ is closed, being the intersection of the closed sets S — U 
and M (4.3).) 

That (3) implies (1) may be shown as follows: Suppase S has a sequence of 
distinct points Xi , • • • , a:„ , • • • such that X ~ U:-.has no limit point. 
Then the sets Uh = S — U:-.are open sets, since U:- k Xn is closed. But 
the collection 1 11^,] has no finite subcollection which covers S. 

12.9 Corollary. If a compact space S satisfies the 2nd Hausdorff axiom 
and the weak separation axiom, then S is countably compact. 

The proof follows from the lemma: 

12.10 Lkmma. If a space S is compact, M is a closed subset of S, and U is 
a coUectio7i of open sets of S covering M, then a finite suhcollection of U covers M. 

PjtooF. Since M is closed, S — M is open. Hence the collection U', whose 
elements are aS" — M and the elements of ll, is a collection of open sets covering 
S and, as S is compact, hsvs a finite subcollection U" covering 8 . Evidently 
those elements of U" tliat belong to U cover M. 

That a space which is countably compact may fail to be compact is shown 
by the space of Example 10.23. For in this space, each of the ordinal numbers 
has a neighborhood consisting of an open interval whoso upper boundary point 
is an ordinal of the first or second class; and the sets are neighborhoods of 
the points they contain. And in this space, S, the neighborhoods are open, but 
the covering constituted by them has no finite subset covering S —indeed, no 
denumerable subset of this covering is a covering of S. 

12.11 Theorem. A necessary and sufficient condition that a space M be 
compact is that it be komeomorphic with a closed subset of a compact space S. 

Proof. The necessity is trivial, since M is closed in itself. 

To prove the sufficiency, suppose that M is homeomorphic, under a homeo- 
morphism /, with a closed subset M' of a compact space S, and let U = {C/} be 
a collection of open sets U covering M. For each U, let U' — f{U). As the sets 
M — V are closed, the sets M' — V are closed rel. M' (§5), and as M' is closed 
in S, the sets M' — U' are closed in S (cf. 2.2). Hence the sets S — {M' — U') 
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are open in S. That is, {S — M') U U' is an open subset V' of S such that 

v'r\M' = U'. 

Since 5 is compact, a finite collection of the sets V covers S, and conse¬ 
quently a finite set of the sets XJ' covers M'. As the corresponding ?7’s cover 
M, the theorem is proved. 

It will be noted that in proving Theorem 12.11 we have also proved: 

12.12 Lemma. If U is an open subset of a space M, and M is homeomorphic 
ivith a closed subset M' of a space S, then S has an opeyi subset V such that 
V r\ — XJ', where XJ' is the image of XJ in M'. 

The following theorem, of interest in analogy to Theorem 12.8, is of great 
importance in later chapters: 

12.13 Theorem. In order that a space should he compact, it is necessary and 
sufficient that if is a simply ordered series of nonempty closed sets such that 
for < a 2 , D , then ^ 

Proof. The condition is necessary. For if nn-0,then£r-n^’« = 5- 
But since S — (S — Fa), and each set »S — is open, the space S 

is covered by a finite number of the sets S — Fa . It follows that for some 
a = a', S — Fa' = S —i.e.. Fa- = 0, contrary to hypothesis. 

The condition is sufficient. Let U be an infinite collection of open sets covering 
S, and let /> denote the smallest cardinal number such that a subset U' of U 
of cardinal number p covers iS. If p is infinite, let p = , and let l/i , • • • , 

£/■„,••• be a well-ordering of U' of order type Uy , the latter being i-Iie first 
ordinal of its class. Let F^ ~ S — U-. Ua for each ^ < <ay . Then no Fg 
can be empty, else the sets Ua of subscript g 0 form a subset of ll of cardinal 
number less than p covering S. Hence n Fff 7^ 0. But then no point of Fn 
is covered by the collection U''. We conclude that p must be finite. 

The following definition is fundamental: 

12.14 Definition. By a continuum we shall mean a nondegencratc, com¬ 
pact, connected space. 

Another interesting example of the application of the notion of compactness, 
as well as an application of Theorem 12.13, may be made as follows: We showed 
in Theorem 10.27 that every countably compact, separable, connected space S 
which is nondegenerate has at least two non-cut points. With the stronger 
notion of compactness, the separability assumption may be dropped: 

ssPor a discussion of sucli properties as are exemplified here, see P. Alexandroff and P. Ury- 
sohn [d]. So far as I have been able to determine, Theorem 12.13 was first proved by R. L. 
Moore in 1919 [a], for a certain class of Fr^chet spaces. In this connection, Moore raised the 
question “whether it is not desirable to substitute, for ErSchet’s definition of the word compact, 
a definition which is, for some spaces, .... more restrictive than that of Fr6chet;” and there¬ 
upon called “compact in the new sense” a space having the property stated in Theorem 12.13. 
(Apparently this ms the first suggestion that use of the term “compact” in the sense employed 
above might be desirable.) 
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12.16 Theorem. Every continuum {in which the 2nd Hausdorff and weak 
separation axioms hold) has at least two non-cut points. 

Proof. Let be a continuum and let N be the set of non-cut points of S. 
Suppose N contains at most one point. Let Xq ^ S ~ N. Then aS — = 

A VJ J3 separate, where B N. 

For each x ^ A, select a fixed separation aS — a; = A(a;) U B{x) separate, 
where rco E B{x). By Theorem 9.8, A{x) U xis connected and as it is a subset 
of 8* — rco must lie wholly in A (Theorem 7.1). Let the sets A (a:) be partially 
ordered by D. Then there exists a maximal simply ordered subset {A(a;p)} 
of {A(a:)}. 

Now O = C\ [Aixp) VJ Xf,]. For if x, G A(a;;,,), then J5(xp) U Xp , 
as a connected subset of *8 — x,,, must lie wholly in A(x,) or P(x,), and as 
^0 E B{x^ r\ B(x,), Xp must lie in B(x,). Then A{x„) VJ a:, , as a connected 
subset of *8 — Xp, must lie in A(xp). 

The set A (Xp) U Xp is compact, being a closed subset of the compact space S 
(Theorem 12.11), and hence, by Theorem 12.13, [A(xp) VJ Xp] 9 ^ 0. Hence 
there exists p E n A(.Tp). But if ? G A(p), then, as shown above, p G A{q) C 
n A(Xp). Tlius the assumption that N contains at most one point leads to 
contradiction. 

12.16 Corollary. Evenj coniiniium {in which the 2mi Hausdorff and weak 
separation axioms hold) is irrcducihly connected about the set of its non-cut points. 

(C'f. Proof of Theorem 10.30.) 

In tlie n^marks following I'hcorom 12.7 above we mentioned the definition 
of the higliej'-dimonsional euclidean spaces as product spaco.s of tlic real number 
continuum. For example, if /f, , /C arc two spaces homeomorplii(! with the 
space /C of real numbers, then the cartesian piano is topologically ofiuivalcnt 
to the space Iff whose points are the ordered pairs (.r, , jv), .r, G , x-i E /f- , 
and whose Jioighborhoods arc the products of neighborhoods of h\ and B-i . 
Thus, if (a, h) is a point of tlie spac'c Iff, and U{a) is a neighborhood of a in 
/i'l and iJ(b) is a neighborhood of h in /fa , tlien the set of all pairs (.r, , .r^), 
Xj G ff{a), x\ G Uib), consLitute.s a neigliborhood of (a, h) in Iff. The topo¬ 
logical structure of threc-dimen.sional carte.sian space is similarly defined as the 
proiluct of three I'cal number spaces, etc. 

In general, if * 8 , , • • • , S„ are spaces, then the product space » 8 i X -82 X 
• • • X 8 „ has as points the sets (xi , Xa , • • • , x„) such that x.- G 8 ^ , and if 

{ai , • • • , a„) is one such point and U{ai) a neighborhood of in 8 ,- , then 

{(xi , Xa , • • • , x„) I Xi G C(a.), i ~ 1 , 2, • • • , n} is a neighborhood of 

(aj , • ■ ■ , a„) in 81 X 83 X - ■ ■ X 8 „ . 

One of the uses to which the notion of product space may be put is that of 
defining new types of configurations from the elementary ones. For example, 
the torus is the product of two 8^’s. We are more interested here, however, in 
the fact that the elementary ‘'building blocks” of the complexes of combinatorial 
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topology (cf. §6),_the n-cells defined above (§11.1(1), an; so dofimiblo. Tims, 
the clo^d 2-cell, E^, is the product space of two arcs, and generally the closed 
n-cell, E", is the product space of n arcs. Conscq\iently, aiiico th(} arc;, as shown 
above, is recognizable so simply among the general spaces a])ovc! employed— 
namely, spaces satisfying the 2nd Hausdorff and the wealc separation axiom— 
the notion of product space readily iiffords a definilaon of tlui w-splnu'c, S’\ for 
example. Specifically, if K is a space forming an arc from a to h (a, h K), 
and L a space forming an arc from c to d (c, d £ L), thenjv X c, K Xd, a X L, 
h X L together forn^a l-sph^e J^the boundary of the E" f()rm(ul by K X L. 
And given two such say E\ ,E\, with boundaries Ji and J.^ , ^(^spe(•.lively, 
there exists an obvious homeomorphism h between ./i and J-i which wo iih {5 in 
order to identify Jx and Ja so as to form one which wo call J. Tluit is, if 

E t/i, £ /a, and Xx and X 2 correspond under die hom{if)im)r])]iism h, then 

we identify and as one point x, but the sets El — Jy , EJ't — J.^ remain 
disjoint. To complete the process we define neighborhoods of tluj latter two 
sets as before; for a point x of J, we combine neighborhoods of El and E'i 
which meet J in the same open intervals. 

We do not cany out the details here, nor go tlirough the process of sliowing 
that the above space is actually the homeomorph of the iis dofininl in §11.10. 
We merely point out the general way in which one may now proceed to define 
the n-sphere topologically. However, this method of definition, while useful 
for some piuposes, is not suitable from the standpoint of general topology. 
For example, how is one to recognize that a given topological apa(^(^ is an n- 
sphere? Of course, we expect such a space to be connected; also sepai-aliio 
and countably compact. If in addition it has no cut points bul, v.vv.vy j)air 
of points disconnects it, we Imow by Theorem 11.21 tluit it is an .S".' Ibit 
suppose this is not the case, and we suspect the space to bn an N". How ai-(; \\'(! 
going to recognize it as the proper combination of A’“'s? W<! may not (iv<'n 
know that it contains an especially if wo are able to recognize the lalXcu- 
only as a product space of two arcs. And wo may expect the rec'ognilion prohhun 
to be even more difficult in the case of higher-dimensional conllgural.ioiis. In 
short, the fact that a given space is a product space is nof, readily def-erminale, 
as a rule, from its topological structure. We shall see in the siupiel, to 1)0 sur(‘, 
that in the case of S\ for instance, we may give a nice extension to the (heonnn 
just quoted above (Theorem 11.21) for recognizing S\ so that »S'”, and, more 
generally, what are Imown as the 2-dimensional closed manifolds, arc charac¬ 
terized among the general topological spaces by simple topological properties. 
Further than this we shall be unable to go. That is, no comparable (diaractcr- 
ization of ^ is known. We shall, however, give simple definitions of higher¬ 
dimensional configurations, which we shall call generalized manifolds, w'hich, 
when metric and compact, reduce to the in the 1-dimensional case and to the 
2-dimensional manifolds in the 2-dimensional case, and which seem to have the 
properties to be expected of a unified theory of “spherical” or “manifold” spaces. 
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Moore [e; §5]. 



CHAPTER II 


LOCALLY CONNECTED SPACES; FUNDAMENTAL PROPERTIES 
OF THE EUCLIDEAN n-SPHERE 

A basic property of the classical manifolds, and in particular of euclidean 
spaces, is that of local connectedness. In the present chapter we introduce 
this property in what we might call its “zero-dimensional” aspects. 

We shall show, first, that it may be used in place of compactness properties 
to characterize the elementary configurations (arc, discussed in Chapter 1. 
We shall then give some important properties of locally connected spaces and 
investigate in particular the euclidean n-sphere from the point of view of local 
connectedness. In the latter connection, we establish further motive and 
justification for much of the material to be given in later chapters. 

1. Local connectedness. We begin by recallmg Examples I 10.3 and I 
10.13. In the case of the former, we notice that every circle with center (0, 0) 
and radius <1 encloses a portion of S that has infinitely many compoiK'nls; 
likewise, in the ease of Example I 10.13, a circle with center (1, 0) and ra<lius 
<1 encloses a portion of the space in question that has infinibily many (‘oni- 
ponents. Each of these spaces fails to have, for certain points, what wo .shall 
call “local connectedness.” Tlie notion indicated by this term may ix; (hdlncd 
in a variety of ways, of which we give only three: 

1.1 Definition. A space S is called quasi-locally coitnccled —abbrcvia.U'il 
Icq —at a: G *5 if every neighborhood U oi z contains a neigliborliood V of .r 
which lies entirely in one quasi-component of U. 

1.2 Definition. A space S is called weakly locally cowujc/rd—al)i)r(‘vial(!(l 
lew —at a; G *5 if every neighborhood U ol z contains a neigbborbood V of .»• 
which lies entirely in one component of U. 

1.3 Definition. A space S is called locally connected —abbreviated /<—a(, 
x G »S if every neighborhood U of x contains a connected open sot V such l.liat 
zEV. 

That lew is stronger than Icq is shown by the following example: 

1.4 Example. In the polar coordinate plane of points (p, 0), let denote 
the sector defined by the relations 0 < p g 1, v/n ^ 6 ^ tr/in + 1). In 

51 U S<i let Ml = {(p, 6) I [0 = T, p ^ 1/2] V [p = m, m irrational, 1/2 < 
m < 1][. In S 2 let M 2 = {(p, 0) [ 6 = mir, m irrational, 1/4 ^ p ^ 1/2). In 

5 2 W Si let M3 = {{p, 6) \ p — m, m irrational, 1/4 < m < 1/3). In Si let 
■^4 = {(pj 6) \ 8 = mr, m irrational, 1/6 ^ p ^ 1/4}. In general, for any 
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natural number n. > 1, in Szn-i ^ S 2 n let = {(p, d) ] p = m, m irrational, 
l/2n < m < l/(2n — 1)}; and in S 2 n let Mzn = {(p, I ^ = rriT, m irrational, 
l/(2n + 2) ^ p ^ l/2n}. Denoting the point (0, 0) by let M ~ p'U 
U". 1 Mr,. Then ikf is a connected space, and is Icq at p. But M is not lew at p. 

It may also be shown, by example, that (in spaces admitting open sets as 
neighborhoods) Ic at a point is actually stronger than lew at a point. However, 
the important fact for our purposes is that these definitions define properties 
the existence of any one of which at all points of a space of quite usual type 
(see the next theorem) implies the existence of the other two at all points. 

1.5 Definition. A space is called Icq (lew, Ic) if it is Icq (lew, Ic) at all 
its points. 

We recall that we have seen (I 4.8) that if a space satisfies the 3rd Hausdorff 
axiom (I 4.7), then the system of all open sets may be used as a neighborhood 
system such that each open set is a neighborhood of every point that it contains. 
In the present section we shall in general assume that all spaces under consideration 
satisfy the 2nd and 3rd Hausdorff axioms as loell as the weak separation axiom. 
Such space.s we call weak Hausdorff spaces. 

l.G Theorem. If a space S is Icq, then it is lew. 

Proof. Suppose there exists p G such that S is not lew at p. Then there 
exists a neighborhood U o( p such that every neighborhood V of p in U contains 
some point that is not c-cqiiivalent to p in U. Let Q be the quasi-component 
of U that contains p. Then some x G Q i-'’ a limit point of (' — Q; otherwise, 
Q i)oing closed in U (Theorem I 8.8), we would have U = Q^J ((^ — Q) .sepaj-ato, 
Q would be connected, and tlicrc would exist a V such that G T C Q- Then 
x, and U as a neighborhood of x, fail to satisfy tlu* conciilion stated in j.)elinition 
(1.1) for Icq at r. 

1.7 Theorem. If the space tS is Icio, then »S is Ic. 

Proof. Let x G and let U bo a neighborhood of x. As S is lew, there 
is a luhghborhood V of x such that V lies in one component C of (/. If C is 
open, it is a.n open connected iieighborliood of x satisfying the Ic condition. 
That such is the case becomes apparent when we consider that the existence 
of a p G C' that is a limit point of U — C will constitute a violation of the fact 
that S is lew at p. 

From Theorems 1.6 and 1.7 we have: 

1.8 Theorem. A space that is Icq is also Ic. 

For applications in the next section, we need the following two lemmas: 

1.9 Lemma. If a space S is Ic and K is a closed subset of S, then S ~ K is Ic. 

1.10 Lemma. If a space S is connected and Ic, and x ^ S such that S — 
X = A ^ B separate, then A 'U xis connected and Ic. 
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Proof. That U x is connected follows from Theorem I 9.8. Let U be 
an open subset of ^ U a: containing x. Then U U B is m open subset of S 
containing x, and accordingly XJ 'O B contains an open connected subset V 
of S which contains x. Then V — x = {V r\ A) U {V r\ B) separate, and 
(F n A) VJ a; is an open connected subset of U —for from the closure of >S — F 
follows the closure of (A VJ a:) — F, the latter being the complement of 
(F n A) U a; in A U a-. 

2.^ Irreduciblelc-connexes;recognitionof£?^and^8^amonglcspaces. In order 
to apply the notion of local connectedness to the problem of the characterization 
of the arc and the S^, we first make the following definition: 

2.1 Definition. A space S will be called an irreducible lc~conncxe about 
a 'point set K if S is connected, Ic, and contains K, but has no proper subset 
having these properties. 

2.2 Theorem. In order that a space S should he an irreducible Ic-connexe 
about a set K, it is necessary and sufficient that S be Ic and irreducihhj connected 
about K. 

Proof. The sufficiency is obvious. To prove the necessity, wo apply 
Theorem I 10.5. I^et x ^ S — K. Then S — x = A U B separate. For 
>8 — a: is Ic by Lemma 1.9, and if it were also connected, then S would not bo 
an irreducible Ic-connexe ab*out K. 

Furthermore, Ar)K7’^Q?^Br\K. For were K C. A, for instance, tlum 
by Lemma 1.10, A ^ x would be a connected and Ic proper subset of *8 con¬ 
taining K. 

2.3 Corollary. No space S is an irreducible Ic-connexc about a comiecicd 
subset that is not itself Ic. 

2.4 Theorem. If S is an irreducible Ic-connexc. about a compact stihsd A, 
then S is compact. 

Proof. Let U be any collection of open sets covering S. Then if x S S, 
there exists 17 6 U such that x ^ U. As *8 is Ic, there is an open connected 
set Rix) such that x £ R{x) C U. For each a: S *8 let there be assigned such 
an /il(a:). The totality {i?(a:)} covers S, and as A is compact, a finite number 
of the sets R{x), say • • • , R{xi), covers A. As 5 is connected, there 

exists for each f > 1 a simple chain of sets R{x) from Xi to Xi (Theorem I 
12.3). Let the sets R(x) present in such chains S.- be denoted by f2(Xi,.j), • • • , 
R{xf). 

Let R = u. 1 Since the sets i2(xi) can be rearranged, according to 

chains (S 2 , ©a , • • • , , so as to satisfy the hypothesis of Theorem I 7.3a, 


iThe spaces considered in this section need only satisfy the 2nd Hausdorff and weak separa¬ 
tion axioms. 
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their union U is connected. And since, by Theorem 2.2, 8 is irreducibly con¬ 
nected about A, and D A, we must have R — S. Accordingly, if we select 
for each a set £/■< G U such that Rix{) C Ui , the sets Ui form a finite 
subset of U covering S, and S is therefore compact. 

2.5 CoEOLLARY. If S is an irreducible Ic-connexe about a finite -point set, 
then S is compact. 

As a consequence of Theorem I 11.12 and Corollary 2.5 we have; 

2.6 Corollary. If a separable space S is an irreducible Ic-connexe about a 
pair of distinct points a, b, then S is an arc from a to b. 

It is well known that not every countably compact, separable connected space 
is compact. However, we can state: 

2.7 Theorem. If S is a countably compact, separable, Ic, connected space, 
and S has a compact subset A which contains the set of non-cut points of S, then 
S is itself compact. 

Proof. By Corollary I 10.32, S is irreducibly connected about the set A. 
Hence S is irreducibly connected about a compact set and by Theorem 2.4, S 
is itself compact. 

2.8 Corollary. If the set of non-cut points of a countably compact, separable, 
Ic, connected space S is compact, then S is itself compact. 

Corollary 2.6 shows that the are may be characterized without any com¬ 
pactness assumption whatsoever, by use of the Ic notion. In line with the 
remarks in the latter part of §I 12 we can therefore as.scrt that the n-cell, the 
n-sphere, etc., may, through the notion of product space, be topologically 
characterized on the basis of the Ic “weak Ilausdorl'f" .spaces, without any 
compactness assumption,s whatsoever. 

We shall ne.xt obtain characterizations of the 1-sphcro analogous to tho.so of 
Tlieorcms 111.21 and 111.23, but with the Ic condition replacing the com})actnc.ss 
assuini)tions. We need the following lemma and corollary: 

2.9 Lemma. In a space whose neighborhoods are open, the boundary of every 
point set is closed. 

2.10 Corollary. A countably compact space whose neighborhoods arc open 
is locally peripherally countably compact. 

2.11 Theorem. If a separable quasi-closed curve is Ic, then it is a 1-sphere. 

Proof. By definition, a quasi-closed curve ^S_is the imion of two I’s (cf. 
§I 10)_^ say /i and I^, such that Ii r\ I 2 = h I 2 = a. KJ b. By Lemma 1.9, 
5 — 72 is Ic. If we can show that f is Ic at a and h and separable, then Ii is 
an arc by Corollary 2.6, and since by symmetry I 3 is likewise an arc, S is then 
a 1-sphere. 
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By Theorem 111.20 and Lemma 1.9, S — hia connected and Ic. Application 
of Lemma 1.10 to S — b (with “a” replacing the “x” of that lemma) shows 
that Ji — 6 is Ic; in particular, then, /j is Ic at a andj_by similar rea.soning, at h. 

Let X be a den umerable subset of S such that X = S. Since A is open, 
evidently X n A D A, and consequently the closure of (X A A) U a VJ 6 
contains Ij . 

From the above theorem, and Theorems I 11.20 and I 11.22, we have: 

2.12 Theorem. 7/ a tiondegenerate separable, connected space is Ic, has no 
cut points, and is disconnected by the omission of each pair of its points, then it 
is a \-sphere. 

2.13 Theorem. If a nondegeneraie, separable, connected space is Ic and is not 
disconnected by the omission of any connected subset, then it is a 1-sphere. 

The importance of the above theorems is that they afford characterizations 
of the 1-sphere that are independent of the fact that the 1-sphere is the union 
of two arcs; i.e., they do not in any way make use of the definition of the arc. 
Later when we come to the 2-sphere (or, more generally, the 2-manifol(l), we 
shall again obtain characteiizattons that do not depend on the fact that the 
configuration is made up of the corresponding euclidean element (the 2-c(dl). 

When we come to the 2-sphere we shall find that one of the most important 
characterizations makes use of the so-called Jordan Curve Theorem, and for 
the sake of imity we shall give here its 1-climensional analogue. Tho latl.cT 
makes use of the simple fact that a 0-sphere in a 1-sphore separates the l -sphore 
into exactly two components of which it is the common boundary: 

2.14 Theorem. Let S be a connected^ space containing at least one O-.sphere, 
and such that if ^ is any 0-sphere of S, then S - S" has just two componeuls. 
Then S is a quasi-closed curve. 

Prooe. By Corollary I 9.5, eveiy 0-spherc separates S. Ilenco if w(‘ (^an 
show that S has no cut points, it will follow from Theorem I 11.20 that, .S' is a 
quasi-closed curve. 

Suppose a: G -S such that S ~ x ^ A^ B separate. Then if« G A, ri - a 
is connected. For were A - a = Ai W Aa separate, then would S ~ {xVJ a) = 
(A a) \J B separate = Ai W Aj W B, where the latter sets arc inultiwise 
separate, although by hypothesis S — {x\J a) can have only two components. 
And since A L7 a; is connected (Theorem I 9.8), A has infinitely many points 
(Theorem I 7.15) and has .r as a limit point (Theorem I 7.12). Similarly, B has 
infinitely many points, and if & G B, B ~ 5 is connected and has x as a limit 
point. 

Then S ~ (a KJ h) = {A — a) \J (B — h) x, where A — a, B — h are 
nonvacuous and connected, and have a; as a limit point. It follows that S - 

*As a matter of fact, instead of assuming that S is connected, it is sufficient to assume that 
the number of points in S is not 4. 




SOME GENERAL PROPERTIES OF LC SPACES 


45 


(a U 6) is connected (Theorems I 7.2,1 7.3), and thus the assumption that S 
has a cut point leads to a contradiction of the hypothesis. 

As corollaries of the above theorem and of Theorems I 7.14 and 2.11, wc can 
now state: 

2.15 Theorem. If the connected^ separable space S -is locally peripherally 
countably compact, contains at least one Q^sphere and is separated by every 0-sphere 
into just two components, then S is a 1-sphere. 

2.16 Theorem. If a connected, separable Ic space S is nondegeneraie and is 
separated by every 0-sphere into just two components, then S is a 1-spherc. 

3. Some general properties of Ic spaces. Unless otherwise stated, wc sliall 
assume that the spaces considered are weak Hausdoiff spaces. 

3.1 Theorem. In order that a space S should be Ic, it is necessary and sufficient 
that all components of open sets he open. 

Proof. The condition is necessary. For let C* be a component of an open 
set U, and x ^ C. As U is open, x ^ U, and is Ic, there exists by 1.3 a con¬ 
nected open set V such that x G. V C. U. Every point of V is c-c(iiiivalont 
to X in U, and as C is the set of all points of U that are c-equivalont to x in 
U, we must have V C. C. Accordingly C is open (I 4.2). 

The condition is sufficient. For let x G S and U any open .sot containing .r. 
Then the component of U containing x is open, and may servo as tlie s(!t V 
sati.sfjnng the requirement of Definition 1.3. 

3.2 Corollary. If S is Ic and U an open suh.<icl of aS", then every union- of 
components of U is open. 

3.3 Tmorem. If S is Ic, B is the boundary of a component C of an open set, 

and S ~ C 9^ 0, then S— (8 — C) sejiarate. 

Proof. By the preceding theorem, C is open. As aS' — C i.s o|)cn (I I.D), 
the sets C and C are separated. All wc need to notice, then, is iJiuf. aS' — 
B = CKJ (.S’ - C) (cf. I 7.7). 

3.4 CoROLL.iRY. If C is a component of an open subset P of a eonmeeied 
and Ic-space S, and C 8, then the boundary of C is a nonempty subset of 8 — P. 

3.5 Corollary. If A is a closed subset of a connected and Ic space. 8, then 
every component C of 8 — A has limit points in A. 

3.6 Theorem. In an Ic space any two points that are q-equivalenl in an open 
set U are also c-equivalent in U. 

Proof. Let a, 6 G U be ^'-equivalent. As U is open, every point x of U 
is in a connected open subset F* of U. By I 12.3, there exists a simple eh ai n 
of such sets F, from a to b. It follows that a is c-equivalent to 5 in U (I 7.3a). 
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3.7 Definition, Let A and B be disjoint subsets of a point sot ilL Thci 
by a set E{A, B)M wo slmll moan a ooniiected subset of M — {A \J B) tbal 
has limit points in both A and B. 

3.8 TriEOREM. Let A and B he closed, disjoint subsets of a connected and Ic 
space S. Then S contains a set II(A, B)S. 

PnooF. Consider a component (7 of ^ U P. By Corollary 3.5, C has 
a limit point in at least one of the sets /i, B, and if in both, then the tlioorom 
is proved. Suppose every such component has limit points in only ono of the 
sols A, B. Then S = Sa ''A Ss , where 3a consists of A and all components 
C of 3 — (A KJ B) which have limit points in A, and 3a is defined similarly 
relative to B. 

The sols 5^ , Sr, are disjoint, else some C has limit points in both A and B. 
Hence, since 3 is connected, ^8^ , say, contains a limit point a of Su . Suppose 
a. ^ Sa ^ A. Then a is a point of some set C which has limit points in A. 
As B is closed and 3 is Ic, there exists a connected neighborhood 17 of a such 
that U r\ (A \J B) = 0, But as a is a limit point o£ 3 b ,U must contain some 
h ^ Sj, — B. Evidently & is therefore a point of some set of type C, which 
we call C^, which has limit jioints in B. Both C and G' contain points (a and h) 
of a connected subset, U^ o£ 3 — A\J B^ so that necessarily C = C". But this 
contradicts the supposition that no such component has limit points in both 
A and B. 

SupposoflG A. Let 17 be a connected neighborliood of o such that U (A B ~ 0. 
Then XJ contains a point & of some component of typo C which has limit points 
in B. (We continue to denote this component by C.) Let V == XJ, \J U, , 
whore is the portion of V in C, and Ha = t7 ~ Hi . As H is clo.scd in ;S' - 
A V7 B and lias no limit points in A, the set H, is closed in H. Hence, a.s H is 
connected, Hi contains a limit point re of Ha . But now the method used in 
the preceding paragraph can be employed to show that C contains points of , 
again affording a contradiction. 

3.9 Definition. Let A and B be subsets of a point set M. Then by a 

set B)AI we shall mean a set77(A| B)M in case A Hi 5 = 0; but in case 

A n B 0, then it is either (1) an 71(A, , B,)M, where A, = A - A Pi B and 
Bt = B ~ A n B, (2) a component of A P B, or (3) a component of 3 ~ 
(A U B) having a limit point in A P B. 

3.10 ITieorem, Let S be an Ic space, A and B be closed subsets of S, and N 
a connected subset of 3 that meets both A and B. Then some point of N is cdso a 
point of an H*{A, B)S. 

Proof. Suppose no H*{A, B)3 contains a point of N. Wo form two sets 
A', B' as follows: If G W P A, we place rr in A', and if y e A P B, we place 
y in B'. If x G A" — (A U B), we consider tJie component C^oi 8 — (A VJ B) 
which contains x. By Corollary 3.3 C, has limit points in A U B, but by our 
suppo.sition can have limit points in only one of the sets A, B. Then if the 
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limit points of C, in AU B ai'c in A, wo place x in A'] otherwise in B', Then 
N A'\J and A'n B' ^ 0. 

As N is conneoLed, A' and B' ai'c not sepamte; lionce we may suppose that 
A' contains a limit point, p, of B'. Now p C ^ ■®)j since if it wore, 

a connected neighborhood Uj, of p such that Up O (A U B) ~ 0, together 
with a C* for some x Q Up r\ B', would enable us to show that Cp has limit 
points in B. Hence p Q N r\ A. But in this case, wo select a connected Up 
such that Up r\ B = 0, and again lot x ^ Up r\ B'. Then as is open by 
Theorem 3.1, (7, U Up is an open connected subset of S, and is Ic. Honco by 
Theorem 3.8, (7, U Up contains a set II{x, A)S. Evidently the latter sot and 
(7* together form a sot H(A, B)S that contains x, contradicting our initial 
supposition. 

Remark. Evidently Theorem 3.8 can be considered as a special case of 
Theorem 3.10 (by simply lotting = 5 in the case of 3.8). 

4. “Phragmen-Brouwer properties” and their equivalences in Ic spaces. We 
now d('finG a sot of properties which, as we sliall sec later, all hold for the 
euclidean ?i-sphorc S". Their equivalence will be demonstrated, however, for 
the gonoral le spaces. 

4.1 Definitions. For any space B, wc define the following properties; 

Property 1. If A and B m’o disjoint closed subsets of B, and x, y E: S such 
tliai neither A nor B separates (I 5.11) x and tj in jS, then A VJ B does not 
separate x and ij in S. 

Properly I' {Phragmen-Brouwer Property). If neither of the disjoint closed 
subsets and B of S separates S, then A^J B does not .separate S. 

Property II (Brouwer Property). If Al is a closed, conneeUid subset of S 
and (7 is a component of ^ — M, then the boundary of (7 is a closed and eoii- 
nocted .set, 

Property III (Unicohorcncc). If <S’ == A U B, Avhci-o A and B arc closed and 
eonneetod, then A H B is connected. 

Property IV. If P' i.s a closed subset of S, and C\ , arc disjoint components 
of B — F which have the same boundary, B, then B is closed and connected. 

Property V. If A and B are disjoint closed subsets ot S, a E A, h E B, then 
there exists a closed, connected subset (7 of <S — (A B) which separates 
a and h. 

4.2 Theorem. In a connected and Ic space S, Properties I and I' are eqiiiva' 
lent. 

Proof. That Property I implies Property I' is trivial. 

Suppose that the connected and Ic space S has Property I' but not Property 
I. Tlien S contains two points a;, y and two disjoint closed point sets A, B 
neither of which separates x and y but whose union does. We shall define 
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sets Fi , Ft as follows: If (7, is the component of nS -- (A W B) that contains 
X, then y and if F is the boundary of it follows from Thoorom 3.3 that 

(1.12a) S - F = C,KJ {S -C:) soparato. 

Lei F r\ A = Fi , F r\ B ^ F, . Then F = Fi W F, and F^ 9 ^ 0 F^ ; for 
if = 0 then F C.B, and (1.12a) implies that S ~ B == C.\J {S - (\ - B) 
separate and B separates x and y, contmry to hypotho.si.s. 

Now it follows, by similar reasoning, that the component of 8 — F that 
contains y has limit points in both Fx and . Let r\ F, — B^ , i = 1,2, 
and B* — Bx \J B^ . Also, lot denote the component of S — B'^ which 
contains C* . As every point of is a limit point of C, , so mu.st cvoiy point 
of B* be a limit point of , Consequently J3* is the common boundary of 
the disjoint domains 7C, , . 

To Bx let us add every component of jS — 5* that lias its boundary ontircly 
in Bx and call the resulting set Bi . Similarly form a sot B 2 relative to B^ . 

The set S — Biis connected. For let C be n component of 8 — B{. Supposes 
0 Pi i ?2 = 0. Then C C. S ~ B*. Let C' bo the component of 8 — B' I hat 
contains C. If the boundary B' of C" wore entirely in Bx, then would (! C (■' C 
B'l . If B' wore entirely in Bt , then wc would have C C F' C B'. and {'()ns<‘- 
qucntly, since 5a C jS — , wc would have C <Z 8 — 5f and (! P B^ 9 ^ 0. 

Finally, were 5' P Bi 5 ^ 0 pS B' P Ba , we woulil again have C" C 8 — 
and hence C P Ba 5 ^ 0. 

Consequently C P Bg 0. But K,U C„ iJ Bg is a connocl.cd subsed- of 
S — B'x , and tis every component C of B — Bi has limit points in B', , tlu' s('t 
S ~ B{ i.s comicctcd. Similarly B — Bps coniiecLcd. Hu(. jS — {B{ yj IF,) 
is not connooted, since JC* and ZC, arc disjoint components of (Ik; lallor set 
This contradicts the fact that S is supposed to have Proi)(‘r(y \'. 

4.3 Tlll^ouE^r. hi a connected and Ic space 8 , PrupirltcN I niul il <irr 
equivalent. 

Piioor. Suppose B has Property IT but not Property I. W(' r{5p('ai (ho 
first part of the proof that I" implies I in Theorem 4.2—siKModcaily, through 
the first paragraph and the first sentence of paragraph two of the proof that- 
I' impHes I. W(5 then conclude a.s follows: But C\ is a compoiK'iit of 8 — P , 
since P = P U F. And P is closed and connectod. 'riicn the boundary 
of P should be comicclod since S has Property II. But Uic boundary of p 
has points in both B, and F* and is thcTcforo not connected. 

Conversely, if B has Property I, then B has Property II. Suppose C a com¬ 
ponent of 8 — M, where M is a closed, connected subset of S. d'hen by Thcormn 
3.3, if B is tho boundary of C, and B is not connectod, 8 - B = C^LJ {S — C) 
separate. (If B is not eonnecled, M — B 9 ^ 0 and hence 8 -- C 9 ^ 0.) Lot 
B = Bx yj Bs separate. Some point y of Af is in an /7(B, , Ba)B = P, by 
Theorem 3.10. If k G C, then B, doM not separate x and y in B (since C U 
Ba L/ P C B “ Bx), and the same holife for Bj . But B separates a; and y. 
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4.4 'IVeorism. hi a connected and Ic space S, Properties I, III and IV are 
equivalent. 

pROOi’. Property I implioa Property III. Suppose S is i-he union of two 
closed, conneoted sets jS, and , but that jSi n - A U i? separate. By 
Theorem 3.10, some point a’ of is in a sot //(yl, B)S, and therefore the com¬ 
ponent Cl of — ;Si tha^contains x has limit^oints in both A and B. How- 
over, Cj C tSfa , implying Ci C tSa, and henco C, n (Si C -Si r\ ^3 ~ yl U B, 
But by Theorem 4.3, tho boundary of Ci should be connected. 

Property III implies Property TV. Suppose S has Property III but not 
Property IV. Then »Si has a closed subset F and two disjoint components C, , 
C 2 oi S — F with commmi boundary J? = B, U separate. By Theorem 3.3, 
B — B ^ Ci,'U {S — Cl) separate. Hence C, is a component oi S — B. If 
C is any other component of 5 — P, then C has boundary points in B by 
Theorem 3.5. Consequently S — C, is connected, sincG_it consists of the set 
Ca and components oi S — B having limit points in B (Z C 2 (cf. Theorems I 7.3 
and I 7.4). But then S is the union of tlic closed and connected sots Ci, 5 — C,, 
whoso intor.sec(ion, B, is not connected, thus violating Property III. 

Property TA^ implies Properly I. If S fails to have Property I, we may 
proceed as in tlie fir.sl paragraph of tlu' pioof that P implies I in llieorem 4.2 
to find coinpononls A', ami C\ of *S' — B having common l)oundar.v B =■ BiKJ B^ 
separated, violating Property IV. 

4 «5 TiruoiuoM, hi 0 conneclrd and Ic .spare .S’, Piopcrlq implies Piopcrlij 
III. 

Puoop. Siij^po.se iS lias Propmly A', hut i.s (he union of closed and conneelod 
S('ts *S[ , .S'^ siieii that *S\ r\ Sj = A KJ B s('parate. If a G d, ^ B, llieii since 
aV has Properly A* tliere exists a closed, eonnecled se( K <Z S — (.1 C/' B) which 
s(‘i)arates a and h. But aS', ami .Sh Ijotli conlain a and h, liem*(‘ lO K 9 ^ 0 9 ^ 
aS', rA K. As K C A’ - {A U B) = [.S, - (.1 VJ A)1 U [.S', - (.1 \J A)], wo 
have K = \K r\ [.S', — (A 'O A)]| KJ \K r\ [.S'., — tA VJ A)]( separate, con¬ 
tradict ing tlie fact that K is connected 

4.(3 lljcFiNiTiON'. A Space .S' is callc*d normal il for each ]3air of disjoint 
closed sulwets A, B of S tliere cxi.st disjoint open suhscl.s of .S’ that contain A 
and B respectively. 

4.7 'I’liEOUEM. If a normal space S is connected and Ic, and has Piopcrly II, 
then il has Property V, 

Pjtoop. Lei A, B bo disjoint closed subsets of 5, a G A, b G B. As S is 
normal, there exist open sets U D A, V "Z) B, such that U r\ V = 0. Let 
Ua be tho coraponont of U that contains a. Using the symbols F(, ) to denote 
bouii^ry, F{Uf) C F{U) (Z S ~ (A KJ B). Let Ct be the component of 
S — U„ that contains b. As S has Property II, FCC'J is a closed and connected 
sot K. By Theorem 3.3, S — K ~ Ci,\J (S — C^) separate. As 17^ is open 
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by Theorem 3.1, K C P{U„) C. S — (A\J B). Henco K h a do,sod and oon- 
iioclcd subset of — (A U B) tliai separates a and b in S. 

Kemark. To seo that Properlics I—^IV do not imply Property V in a spaoc 
that is connected and Ic but not nonnol, consider tlio following example: 

4.8 Example, In the cartesian piano, lei M consist of the set {(.r, 0) | 0 £ 

X ^2] together with tile sot K.i:, 1 (a: = l/?t)&(0 < y ^ 1), n = L, 2, 3, ■ • • 

Lot A - (0, 0), - (1/n, 1), B - = (1/n, 0), q = (2, 0). Lot S 

bo the space obtained fromil/ by the following defining system of neighborhoods: 
(1) points of typo <?„ have connected "jT-sImped” neighborhoods, nonovor- 
lapping for differont values of n; (2) points of typo or q have '‘half-open 
iiitorvaV^ neighborhoods, not overlapping with tho neighborhoods of points q„ ; 
(3) points (1/n, y) such that 0 < < 1, or (a:, O) such that l/(n + 1) < a: < 

1/71, have open inteival noighborhoods that do not contain points of typo , 
ffn or q; (4) the only neighborhoods of A aro those sets U„ such that U,, = 
iC'^) y) I [O'*!) v) G ilf](fe[a: < i/n, y < 1]}, ISToio that for eadi n, the lionndary 
of U„ consists of q„ and a subset of B. Also, B is closed, as this set has no limit 
points in S, Now any set Lf C jSf sucli that for all sufHeicntly great », If con¬ 
tains a point (1/a, y), 0 < ^/ < 1, has A as a limit point. It follows tiiat S 
does not contain disjoint open sots containing A, B respectively, and a fortiori 
doG.s not have Property V. But <S is connected, Ic, and has Properties I-l V. 

4.9 Definition. A space S is called completely normal if for each i)air of 
separated sets A, B ot S there exist disjoint open suhsct.s of S that eonluin A 
and B respectively. 

The following property, wliicli is stronger than V, may bo .shown eciuivah'nt 
to IV in a completely normal space: 

Property Vh If A and B are,separated subsets of a G A, h G B, then 
there exists a dosed, connected set C of )S - (A U B) whicli separates a !ind h. 

4.10 Theorem. 1/ a completely normal space S is connecled and Ic, a)id has 
Property II, then it has Properly V'; and conversely. 

Proof. The proof that II implies is identical with the proof of 3’heorom 
4.7, except that the hypothesis of complete normality replaces that of normality. 
The converse follows from Tlicoi*cm 4.5 and the fact that Y' implies V. 

In view of tho application which we wish to make of the aliovc theorem, we 
interpolate tho following Uioorem: 

4.11 IhiEOREM. Every metric space is completely normal. 

Proof. Let S bo a metric space (I; 3), and let A and B be separated subsets 
of >S. Por G A, lelp(aJ, B) = glb|/»(a;, y)\ y ^ B]\ we define p(A, y) sym¬ 
metrically. Both p{x, B), p(A, y) am positive. 

For each a; G A lot U(a:) = S{x, B)f2), and for each ?/ G P lot Y{y) = 
p(A, y)l2). Then (let XJ ^ KJ £/(»), V = U V{y). Both U and V are 
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opon sets (14.4). That C/ T = 0 follows from the “triangle law” of distance— 
Condition (2) of I 3. 

As a oonsoquonco of Theorem 4.11 and the preceding theorems of tliis section 
wo can stato: 

4.12 1'eikoiiem. If a metric space is connected and Ic, and has any one of the 
Properties I, T, 11, III, IV, V, V', (Sien it Jms all of die other properties. 

Tlio following theorem, wliich embodies a strengthening of Property II in lo 
spaces, will bo found of use: 

4.13 TriEOREM. If S is a connected and Ic space which has Property II, then 
for any closed subset M of S, and components C, D of M, S — M respectively, 
the set C r\ P{]y) is connected; and as a consequence, F{I>) cannot have a greater 
number of components than M. 

Proof. "VVc may suppose that C r\ P{D) 0. Lot M be augmented by 
all components of 5 — M except B to form the closed set M' — S — D. Then 
lot D bo augmented by all components of except C (the component of hP 
containing C) to form the open set D' — S — C. 

'rho set D' is connected. For consider a component E of M', and suppose 
that E r\ P{D) « 0. Sinco S is connected and_^is closed, (he latter set contains 
a limit point, .r, o[ S - E. But since E r\ D - 0 and S is Ic, there exists a 
connected open sot P containing x such that P A 7) = 0, implying P C 
But then P C P. since E is a component of M', and x cannot be a limit point of 
licnccj P(D) mccUs every component of ^P, and as D' is the union 
of D and components of ilP, it is connected by Tlieorcms I 7.3 and I lA. 

As D' is a domain complementary to the dosed and connected set C, and *S 
luis Property II, the sot F{D') is a closed and connected subset of C. 

hot y E F{D'), ivnd Q any open sot containing y. Since S is Ic, wo may sup¬ 
pose Q is connocLod. If Q = 0* then Q Q S — D = ^P. But as C" is a 
component of W, this implie,s Q C 6” and y ^ F{D'). Hence F{_D') C F{B}’ 

Let z ^ C r\ FiD); such points a.<» z exist by hypothesis. Then z E mid 
z E F(jy), sinco every neighborhood of z contains points of D C B'- Hence 
2 G 6" n /’(DO = /'’(DO, and wc infer that 

(4.13a) Cr\FiB)CF(D'). 

But P(D) ~ [C n F(B)] U [FiD) Pi U D,] where the C, indicates com- 
poneiiLs of M distinct from C, and hence every comioctod subset of F{B) that 
meets C H FiD) must lie in the latter set; i.e., 

(4.13b) P(D0 C CnF(D), 

Relations (4,13a) and (4.13b) imply that F{D') - D H P(D), and as FiD') 
is connected, the same is true of D Pi FiD). 

6. Some topology of the n-sphere. It was stated in §4 above that Propei-ties 
were all valid for the n-sphere. We shall prove this assertion in the present 
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section. However, the purpose of the digression to the ?i-aphcre is threefold: 
We not only (1) provide a proof of the properties mentioned for this basic 
euclidean case, bub wo (2) introduce the machinery of cliaius and cycles of the 
so-called algebraic topology in a natural manner, wliich should pave the way 
for its iisG later in general spaces; and wo (3) provide the material whereby wo 
may give a simple proof of tlio Jordan-Iirouwer separation theorem for tiio 
separation of tlio n-sphore by the (n — l)-sphoro. 

Regarding (2) we should add tliat we restrict ourselves at present to tho 
so-called modulo 2 topology and follow closely methods duo to J. W. Alexander 
[a]. Regarding (3), the ease n = 2 is of course tho Jordan Curve Theorem 
(cf. I 6), which we need for the topological characterization of the 2-sphcro in 
the sequel 

5.1 An ?i-sphere is topologically equivalent to the continuum given by 
tho equation .r? -f- .ra -f- ■ • ’ + = 1 in {n -f- l)-cUmGnsional cartesian space 

(111.1C). All 7i-p\me through tho origin of divides 6”’ into two dis¬ 
joint domains, which wo call nrcells (I 11.16), whose common boundary is an 
S'‘~\ tho latter being the intersection of S“ by tho n-planc.® The latter 
may in turn be subdivided by an n-plano through tho origin into a pair of 
(n — l)-cclls whose common boundary is an (n — 2)-sphorG; and so on down 
to a O'spliere consisting of a pair of poinU which we call 0-cells. Tlio decompo¬ 
sition of obtained in this manner is called an elementary subdivision Sq of 
S". Note that So consists of two i-cells of each dimension f = 0, 1, • * • , ?i.‘ 
The (i — l)-ccl]s of the subdivision in the boundary of tlie open point set which 
constitutes an f-coll E' {i > 0) wo call the boundary cells of the E\ 

From the olomontary subdivision So one can proceed to tho derived suh- 
dieisions: These are obtained by further decomposition of S" by n-plancs, but 
this will not ho done in utterly random fashion. We ask that each derived 
SLilxIivision be obtained from a preceding subdivision by the operation of in¬ 
troducing a single fionvex wiell, which separates an (i -f- l)-cell into two convex 
(i -f- l)-ccll.s. This implies, in case tho cell to be introduced is of dimension 
gi'oator than 0, that the boundary cells of Hie new cell are already present. 
For example, if we wish to divide one of the «.-cells of an elementary subdivision 
into two n-eells separated by an (« — l)-(‘e!l, wo may need to introduce some 
now {n — 2)-coIls, cic., on the boundary first. This can be done through a 
series of steps So , a’i , • • • , s* whero So is the elementary subdivision, each s, 


^Tii fill proofs of till' Jorclftn Curve TJioorcm the question arises ns to wlial is assumed. Some 
proofs, during the early history of the tlieorein imrliculnily, assume tlint tlic curve is made up 
of a finite number of analytic arcs, etc.; olhcis li’cat the general case, but assume the tlicorcni 
for the case where the curve is n polygon. The proof which is given below will be found to 
depend upon the statement just made above lugai'dmg the separation of the S" by an n-plane 
in —a fact evident imincdlfttely from the continuity of the real nimibcr system. Domain 
is a synonym for connected open set. 

HVo arc not concerned with tho fact that tin i-coJI is a topologically unique configuration, 
and do not employ this fact below. 



[61 


SOME TOPOLOGY OF THE n-SPIIERE 


53 


iorj > 0 is oblainocl from S/_i by tho introduction of a new coll whoso boundary 
colls are already in S/_,, and Sj, is the final dosirod subdivision. 

Wo shall now assume an infinite soquenoo of subdivisions So j j • ■ • > , 

■ ■ • , whore is Uio elomontaiy subdivision and such that (1) for each natural 
number j, is derived from S/ by the introduction of a single now f-ccll 
(0 ^ f g a — 1) which divides an (i + l)"ccll of s, into two (i 4- l)-cells, and 
(2) for arbitrary e > 0, there exists ^ such that for h > j, all colls of s* are of 
diameter less than e,* 

6.2 Throughout the present section wo assume that wc arc dealing with a 
fixed s, . For eacli cell of s, we adopt a symbol al , whore the superscript r 
dono(-cs the dimension of tlie cell, and the subscript h is for enumcrativo pur¬ 
poses. For r > 0 we have a so-called “boundary relation” 

(2.2a) del = 

m 

where m runs througli all possible values, and is 1 or 0 according as is a 
boundary cell of al or not. 

By an r-chnin wc moan any polynomial of the form where tiic k runs 

through all possible values and the c’s arc all O’s and i's. An r-chain must 1)C 
distinguished from its associated complex. A cotnplex is the geometric configura¬ 
tion, or more precisely the collection of cells, that is olitained by an arbitrary 
Hcloclion from s, , with the single provision that if a coll is in the colleetion, so 
are all its boundary cells. (Thus a complex is a closed point set if wo break it 
down into its individual points—which wc do not do, liowcvcr, ns wc wish to 
proHorve tlic concept of a collection of cells.) The aanociaied complex, of an r- 
ehain of the form ^ c* al ih olitaiucd by selecting for our eollcclinii the .sets of 
all colls tri for which = 1, together with all cells neee.s.sary to suli.sf^' t he aliove 
eondilion regarding boundary cells We d(Miole this associated complc'x l)y the 
s^'ml)ols I 2 cVf j. Thus an r-chain i.s a polynomial, while its associated eoin- 
pl(‘x is a geometric entity. The associated complex of a chain of the form*' al 
may he called a cellular complex, al being a edlular chain. 'I'he coll.^ in a eellultu’ 
coinpio.x I a] \ are called the facen of the cell al An r-diinensional complex, 
or hiinply r-complex, is a complex that is the as.sociate(l complex of .some r-ehain; 
in other words, it con.sists only of r-eollsand llicir faces. Except for the e.xisLence 
of other connotations that might lead to confusion, we might, use llie term 
“polyhedron”, or “variety”, in.stcad of complex. 


any metric space, the diainelet SiM) of a point set M is tub {p(a:, y) ] a', y G 
®In analogy to ordinary algebra, we allow the coefficient 1 to bo absorbed —al is understood 
to have the coefficient 1. 

^In particular, then, al is a face of itself, and has faces of all dimensionalities from 0 to r. 
It may seem confusing, incidentally, to use the same symbol al for both the cell (without its 
lower dimensional faces) and the cellular chain, and if we were to go on with the geometric 
concept of cell to any length, we would adopt another symbol, El , for the geometric cell, 
retaining al only for the algebraic entity, the cellular chain. Most of our machinery is alge¬ 
braic, however, so that no confusion should result m the long run. 
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For each r (0 ^ ^ n) and complex K wo dofino an abelian group C'(K) 

wJioso elements are the r-chains defined above, except that the al's involved 
denote colls of 7C, and such that if ^ cV[ and X) r-chains, then 

2) c'al -h 2 S where the coohioionts in the right-hand 

member are reduced modulo 2, The identity of this group is obviously the 
chain all of whose coofTioients are 0, and may itself bo denoted by the symbol 0. 
Each chain is its own inverse. 

If C' S CiK), we call C' an r-chain of K. And wo call C'(K) the group of 
r-chains of K. 

If r > 0, and C"" == 2 cV*, then the bomdari/ of C", denoted by dC, is tho 
chain 

(5.1a) 

tihk 

where the c^s and jj’s are multiplied modulo 2. In other words, wo deal with 
the polynomials which wo call chains as algebraic polynomials with cocnicionts 
in tho hold of inlcgors modulo 2. In particular, the distribulivo law holds, 
and as a con.scquonco ^ve have 

5.2 Tiieobem. Tho linear operator d effects a homomorphism of the group 
C"(ZO, ?■ > 0, into the group 

Tho kernel of this homomorphism, which we denote by 7/{K)t is the set of 
all C' £ CiK) such that dC" = 0, and is called the group of r-cycics of K, each 
Z' G. Z\K) being called an r-cycle of K. The subgroup of C'~^iIC} into whicli 
C’(K) is mapped by d is called tho group of hounding (r — \)-cyclc,s> and i.s 
denoted by B'~'{K). All chains dC aro elements of and since i)y 

our process of subdivision each (r — 2)-coll in | a-J [ is itself a boundary coll of 
just two (?• — l)-colls of 1 (T* I, it follows that 

(5.2a) d(flffl) = c)V; = 0. 

Hence by tho linearity of d, application of d to (5.1a) above gives 

5., 3 IhiKOUEM. For every chain C, r > i, O^C = 0. Hence, for r > 0, 
B'(K) is a subgroup of Z\K). 

Before going further, let us consider the case r = 0. For present purposes, 
wc make tho convention that 2 cV® is a 0-cycle if and only if = 0. Evi¬ 
dently then a 0-chain is a 0-cyclo if and only if an oven number of its coelRcicnts 
aro 9^0. Since the boundary of a J-ccll consists of exactly two 0-colls (because 
of the convexity condition), and since d is Jincar, it follows that tlie boundary 
of a 1-chain is a O-cycIo, so that wo have: 

5.4 Theorem. B°{K) is a subgroup of Z^(K). 

And we arc now in tho position to make the definition; 

5.5 Definition. For each dimension r, the factor group Z''{K)/B\K) is 
called the r-dimensional Betti group, modulo 2, of /C, and is denoted by ir{K). 
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Two elements of Z'{K) lie in Iho same cosol of ir{K) if tlieii* dilTeronce 
(= sum) modulo 2 is a bounding cycle. Thai a cycle G Z^K) is in the 
identity of H"{K)y or what is equivalent, is Iho boundary of some (r + l)-ohain, 
is expressed by a relation 

(5.5a) 0 on K 

wliioli is read ”Z' is homologous to zero on K," and called a homology or homology 
relation. (The “on K” may be omitted if no confusion results.) Tims two cycles 
Z'y Y lie in the same coseb of ir{K) if and only if 

(5.5b) Z' — y'" on K, 

Relation (5.5b) may bo written also 

(5,5c) 2’’ r'' on K, 

which is read '‘Z' is homologous to y’’ on K” An alternative name for H'iK) 
is r-diinensional homology group, and it will usually be this name that wo employ 
in later chapters, when we come to the so-called homology theory of general 
spaces. 

A finite set of cycles Z[ , • • • , Z'",,, is called linearly independent relative to 
homology (= lirh) on K if there exists no relation of the form 

(5.5d) on/C 

where tile c‘’s are O’s and I's, but are not all 0. And correspondingly a set of 
3leraonts of I-Fili) are called lirh on K if no relation of the form {5.5d) exists 
where the Z\ are cycles in the respective elements. The number of linearly 
iidependent generators of H'iK), or what amounts to Lho same thing, the inaxi- 
nal number of r-cycles of K that arc lirh on K, is called the rth Belli number 
[modulo 2) of K and is denoted by p'{,K, 2).* 

5 G Definition. For any collection of cells/C, tlio symbol ]| A jj will doiiotc 
,he point set consisting of all points that lie in colls of K. If C' is a chain, wo 
ibbrcviatc || | C”" j |[ to j] C []. In particular, \\ a'" [| is a closed r-cell. 

5 7 Theorem. If K is a complex, then a necessary and suJUcienl condilion lhai 
\ K \\ he connected is that p°{K, 2) = 0. 

Proof. Necessity. From the connectedness ol E' (1 J2) and tlicfact that 
very two points of a cell may be joined by an arc of that cell, it follows (I 7.4) 
hat a cell is connected. Hence if a is any coll, then || <r ]| is connected (1 7.2). 
low if |j K II is connected, then || IC ji, whore iC is the complex obtained from 
C by deleting all but its 0- and 1-cells of K, is connected. For if || iC |j = 

L yj B separate, and Ao, Bq denote iho collections of 0-cells in A, B respectively, 
hen every 1-celI of has its boundary in A® alone or in fi® alone. But tliis 
nplies that || /< || ~ A' U B' separate, whei*e A' D A, D B, and such that 
' tr is a cell of K, then 1| o-1| C A' or || o-1| C B'. 

8Aa we shall see later on, H'{K) is a vector spac{^ and 2) is its dimension. 
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Let <r®, 0-6 bo 0-cells of K^. For each 0-coU <r® of K\ lot denote the point 
set consisting of <t° and all 1-cells <r* such thot is a boundary coll of (r^ Then 
each Sitr° is on open set and the collection covers |1 JiC* ||. By Theorem 

112.3 there exists a simple chain Stffi , ■ * • , SI<t° , • ■ ■, from 0 -° to cl, whore 
£r? = (Ta , ui == (Tt . For eacli i < ft, let ffl bo a 1-cell in tS/o-? H Stclvi . Then 
5 Zi:! = tr? + . Since a 0-cycIc 2* may always bo put in the form Zl -f- 

• • • Z° • • • + 2® , whci’c each ^ is a binomial of the foi'in cr® -f tr" , it 
follows that evciy Z° of 1C is homologous to zero on K. Tlial is, p°(K, 2) = 0. 

The sufTicicncy follows from the fact that if every O-cyclc bounds, then in 
particular every 0-cyclo foiTOcd from a pair of O-colls cl , cl bounds, which 
implies that ovory two O-colls can be joined by a connected set consisting of a 
finite number of 1| H’s (cf. Theorem 17.4). 

5.8 TuBOHEar. The niunber p^ilC, 2) -|- 1 is the number of components of 
II 7!l II, where K is any complex. 

Proof. Denote the components of }I || by Co , • ■ • , C'* ; they arc finite 
in number since each cell yields a connected point sot and in particular k could 
not be greater than the number of cells in K. Lot cl bo a 0-ecll in (7, , f = 0, 

• • • , /c. Then the 0-cyclcs Zl = cl -i- cl, i — 1, • ■ • , k, aro all nonl)ounding, 
and no linear combination of them bounds, so that p®(/C, 2) ^ k. On ilio other 
hand, if Z° is an arbitrary O-cyclc of K, then 2“ == yS + ■ ■ ■ + y? d- ■' • -I- y*, 
whore || y? || C . If y* is a 0-cycIe, then y? 0 by Theorem 6.7. If not, 
then y® -j- o-? is a 0-c3'clc, and y? + v? 0. In cither case, then, 

(6.8a) y? + cV? ~ 0 on K (c' = 0 or 1). 

Adding relations (5.8a), wo get 

(5.8b) Ec’o?'^0 on A'. 

Since Ki{Z°) ~ 0,® and since -b Z cV") must bo 0 inasmueh as -[- 
Z is a hounding chain, it follows that Z Z iinpiii's 

that 

(5.8e) Z c'Zl - Z c'cl + Z cV® = Z c'd . 

1-1 1-0 «-0 i«U 

Therefore, from (5.8b) and {6.8e) follows that 

Z o'Zl on A, 

implying tliat the cycles Zl fonn a maximal .sot of 0-cycIcs that arc lirh on A. 
Hence p‘’(A, 2) ^ k. 

5.9 Returning now to the sequence of subdivisions Sq j ■ ■ ■ i 5, , • ■ • , suppose 
that A is a complex of some s, . If in the passage to s,+i a coll of A is tho coll 

®By wG <lonotc llio sura (modulo 2 in the present case) of tho cocfTioients of Z®, avIjci’g 

Z® is any 0-chain. Sec V 2.1. 
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which is subdivided in order to obfcwn , then K no longer exists in S/+i . 
I'lowevor, there is a complex K' in S/+i such that || IC J| = [1 K ||—^it is a sub¬ 
division of K and contains the new cells introduced by the subdivision of S/ , 
as well as the other original cells of K. 

6.10 Theorem. If K is a complex of Sf , and IC is its subdivision in , 
then p\K, 2) = 2), r = 0, 1, • • • , ». 

Proof. If K = K\ the result is trivial. We may suppose then, that in the 
passage from K to IC a cell (r* of K is subdivided by a new cell into two new 
colls tr? , 0-2 . The only numbers p''(K, 2) that can be affected are 2), 
2) and p’‘~^{K, 2). The first number can be affected by a change in the 
A;“Cycles. If Z’' is a /c-cyclo of K such that o-*' ^ I !, then Z'‘ is a cycle of K' 
also and bounds on K' according as it bounded or not on K. If a-* E I 2* [, 
then Z'‘ may be written in the form ; and die chain cri + cz + = 7 * 

is a cycle of K' which bounds or not according as Z^ bounds or not on K. And 
since no cycle of K' could contain one of the cells <rf , <rs without containing the 
other, every A:-cycle of K' may be obtained from a cycle of K in the above 
manner. Consequently 2) = p‘'(K', 2). 

A cycle Z^~^ of K is still a cycle of K', and bounds in IC according to whether 
it hounded in K or not. But of cour.se TC may contain new cycles of the form 
7 *“' = + y'l~\ However, consider the cycle 

{5. lOa) = 7 *"“* + Otr'i. 

Since (Vt = + ■ ■ ■ , the cell o-*"' is nol in | Z’~^ \. Now relation (5.10a) 

may be writlen in the form 

rr^~l A-l .. k 

z — 7 = dci , 

imi)lyiiig tliat 

onK'. 

Hence every new (k — l)-cyclc is homologous to an old cy»*lc of K, so tliat the 
number of (k ~ J)-cy(;Ics that arc lirh on JC is the same as on K. TIoneo 
2 ) = 2 ). 

Tiio only way '{K, 2) could be affected is for a new liounding relation to 
be sot up among the (k — 2)-cyoics of K because of the new cell c'’~\ This 
would bo equivalent to a relation of the form 

(5.iob) 3c/-‘ + e-') = z^-\ 

where (7*”^ and Z''~^ arc chains of K. However, if we add to the relation (5.10b) 
the relation (cf. Theorem 5.3) 

aCSirJ) = 0, 


we get 
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whore tho chain in the brackets docs not contain (r*"*. Honco no now bounding 
relation is set up by the introducUon of tho coll 

As a corollary of '’I'heoi'om 6.10 wo have; 

6.11 ConoLiiATiY. The Betli nwribers p'Cs, , 2) are all 0 for r < 7i, and 

, 2 ) - 1 . 

(It is only iiocossary to obsciwo that in tlio oloinontary subdivision Sq cvory 
?’-cyclc, for r < n, is the boundary of a cellular chain, and that tho only 7i-cyclo 
is of the form a” -f- <j% and is neccssaiily nonboiinding since thoro are no colls 
of dimension higher than n.) 

6.12 Open suhsoXs of <S". Lot Z7 be an open subset of iS", and lot XJt clenoto 
the complex consisting of the set of all celte of s, which with their faces lio in 
U, Hereafter, if C' and U aw chains of S/ and S/h* , respectively, such that 
II O' IJ = II U II, then we call 7/ a sMimion of C'. If C’’ is a chain of some 
U, j then we let it be an element of a set which wo clonoto by C'{U), making 
the convention that tho subdivisions of C"" in (/c = 1, 2, • • •) aro the same 
element Q' of C'{XJ). From considerations such as thoso involved in tho proof 
of Theorem 5.10 it follows that a chain which is a cycle of Uj will still bo a 
cycle in cvory XJi+K \ and if such a cycle bounds in U ,, it continues to bound in 
Ui^k for all k. Hence we may form sots Z'(V) consisting of all cycles of tlio 
Ufa, and B' (U) consisting of all cycles that bound in somo 17/ . (A cyek; of 
Ui may fail to bound in U], yet bound in some 17/+*, and theroforo be an element 
of B'(U).) 

The sets 0'(U), Z'(U), B''{V) become groups if wc let Uic .sum of two elements 
bo the sum doLerrained by coiTcsponding elements of the groups C'(U{) for j largo 
enough so that C”^(17/) contains such clemcnls, of coui’sc. They aro Uio group of 
?*-chains, group of ?‘-cyclcs and group of bounding ?‘-cycIes, rcspecitivoly, of the 
open set U (all modulo 2), And tlie factor group Z'iU)/B'(U) is the rlh Ibjtti, 
or homology, group, Fr(U, 2), of the open set U. TJie ]-ank of tho latt(!r group, 
which we denote ))y p''{U, 2)—tlio maximum miinhor of ?--{5yolos of U that 
are lirli in U, wo call the rtli Betti number of U (modulo 2). It may of couv.so 
bo infinite, in which oa.se wc write p'{U, 2) = ». In particular, wo piovc; 

6.13 'PiriioiiEM. The numher 2) + 1 is Ike number of components of U. 

Piioop. If al and al arc 0-colls of 17/ that lie in tho same component of 17, 
then there will exist 17/+* such thato-® -p (rjliosin asinglo eomponont of jj 17, ^* || , 
and lienee + a* is homologous to zero thereon by Theorom 6.7. For by 
the following lemma thoro exists a broken lino L joining al and o-" , and just 
as soon as the value of j is so groat that all cells of S/ arc of diameter less than 
one-half tho distance from L to ;S" — Cf° all points of L will lio in || 17/+* ||. 
The remainder of the proof is based on considerations such as thoso used in 
proving Theorems 5.7 and 6.8 above. 

•®If A, B are subaoLs of a mctriospace, then by tho distance from A to B — p{A, B) —wo moan 
gib \ p { x , y) I (a: 6 A) & (y Q C)}. 
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5.14 Lemma. If x and y are points of the same component C of an open 
subset U of S'', then x and y are the end points of an arc —as a matter of fact a 
broken line—of C. 

Proof. Since S" is Ic, it follows from TJicorem 3.1 above that Q is open. 
Consequently p G C implies that p(p, S* — C) is positive. For each such 
point p lot U{p) == S(p, p(p, S" — C)/2), By Theorem 112.3 there exist pi , 

• • • , Pi , • • • , p,n such that the sets Uipf) form a simple chain of sets U(p) 
from X to y. With po *= and p„+, = y, let L, denote the straight lino interval 
whoso end points are p, and p.+i . Then KJt^o L, is the required broken line. 

6.15 Theorem. If Z"~^ (s^O) is a cycle of Sj, then there are exactly koo chains 
C", IC ofs, such that dC' = Z" = dK^^Jurtim-more, || C“ j] n j| IC [| = || 51”'* ||. 

Proof. Since p"~^ (s; ,2) = 0 by Corollary 5.11, there exists a chain C' of 
s, such that dC" = Denoting by 2" the cycle of s, which is the subdivision 

of the original oyelo based on the two n-cells of , we have 32" = 0, and hence 
3(0" + 2") — 2"“*. Let IC ~ C" -\- Z" (recall tliat all suras are reduced 
modulo 2). As I C" | and | IC \ have no common n-cells and their union contains 
all the ?i-cells of s, , the points common to |1 C"!! and || /C)! must all lie in 
lowor-dimeasionnl colls of s,. By the mode of construction of s,, each (n — 1)- 
coll is a face of exactly two n-cells. It follows that the points common to 
[| C"* II and II IC |1 must lie on the colls of | 2""' I- 

Wore there a third chain, say IC, such that dlC = 2"-’, tiien C" -H L" and 
IC “h IC would be n-cycles of s, that arc llrh, contradicting the fact that 
p"(s, , 2) - 1. 

5.10 Corollary. If a- G S% and 2""’ G 2"-'(6’" - .r, 2), then 2'"' G 
~ a-, 2). 

5.17 Corollary, If a subset M of 5" consists of exactly two points, then 
f-\S'' - M, 2) = 1. 

Proof. Dcniote the two points which constitute 11/by rci, .Yj. Letp(.i'i, .I’a) “ 
rj, and choosey so that all colls of s, are of diameter <i7/2- Lot be that sub- 
complex of $, consisting of all closed n-cclls that contain .t, . Let C" be the 
chain such that | C" I = s,i . Then by Theorem 5.15 the cycle 2""' = 3C" is 
nonbounding in S" — M, and hence p’'“‘((S" — M, 2) ^ 1. 

Suppose 2'r‘ and 7CC^ arc cycles that arc lirh in S" — M. Denote the re¬ 
spective chains C" which these bound, such that || (T || contains .r,, by Cl and 
C 2 . For j great enough, the subcomplex s,, defined above will be such that 
llsji II n II 2rMI =0,4 = 1,2. Then if 2""'= 36"* as in the preceding para¬ 
graph, wo liavc, by addition to the relations 2"“* = OCT, , that 

(5.17a) 2"-^ + 2r‘ = diCr + C?), mod 2, 

Now .-ri ^ 11 C" + C", II, hence if we add relations (6.17a) we get 

2r‘ + 2r‘ = 3(C7 + Cl), mod 2, 


4 = 1, 2. 
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where Xi 6^ |[ C? + OS ||. Thatia, Z?'* Zs~^ in S" — (aii V Xs), contraclicling 
the supposition that the oyoles aro lirh. Hence — M, 2) g 1. 

5.18 Alexander AnDmoN Theoiiem. If A and B are closed subsets of S", 
Z' G Z^iS'' -A~B),r<n~ 1, G C'-^'{S" - A), cr' € - B), 

^ - A r\ B) swli that dCl*^ ^ Z' dL’’^^ = CV^ + ar\ 

then Z^ r^Oin S" - A - B. For r ^ n - 1, if A r\ B 9 ^ 0 and Cl"', CV 
exist as before, then again. Z' >^0 in — A ~ B. 

Proof. The sots A' = jj || r\A,B' = j| II ^ P n,ro disjoint closed 
sets, so that -i) ~ p{A‘, B') > 0. Select i so that all colls ol arc of diaraotor 
< 17 / 2 . Let L' bo that ohain such that 1/ consists of all closed (r + 2)-colls of 
i L’’"''I meeting Thon || + LMI C “ A. Let a/V = Then 

we may write the relation 

(5.18a) d{V*^ + U) = (Cr* + 7"‘) + C["\ 

Now by Theorem 5.3^ d{C 2 *^ + = 0, and by hypothesis, 

dC[*^ = Z'. Adding these two relations wo have that 

C5.18b) 5(C'r‘ + /'‘) - Z\ 

But II ^L'lies’'- A, hence by (5.18a), -hY"' E (S” - A,2). 

By the choice of s, , |[t'*‘ If C jS” — J3, and by hypothesi.s C »Si'‘ — B. 

Tiius Cr' + E — A — B, 2), so that by (5.i8b), wc jnay conclude 

that Z’' ~ 0 in - A - B, 

In ease r = n — 1, then Ci — —otherwise | C" -}- 6*2 j = s, by 'J'hoorem 

5.15, and cither |[ 6"' |! or || || meets A O B, 

Wc may now prove, as a corollaiy of Thoorrm 5.18: 

5.19 'riiEOUEM. The n-sphere, S", » > J, has all of [he Properties I, I', 11, 

nr, IV, V, r, of § 4 . 

Proof. By Tlicorcin 4.12 itwill be sufficient to prove that S" has Property 1. 
Hence su]Dpose A and B arc disjoint closed subsets of S", and x, ij G S" - .4 - B 
such that neither A nor B separates x and y in S’'. Choose ■>; > 0 so Lliat 
S{x, 1 ]) A (A U /I) = 0 and B{y, n) A (A KJ B) =0, and j so that all colls 
of .5, are of diameter lcs.s tlian 7j/2. Then there exist 0-ccIls al, al of s, in Six, tj), 
S{y, v) respectively. As in the proof of Theorem 5.13, wo may show that, 
since x and y —hence crl and al —lie in the same component of S" — A, there 
exists Cl G C* (jS" — A, 2) such that dCl = cl Y . Similarly there exists 
C 2 G C’(5'‘ — B, 2) such that dC\ =* (r2 + . By Theorem 6.11, C\ -f- Ca ~0 

in S" = S" ~ A r\ B. By Theorem 6A8, it follows that a-® + cr“ ~ 0 in S" — 
A — B. ButthisimpliGsthata2and(r2aroialhcsamecomponentof— A — iS 
—which in iiiiTt implies that x and y arc in tlio same component of iS" — A — B. 
Pemahk. In view of Theorem 5.19 it is ovidently possible to state: If 
y E S”, n > 1, which are not separated by any one of a finite coUootion of 
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closed sets M(, then [J M {fails to separate x and y. Also, we have the following 
important lemma: 

5.20 Lemma. If x,y S S" are separated in S" by a closed set K, then x and y 
are separated by a suhcontinuum of K. 

For if /S" — 7C === A U J5 separate, where xGA,ySI3, then by Theorem 5.19 
and Properly V', there exists a continuum M C. ^ — (AB) — K such that 
M separates x and y in S”. 

5.21 Theorem. Let M he a homeomorph in of jj cr'' 1|, where (t' is a cell 
obtained by subdivision of some S’‘. Then p'(jS“ — M, 2) = 0 for all i. 

Proof. The theorem is true for r == 0, For let be a cycle of some s, in 
S‘' — M. If f — 73, — 1, then 2* 0 in jS* — M by Corollary 6.16. There 

are no cycles in s, of dimension > n — \ which lie in iS" -- M. For f < n — 1, 
^ve may argue as follows: We may suppose that the point M always lies in 
an 7i-ccll of the subdivisions of S". Let tj = p(il/, [| Z* |J), and let h be such 
that all colls of s,+a are of diameter <i;/2. The coll, <r", of 5 ,+a that contains 
M has an {n — l)-sphere, /C, as boundary. Let C‘*‘ be a chain of s,ha such 
that dC' If [| [j n [[ ff” II = 0, then2‘ -^Oin - M, Otherwise, 

since f -f- 1 < n, the intersection [| C*‘*‘ [j r\ || o' i| C K, so that we still have 
~ 0 in S" — M. 

Suppose tlie theorem proved for r = m — 1. Lot Z' be as above, and suppose 
Z' oo 0 ill *s''' — il/. Now il/ = ,4 W B, whore .1 and B are tlie hoinoomorphs 
of two »3-cells (and their faco.s) into which o-" is .subdivided in by an (m — 1)- 
coll o-’"''; let the liomeomoi'pli of the latler bo denoted by C. Then Z' nu 0 in 
S" — A, or Z' no 0 in .S'" — B —for othcrmsc by Theorem 5.18 (and the in¬ 
duction a.ssumption) wo would have Z' 0 in S" — M. By repetition of this 
jirocoss, wo would obtain a .sequence of closed suhscls Mi , d/> , • • • , homeo- 
moi’jihs of ?-colls (and their faces) in subdivisions of cr"', such that each contains 
the following and the common part is a single point p (cf. Theorem 1 12 8)— 
and whore Z' no Q in S'' — M^ for (? = 1, 2, • • • . But Z' Imunds in S" — p 
on .some s,, ^ , and hence in S'' ~ M, for q groat enough. It follows that Z' 0 
in S" — -il/". 

The Jordan-Brouwer separation theorem. We shall now prove the theorem 
on the separation of the /3-sphorc by an (n — l)-sphorc imbcdtled therein—a 
special ca-so of which (n ~ 2) is the classical Joidaii Curve Theorem. It is 
just as easy, however, first to prove the following: 

5.22 Theorem. Let K be an r-sphere imbedded in S“. Then the Betti numbers 
of K and S" — K satisfy the follounng duality relations: 

(5.22a) f{K, 2) = p’'-^~\S'' - K, 2) - 1, 

(5.22b) p’(K, 2) = - TC, 2) = 0, s r. 
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Pboof. If M C iS" and is a cycle of ^S" ~ M which fails to bound in 
S" — il/, let us express this fact by saying that Z' links M in S'\ Wo are to 
prove that there is only one cycle lirh in S'* — K, and that this cycle is of di¬ 
mension 71 — r — 1; ill other words, that only one cycle, of dimension n — r — I, 
links K, every other (w - r “ l)-cyclc being homologous to some "multiple" 
(0 or 1) of this cycle in S" - JIf. (The rdations licfwcen the Betti numbers of K 
and “ 1C then follow from Corollaiy 5.11.) 

If r = 0, then K is a pair of points and the theorem is true for this caso; 
of. Corollary 5.17, and the proof of Theorem 5.21 above. Wo ma}'’ then proceed 
by induction, with r > 0 , supposing tlie theorem to bo true for the caso whore 
K is of dimension less than r. 

With K an r-sphore imbedded in jSf, r > 0, lot K = ACJ B, whore A and B 
are llio liomcomorphs of the closures of r-cells wliose common part is an {r — 1)- 
sphoro imbedded in S'*, For s 5 ^ n — r — 1, let bo a cycle of S" — K. By 
Theorem 5.21 there exist chains CJ** G C‘**(S'* — A, 2), E C ~ B, 2), 
such that = Z* — By the induction hypothesis, 

does not link A r\ B since s + 1 n — (r — 1) — 1. Hence by Theorem 5.18, 
Z’ 0 in iS" — K. This proves relation. (5.22b). 

By the induction hypothesis there exists a cycle Z"~' which links A O B. 
Then the set A' = \\ \\nA9£0, else by Theorem 5.21, ~ 0 in S" - A 

and a fortiori in S" ~ A H B, Similarly the set B' - [| Z""" \\ H B 0, Tjot 
;; = piA', B')f and let j bo so gi'cat that all colls of s, are of dianiotcr < 77 / 2 . 
In S{ lot L""'' bo that chain such that | B""’’ J consists of all {n — r)-cclls (and 
thoir faces) which have at least one face meeting B'. Then wo have rehition.s: 


(6.22o) 


aL"-' = 2"-’-^ in S* - A, 

-f IZ"') = in S" - B. 


Now if there exists IP'' e CT-^S* - K, 2) such that dM"'' = Z''-'~\ then 
by Thoorcra 5.21 we would have relations 


L”~^ 4 . M"-^ ^0 A, hence in 5" - d H B, 

C6.22d) 

(Z--' 4 V'-^) -h inS" - B, hence in ~ A n B. 

But adding relations (6.22d) we get Z""' ^ 0 in tS" — A r\ B, contradicting 
the fact that Z"”' linlcs A r\ B. Honce we conclude that links K. 

Suppose some other cycle 7"""^ also links K. Then 4 7""'“' 0 in 

S" — K. For by Theorem 5.21 tliere exist relations dNI'’' = 7"“''“^ in iS" ~ A, 
ONT' = 7"~''"’ in /S" — B, and hence, applying Theorem 6.18 as before, the 
cycle Wr' + linlcs A r\ B. But by the induction hypothesis 


(5.22e) 


NT" 4 NT" Z""' 


in - A n B. 
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No(i 0 , then, that we have the following relations [cf. relations (5.22c)]: 

d{L"^^ + NV) - in S" " A, 

(5.22f) 

a((r“’- H- L"---) + Nri = in S'' ~ B; 

and, as a consequence of relation (6.22o), a relation 

(6.22g) = Z"-'- + Nr" + inS'' - Ans. 

But relations (5.22f), (6.22g) imply that ~ 0 in - IC, by 

Theorem 6.18. That is, every other (?i — r — l)-cyclo of S" — K is linearly 
dependent on in the sense of homology and consequently relation (6.22a) 

holds. 

5.23 Jordan-Brouwer Separation Theorem, If K is an (?i — l)-sp/terc 
imbedded in S", then S" — K consists of just two disjoint domains of which K is 
the common boundary. 

Proof. That S" — K has just two components A and B follows from re¬ 
lation (5.22a) and 'Phoorem 5.13. To show that K is the common boundary 
of A and B, let x G N and e > 0. Now K = fiS"'^), whero/i.s a homeomorphism 
and *S"“^ is tlin sphere of which K i.s the homcomorph. In the subdivisions 
of let bo a cell containing f~\x), small enough so that the set D — 
fiff"'') is of diameter < e—possilde because of the continuity of / (cf. I 5 1). 
TIhui })' = K — D = f[S’''~'' — 0 -''“^) is an (n ~ l)-ceU and its boundary im- 
bedtlod in S", and consequeiiLly p°(*S"' — D', 2) = 0 by Theorem 5 21. If 
a ^ A, h S. B, i.hen tlicre exists an arc L from a to b in S" — T)' by Lemma 5.1-1 
If a' and 1/ are rcsj)cctivcly tlie first and last ])oint.s of K Oi L on L in the order 
from a to h, then a' is a limit point of A in »S'(.r, c) and h' is a limit point of B in 
S{x, e). Since c was arbitrary, it follows that x i.s itself a limit point of liolli 
A and B. 

5.21 Conor, TiARY (Jordan Curve Theorem). If K is the homcomorph of a 
circtc in S', then S'^ — 7C consists of exactly two disjoint domains of which K is 
the common boundary. 

IlE^r\RK. Since the euclidean n-spaco, E", is related to >5" by the fact that 
E" == J{S" — .r) where x is an arbitrary point of S" and/is a homeomorphism, 
it follows at once that in Tlioorcm 5.23, “E"” may bo sulisiiUUod for “S"”, and 
similarly in Theorem 5.2-1 “E"^” may bo substituted for 

Additional remarks. Theorem 5.22 is a .special case of the Alexander 
Duality Theorem, mentioned in the historical remarks, chap. I, §6. Since we 
shall later ijrovo this duality theorem for the very general case of the spherelike 
generalized manifolds, wo need not go any further in this direction at present. 
As wo slated above, wo reverted to the matter at present chiefly for the proofs 
of such theorems as 5.19 and 5.24. Moreover, the reader unfamiliar with 
algebraic topology should be greatly aided, ^vhen we come to the homology 
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theory of general spaces, by the pi’evious reading of Hie special homology 
theory wliich wc have just described in this section. 

Before proceeding with the discussion of Poano spaces, wo shall prove other 
theorems which follow quickly from the above theorems and arc needed in the 
immediate sequel. 

5.25 TirEonujr. In order ihai a 8id>SBi M of S" should he connected, it is 

necessary that — M, 2) = 0. And if M is closed, this condition is also 

S2ifjicient. 

Pkoof. Let M be a connected subset of and G 2), 

By Theorem 6.15, Z"~^ bounds exactly two chains C'\ IC, and those are such 
that i| C" 11 VJ II IC II = S" and II C?" || O 1| IC || = || 2"“' H- Since M n 
II 2""‘ II = 0, either M H H C" || = 0 or il/A H IC || = 0, since M is connected. 
In either case ^ 0 in — iW. 

Conversely, suppose M is a closed subset of S" and that M = A\J B .separate. 
Let Si be a subdivision of S' whose colls are all of diameter < p{A, B)/2. Let 
C" be the 7i-chain such that j| (T || is the union of those closed a-cclls that meet 
A. Then dC' = 2"“* G - ilf, 2), and by Theorem 6,15 thcro is only 

one other w-chain, 1C, such that dIC « etc., and of necessity P C II K" li- 
Hence p"''()S'‘ —■ ilf^ 2) ^ since Z’‘~^ 0 in ^S"* ~ M. 

6.26 Theorem. If A and B are closed subsets of S" and 7 C G Z\S — 
A\J B,2) Imks neither A nor B, then if no (r A- lycycle links A A B, the cycle 
r bounds in S’' - A KJB. 

(Theorem 5.20 is an immediate consequence of Theorem 5.18.) 

5.27 Theorem. If A and B are closed suhsels of S" neither of which is h'nhrd 
by an (r + X)-cycle, bid such that Ar\ B is linked by an (r + l)-cyclc, then A \J B 
is linked by an r-cyclc. 

PnooE. Let link A r\ B, and lot s, be such that the suhdivi.'^ion of 
therein has the propert 3 ' that chains Cl*\ CT’ exist .sucii that C[" H- 
Cr‘ - and II Cr* II A A = 0 = li || A B. Let dCV ‘ = = 

dC’C^, and suppose that there exists U*' G — A W B, 2) such that 

dV"''^ == Z\ Then bj'-hj'pothesis, 

Cr* + //■"* ~ 0 in 5" - A, hence in S" ~ A B, 

(5.27a) 

Cr* 4- 0 in jS" - J5, hence in ^S" - A r\B. 

Adding relations (5.27a), we get that ^ 0 in S’' — A r\ B, contradicting 
the fact that links A A B. We conclude, then, that Z' must link AU B. 

As a consequence of Theorems 5.26 and 5,27 wo have: 

5.28 Theorem. If A and B are closed subsets of S", neither of which is linked 
by an r- or {r 4 l)-cycle, then a necessary and sufficient condition that A 'O B 
be linked by an r-cycle is that A r\ B be Unk&:l by an {r 4 1)-cycle. 
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An interesting special case of Theorem 6.28 is the following: 

5.28a Theorem. If A and B are svbcontinua of neither of which separates 
then a necessary and sxl^(f^cient condition that A W B separate is that Ar\Bhe 
not connected. 

[Cf. Theorems 6.13 and 5.25.] 

Now whereas Theorem 6.28a deals wth separation of an arbitrary pair of 
points of iS®, the following theorem, on the other hand, treats of a specified pair: 

6.29 TnEOREar, If ^ and y are points of /S* whidi are not separated hy either 
of the closed sets A and B, and A B is connected, then x and y are not separated 
hy A KJ B. 

Theorem 6.29 is a corollary of Theorem 6.25 and 5.26. 

It will also be noted that the fact that 5" has Property IV is a corollary of 
Theorem 6.26. Plowever, as a corollary of Theorem 6,29 wo have the stronger 
result for <S*: 

6.30 Corollary. If M is the common boundary of two disjoint domains in 
S^, then no closed and connected sxd)set of M disconnects M. 

5.31 Definition. An open subset U of 5" is called xiniforxnly locally con¬ 
nected in dimension r —abbreviated r-ulc —^if for every e > 0 there exists a 5 > 0 
such that if Z' E Z’'(U, 2) and tlic diameter of Z' is <$, then there exists 

E 2) such that = Z' and the diameter of |j i| is <«. 

In connection with the case r = 0 of Definition 5.31 we also give the following 
definition: 

5.32 Definition. A metric space M is called uniformly locally connected 
(xdc) if for every e > 0 there exists a ^ > 0 such that if r, y E ilf and p(.v, y) < 
5, then M contains a connected set N such that .r. y E ■V and the diiimctor of 
7^ is <fi. 

Since the method of proof has been well demonstrated al)Ovc in the proofs of 
sucli theorems a.s Theorem 5.7, we leave to the reader the proof of the following 
theorem: 

5.33 'IhiEOUEM In order that an open subset U of S" should be ulc it is 
necessary and sufficient that V be 0-ulc. 

5.34 Lemma. In 5" let U be axi open set and Z' E Z'(U, 2) such that ~ 0 
in S" — B, xohere B is the boundary of U. Then ~ 0 in U. 

Proof. Since we have = Z' in S’* — B, we may write 
(6.34a) d(Cr^ + Cn = Z', 

where 11 or’ il C 17 and i| II C “ U. But |1 |1 C U, d{C[^^ + Cn = 

dC'i'*'^ -i- and Z" is a cycle of U’, it follows from (6.34a) that = Z\ 
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6.86 TIIEORE^r. Let K he a khsphere imbedded in S". Then the open set 
3’' — K is r-ulc for all dimensions r n — Jc — I, except that in case K is an 
{n — l)-sphere, the individual complementary domains of K are 

Pjioor. Suppose ibal; U — Sf ^K\b not, r-ulo. Then Llicrc exists e > 0 siioh 
that for every integerm Uioro exists a G Z^iU^ 2) such that 5(|[ Zl, [|) < l/m 
but such that Ihoro exists no G 2) for which dC'*^ = Zl,, and 

5(11 0'^^ ID < 2f. Let 6 Then since 3" is compact, the act {ri:,,,} 

has a limit point a;, which evidently must bo a point of K. 

Now K ” /(jSD, where / is a homcomorphism. Lot o-* bo a coll of 3^ con¬ 
taining f~\x) and such that the set 2) = f{<i’) C e). There exists 5 > 0 
such that K r\ Six, fi) C A and thoro exists an in such that || || C fi{x, 5). 

Denote K — D by D'j and F{Xt «) by F. 

Since 7i - /c — 1, wo have from Theorem 6.22: 

(6.36a) dQ\*^ - 2 ; in iS" - /Q a fortiori in 3" - 7). 

Also, wo have 

(6.36b) in Six, 5); a fortiori in S'' - (D' U F). 

Evidently D r\ {D^ U F) === D H D', and since the latter is a aubaet of //, wliicli 
is Iho homeomorph in <S" of a closed cell, wo have by Thoorom 5,21 that 

(5.35c) Cr* + ar' 0 in 3 '' - (DU 7>0. 

Relations (6.36a)—(5.36c) imply, according to 3'heoreni 5.18, that Z" ~ 0 in 
3" — [DU (D' U 7i')I = S" ~ (2C U iOj and from J.omina 6.34 we (;oiu4ud(> 
that Z' Q in U r\ Six, c). Thus the snppo.sition that U i.s not r-ul(! leads (.0 
a contradiction. 

Now let /o = n — 1 and r = 0, and lot U bo one of Iho doinaiiiH connilenK'id-uty 
to K. Wo may then proceed as above to obtain x, \Zl,\, c > 0, ei.e. Ih'lalion 
(5.35a) is obtainable since 5/2, 0 in U (cf. Lemma 5,14 and tiie proof of Tlu'on'in 

5.13), and relations (5,361)), (5.36c) nro ol)tainah]e lus Ix'l'ore, 

5,30 Djofinition, a point a ia CJtlicd arewisa accessible from ii jjoint set B 
if 6 G 77 implies the existence of an arc T with end poiiils a and h hucIi (iiat 
T ~ a C. B. If A is a point set every point of which is tircuvise a(!(!essil)le from 
some point sot 77, then wo call A arewise accc.sHiblo from 77. 

In Example 110.J3, if D = {(/), 0) | (p < l}&(p, 0) Cj: A'j (tliat is, the bounded 
domain in the (p, 0)-pIane complementary to 3), thou no point of A exeti[)t 
(0, 0) is ai'cwiso aecossiblo from/). Ilowcvor, all points of »S — A are arewise 
accessible from D. 

6.37 ''l'iiEORET\f. Lei K be a h^pkere imbedded in »S'". 7'hcn K is arexoise 
accessible from 3 ~ K, 

Proof. By Theorem 5.36, jS — A! is 0-ulc if k ^ n ~ 1, and if h ~ n — 1, 
then the domains comploinontary to K arc 0-ulc. Consequently if (7 is a com- 
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ponent oi S ~ K and x S K, there exists by Theorem 6.33 a sequence Vi, Vi t 
Vi >• ", oi positive numbers such that (1) lim v. = 0, and (2) the set 
U r\ S(x, Vf+i) lies in a single component of S(x, »?,). 

Now by methods similar to those used in proving Theorem 6.23, it may be 
shown that every point of K is a limit point of U. Let pi be any point of U, 
and for eaclx i > 1 lot p, £ ?7 O S(x, i?,). By Lemma 6.14, there exist arcs 
'I\ with end points p, and pa in V, and ?’< wiUx end points Pi and p,+i in U H 
S(x, Vi~i) for i > 1. The point x, together with obvious portions of the arcs 
Ti y i = 1, 2, • ■ • , forms an arc from pt to x that meets K only in the point x. 

In the following tlieorem we give a characterization of the in analogous 
to that given by Schoenflies, except that the conditions employed are weaker; 

5.38 Theorem. A necessary and sufficimt condition that a subset M of 
should he an 3^ is that it he a common boundary of two disjoint domains D, and 
Dz , from each of which M is arewise accemhle. 

Proof of sufficiency. Since, by Theorem 4.12, has Property TV, the 
set M is a continuum. By Corollary 5.30, M has no cut points. 

I-ct X, y Q M, X 5^ 7j. Tlion from the accessibility property of M it follows 
that there exists an wliich we denote by J, consisting of two arcs A, , i = 
1, 2, having x and y as end points and such that Ay ~ x — y G D, . By the 
Jordan Curve Theorem, 3 — ./ is the union of two domains A and B having J 
as common boundary. 

hkicli of the .sc(s ri, B eontains points of Af. For consider the point set 
A VJ Ui U a.j , where a, G A, — .r — ?/; since A is connected, it inusi be a con- 
iK'el.ed set. lienee liy 'I'lioorem I 7.8, A r\ AI ^ 0 Thus il/ ~ x ~ y = 
(A n M) U (B r\ AO separate 

It follows from Tliooiom I 11 21 that M is an S'. 
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CHAPTER III 


PEANO SPACES; CHARACTERIZATIONS OF AND THE 

2-MANIFOLDS 

1. Peano continua. As stated in the historical remarks (I 6), the notion of 
continuous curve, originally due to C. Jordan, has proved most fruitful in the 
set-theoretic topology. As defined by Jordan, a plane continuous curve is a 
set of points (.t;, y) which may be obtained by functions x = f(l), y = g(t) 
wliich are continuousin the real variable fas/varies from 0 to 1. The generalized 
notion of continuous curve, usually called the Peano contirmum (I G), en¬ 
compasses any subset M of a metric space such that M == fiE^) where / is a 
continuous mapping (I 5) and is the real number interval 0 ^ a: ^ 1. As 
remarked previously (loc. cit.), the fulfillment of the order of ideas begun by 
Peano’s solution of the space-filling curve problem may be considered to have 
been achieved with the Hahn-Mazurkiewicz discovery of the topological charac¬ 
terization of continuous curves by the Ic property. For the sake of completeness, 
and because of the useful by-products of the proof, wo give in the present section 
tlie Hahn-Mazurkiewicz theorem. 

Wo l)ogin With some general lemmas concerning mappings. We recall that 
a Ilaiisdorjf space is a space which satisfies the axioms IIS and I 1,7, as well 
as the separation axiom which states that if x and y are distinct points, tlion 
there exist di.sjoint open sets which contain x and y i-espectively. Wheiiever 
an explicit statcincnt is lacking in what follows, regarding tiie form of space 
under consideration, we shall undemtand that a HaiisdorfT space is intended. 

1.1 A compact subspacc of a Uausclorff space S is closed m S. 

Proof. Lot d/ be a compact subspaee of a Hausdorlf space S, and lot 
p ^ S — j\[. For each x G d/, let U(x), F^r) be disjoint open subsets of S 
coiitiiining x and p respectively. As d/ i.s compact, and each set U{x) O d/ 
is open in d/, a fiiiilo niimbei*, CffiKi), ••• , U(xl), of the sets U(x) cover M. 
Tlien fl 4.0) n;-. F(.r,) 13 an open subset ot S — M which contains p. Hence 
S — M is open (I 4.2) ami d/ is closed in S. 

1.2 Lemma. The result of a continuous mappmg of a compact space is compact. 

Proof. Suppose/ maps a compact space S onto a space S ', and that {!/,,) 
is a collection of open sets TJ, covering S', Each f~'(JJ,) is open (I 5.1a), and 
since S is compact, there exists a finite number of the sets V, , say , 

such that r'iUn, ■ ■ ■ , cover S. Since = Ul'\ it 

follows that S' = Ui'\ 
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Definition. A mapping is coUcd cUsed if it. maps closed se(,s into closed sols 

1.3 Lemma. A conimuous mappinff of a compact space into a IlausdorfJ spac< 
is a closed mapping. 

Pitoop, Suppose f : 8—> S', and lot. P bo a closed subset of S. Py Theoren 
I 12.11, F is compact. Then by Lemma 1.2 tho sot /{F) is compact, and bj 
Lemma 1.1 f{F) is closed. 

1.4 Lemma. If f is a cotUinuotis mapping of S onto 8' and C is a coniponcn 
of S', then J~\C') is the union of components of S. 

Pnoop. Consider a component A of S. The set/(yl) is connected (I 5.2a), 
and thereforo if/(A) r\ C 0i/(A) C O'. 

1.5 Lemrca. If S is lo andf is a conlimious and closed mapping of S, then 
f(S) is Ic. 

Piioop. Lot f{S) = S', and suppose C' is a component of an open siibHol 
U' of S'. As/is continuous, f~^{U') is open (I 5.1a), and by Lemma 1.4, /"‘(C'O 
is the union of compoiionls of But components of f~\U') are ojKm 

by Theorem II 3.1, and therefore /“*(C0 is open (I 4.4). As ~ C 

and / is a closed mapping, the set ff~\S' — CO i.s clo.sed and hence ("' is op(‘ii. 
That S' is Ic then follows from Theorom 11 3.1, 

Wc can now state tho following tliooram, whoso proof follow.s from the al)ov(i 
lemmas: 

l.G Theorem. The result of a continuous mapping of a compact Ir .s-pa<r is a 
compact Ic space. 

1.7 Definition. A collection U of sets is called finilchj additive if ev’ery 
union of a finite number of its elements is also an clement of U. 

1.8 Definition. A space S is called perfectly sepandde if it has a coiinliilib! 
S 3 ^slem of neighborhoods equivalent to ils dofining s^'steni. ]Cvi(l(']itly cvenj 
subspace of a perfectly separable space is itself perfectly separable. 

In particular, a HausdorlT space is perfectly soparahlo if and only if it has a 
countable set of open sots which is equivalent to tho set of nil open sots; and 
suck a countable set we shall call a countable basis for tlic s]>aco. lOvcay siHih 
countable basis may bo considered os finitely additive (ef. I 4). 

1.9 Lemma. If S is compact, has a finitely additive basis U, and F is a closed 
set contained in the open set U' of S, then there c.vists a U £ \X such that F C 
U C V. 

Proof. As is compact, iJ" is compact {112.11). And as L'is open, 6 P 
implies that there exists Uix) £ U such that . 1 ; £ U{x) C V. Then tho union 
of a finite number of the ?7(a;)’s covering P is a of the typo assorted by tho 
lemma. 
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1.10 Theorem. If f is a continuous mapping of a compact JIausclorff space 
S onto a compact Ilausdorff space T, and S has a coimiable basis, then T has a 
countable basis. 

Proof. Lot [Ut] be a finitely additive countable basis for S. Then, de¬ 
noting the complement of a sot by “C”, each set CUi is closed, fCUi is closed 
by J>omma 1.3, and hence CfCXJ{ is open in T. Wo shall sho^v that the sots 
CfCXJt form a countable basis for T. 

]-iOt X Q V C. T, whore V is open. Then f~^{x) is a closed subset of the open 
set /"‘(P) in S (I 6.1a), and therefore by Lemma 1.9 there exists U, such that 
f~\x) C C/, C /""’(P). Taking complements, this implies Cf~^{x) 3 CU^ D 
Cf^iV). Ill view of the fact that Cf~^ = /”‘C, wo then have 

(1.10a) rCx D CU, D f^CV. 

Applying/ to all members of (1.10a) wo get 

(1.10b) ircxofcu,D fTCV. 

But (1.10b) may be written Cx D fCU, D CV, and therefore, since COM ~ M, 
X G CfCU. C P. 

1.11 Lemma. If A and B are disjoint closed subsets of a normal space S, 
then there exists a real single-valued continuous function f(x), defined for all x G 
such that 0 ^ f(x) g 1, f(x) ~ 0 for .r G .4, and f(x) — 1 for x G B. 

PitooF. If there exists an open set U .such that A C C B — B and U — 
U = 0, then we may let f(x) = 0 for x G U and f(x) = 1 for .r G <5 — U. 
Otliorwi.se, we proceed a.s follow.s; Denote by 17(1/2) an open sol whic-h con¬ 
tains A and whose closure doe.s not meet B; tliis is possible iK'caiisc of the 
noj’inalil}’' of B. Again, appbdng the normality condition to the disjoin!, pair 
.4, B — (7(1/2), we obtain an open sot D .4 who.se clo.sure fails !_o mcel 

B — V(l/2); and relative to the pair (7(1 ^2), B, an open siM (^(3 '4) D (({I''2) 
whos<! closure fails to meet B Proceeding in this fasliion we olitain for every 
dyadic propc'r fraction r = k/2'' an opem set U(r) such that if r < r', then 
mr) c (7(r'). 

To d(4ine/(.r), if there exists r such that .r G U(r),\olf{x) = lub{r[ iG 7'(^’)1) 

otlierwi.so f{.i) = 0. Then 0 ^ f{x) g 1, f{x) = 0 for .r G -i and/(r) — 1 if 
X G B. And if / is an open interval (ibjfi the real niiraber interval [0, 1]. wo 
have /■'(/) = \J [(7(r) | r < 6} — {f7(?-) [ ?• > a), which is an open subset 

of B, and hence/is continuous (I 5.1a). 

1.12 Definition. By the fundamental parallelopiped of Hilbert space we 

mean a metric space P whose points are the (type w) sequences {.r,,}, 0 ^ .r„ g 1, 
and such that if x = {a;„) and y ~ {y,,}, then p{x, y) = 1 ~ Vn 1/2". 

Note that this space is compact. 

1.13 Definition. A space S is called metrizahlc if there exists a distance 
function (I 3) p(x, y) such that the system of spherical neighborhoods defined 
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by p(x, y) is equivalonb to the dofining system of S. No space is motrizablo 
unless it lias the topological properties of a motiic space—as for example the 
property of being complotely noimal (cf. Theorem II 4.11). 

1.14 Theorem. Em'y 'perfectly separahU normal space is melrizablc; indeed, 
mery such space may he imh^ded in the fwidamenial parallclopipcd of Ililberl space. 

Proof. Lot iS bo a perfectly separable normal spaco. Denoting the couut- 
ablo defining system of neighborhoods of jS {17„}, wo arrange in a sequence 
the set of all pairs such that C U.noD by Tlieorem 1,11 

there exists for each n a continuous function /„{x) doling over S such that 
0 ^ f„(x) ^ 1 and whose values are 0 and 1 on the sets and S — U„,u,) 
re.spectively. Lat f(x) » {/.(aj)}. Then/(/r) is a continuous mapping of S 
into P.^ PHirthormorCj f(x) is 1-1. 

To_^iow that/is a homeoinorphism, wemust provo continuous. Suppose 
a; ^ M C 'S'; then f(x) ^/(Jlsf). For tlicro exists a natiirtfi number n such that 
X S S — M, and an index k(n) such that x E Uu>i) C Umo,) hence 

for y E M', f,,{x) ~ 0, f„(y) = 1 and eonsoqucntly_|)(/(.r), /(y)) g 1/2". 4’hus 
a sphere S(f(x), i/2") in P contains no point o(f(M). 

1.15 LiNDELdr Tiieorem. In a perfectly separable space S, if U fa a covering 
of a point set M by open sets, then a countable subset of U covers M. 

Proof. Lot {17„} bo a countable basis for S, aiul for each U,, lot «= 
{V\{VE. i\)&(U Z> For each rt, let F„ E Sn • Then {l'^) is a ciountii])Io 
subset of U covoring M. For suppose x 6 T'hon there exists U E U siuih 
that X E U. Also, tlicrc exists Ph swoli tliat x E U„ C V and (ionsctiuently 
U implying g„ 0. Then a; E F» . 

A natural generalization of the notion of equivalent sots of neighborhoods is 
contained in the following definition; 

1.10 Definition. A set U of neigliborhooda i.s called equivalent to Llie set 
of all neighborhoods (or to the defining system) relative to U C A' if giv(in a 
neighborhood V oi x G. M there always exists 7 E U such that Y is a neigh¬ 
borhood of X and 7 C 17. The extension to a dofinition of cquivaleiioo of two 
arbitrary collections of ncighborlmods I'clativo to a sot M should bn oljvious. 

1.17 Lemma, If S is either (1) metne or (2) perfectly separable, and x E A, 
then there exists a coimiable collection of open sets equivalent to the sd of all open 
sets relative to x. 


'Given p - (/n(i)} 61^, and < > 0,ehoogo > Oso that/>(.x, y) < 5„ implies that | /n(x) — 
Mv) I < </ 2 '*''’‘— which is possible because of llic continuity of each function Mx). Tliou 
choose ni so that 1/2'" < «/2, and lot i « min («i, • • • , 5„,). Then if y 6 Six, 6) in <S, wo linvo 
thorelationsp[/(x),/(y)] =. S“, |/„(x) |/2» = j/„(ar) ~Mv) 1/2" + |/,.(a:) - 

Mv) 1/2" < (e/2» 4- • • • + «/2--0 + 1/2- < «/2 d- e/2 » e. 
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PnooF. If S is metric, the desir'ed collection may be taken as 1/n) \ n 
a natural number}. If & has a countable basis {!/«}, the desired collection 
may consist of all 17„ such that a; ^ 17„. 

1.18 Remark. A space having the property that for some point x there 
exists a countable collection of open sets equivalent to the set of all open sets 
relative to x is said to satisfy the first Hattsdorff countability axiom at x [H, 263 (B)] 
or to bo of countable characlev at a;. A space that is of countable character at 
all its points will bo called a space of countable character. 

1.19 Definition, A point x is said to be a sequential limit 'point (sip) of a 
sequence of (not necessarily distinct) points (p„} if every neighborhood of x 
contains all but a finite number of the points p„ . The relationship may be 
expressed by the symbols x sip {p„}. The fact that x sip {p„] is frequently 
expressed by the statement {p„} converges to x. And if for given sequence {p„} 
there exists x such that x alp {p„), the sequence {p,| may be called convergent. 

1.20 Lemma. In a Haiisdorff space, no sequence has two distinct sequential 
limit points. 

Remark. Tiie notion of sequential limit point in topology is analogous to 
that of limit of a sequence in real number theory. Thus, just as a sequence of 
I'onl numbers may converge to a limit because of endless repetition of the same 
number, so a sequence of points consisting of the same point endlessly repeated 
lias that same point as sequential limit point. 

i 21 Tiieouem. If 8 is either (1) metric, or t2) peifectly separable, and 
ilf C 8 has a limit point p, then p is a sequential limit point of a sequence of distinct 
points of M. 

[Note that if { U„] is a countable collection of open sets equivalent to the set 
of all open sots relative to p, tlicn each .sot M r\ U„ is infinite and has p as a 
limit point (I 9.1), (I 7.14).] 

1.22 Lemma. Every countably compact subset of a perfectly separable Ilaus- 
dorff space is compact. 

Proof. Since a subset of a perfectly separable space is itself perfectly 
separable, tlie lemma follows from Tlieorem.s 1.15 and I 12 8. 

1.23 CoROLLVUY. For subsets of a perfectly separable space, ‘'compact’' and 
“countably compact” are equivalent. 

Remark. In view of Corollary 1.23, when dealing with perfectly separable 
spaces we usually drop the adjective “countably” even though the property 
desired may be only that of countable compactness. 

1.24 Corollary. Every countably compact sid}sel of a perfectly separable 
Hausdorff space is closed, 

(Cf. Lemma 1.1.) 
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1.25 Lemma. In a metric spa4:e, separability and perfect sepnrahilily are 
equivalent. 

If S is melrio and sopamble, IgI K C. counlablo sol such that K = S. 

Then the collodion U = r) | (a; E K)&(r is rational)} is a countaljlc 

basis for S. 

Remark. In tho proof of Lemma 1.25, evidently the number r can be ro- 
slricled to bo always loss than an ai*bitrarily given fixed ininibor. 

1.26 TiiEoiiEM. Every compact metric space is perfectly se^xtrahlc. 

Proof. For each natural number n, lot \/n) j x E 'S’}, and lot 

S5„ be a finite subsot of lU covering S. Then the collection 58 = O is a 
countable basis for S. 

1.27 Theorem. Every compact IIaiisdor,(f space is normal. 

Proof. Let A, B bo disjoint closed subsets of tho compact Ilausdorff ,sj)aco 
S. The sets d, 13 are compact by Tboorem I 12.11. For each x G A and 
y G 13 lot U(x, y) and V{x, y) bo disjoint open sots containing x and y, re¬ 
spectively. For each x, lot V{x) be tho union of a finite (iollodion ?/,) 
of tho sets V{x, y) that cover B, and let U(x) - C) V^)- hth U b(‘ tho 
union of a finite collection of the sots U{x) that cover A, and V = 

n Then U and V ai*o disjoint open sobs containing 4 and B, rc'spcaU ivdy. 

1.28 'l^iEOREir. 2'he result of a conlinuotis mapping of a compact metric space 
into a Ilausdorff space is a compact melrisable space. 

Proof. By Lemma 1.2, if S is compact moiric and/ is a (anitinuous mapping 
of S into a HausdorlT space, then = /(<S) is compact. By TIk'ou'iu 1.2(), ,S’ 
is perfectly soparalfic and thcrefom S' is perfectly soparaljlo by 'L'Iu'oi'imu 1.10 
As every compact space is noimal hy Theorem 1.27, the tliooiH'in now follows 
from Theorem 3.M. 

From Theorems I.O and 1.28 avc now have* 

1.29 Theorem, The result of a continuous mapping of Ike real number tu- 
ierml [0, 1] into a Ilausdorff space is a compact, metric, Ic space. 

2. Topological characterization of Peano continua. We now tin-n 1o tlui 
converse of Tlieorom 1.29. 

Definition. By the Cantor lermry set wo moan tho set T of real numbers 
X, 0 ^ .r ^ 1, such that x is expressible in the ternary number scale without 
use of the digit 1. In geometric terms, T is often described as M„ , whore 
HI, is a straight line interval, AU is the result of dolding the opon middle third 
interval from Mi , Ms ig tho result of deleting tho open middle third intervals 
from the components of ilfj, and so on. 

2.1 Theorem. In order that a space S should be compact and metric, it is 
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necessary and su,(Jicieni that it be the resxM of a continuous mapping of the Cantor 
ternary set T into a Ilausdorff space. 

Proof. The sufficiency is of course a consequence of Theorem 1.28 above. 

Suppose ^8 is a compact metric space. Then S = S(, where no is finite, 
iSi is closed, and S(Si) < 1. Let T U?' , where the T/s are disjoint closed 

sots, and let Ti correspond to jS{ . 

Next, express each Si as U;u S^, where Si, is closed and 5(5*/) < 1/2; and 
then express the corresponding Tt as \JV-i , where again the are disjoint 
closed sots, and let T,, correspond to S,i . 

In continuing this process, the decomposition of T is made in such a manner 
that the sots involved at each step decrease uniformly to zero in diameter as 
the number of steps in the process increases indefinitely. The sots in the de¬ 
composition of S at the ?ith stage are all to be of diameter <l/n, and every 
set obtained from S at the wth step is decomposed into at least two closed sub¬ 
sets in the {n -|- l)th step. 

Now if 0 S, then x' is the common point of at least one sequence 5, D 
3 • • ’ . And for each such sequence, the corresponding sequence in T, 
I’. 3 T,, 3 • • • has a unique point a; which is common to all elements of the 
sequence. We let f{x) =* x'. (Evidently there may be many .u’s such that 
f{x) — x', but wo only nsk that f{x) bo single-valued, since generally a single- 
vahiod invenso would l)e impossible.) 

To sliow/Zr) continuous, consider a fixed pair a.*, x' such that x' = f{x), and 
aihitrary t > 0. Dolermiue an integer k such that \/k < e; then the suliscts 

S, , .. of S \vitli k indices are all of diameter <e. In the (lccom])osition of T 
at the /dh atop of the ai)Ove process, let the set that contains x bo denoted by 

T, (x). I'hore oxisls S > 0 such that S(v, 5) H [3* - 3\(.r)] = 0. Hence if 
^ 6 S(x, S), then x £ 7V(i') amlf(x) G S(x', ^). 

2.2 LEMAfA. If a compact metric space is Ic, then U is ulc ('ll 5 32). 

2.3 L|':mm.\ If S is a compact, metric, connected, Ic space, aml_a, h G S, 

then Ihcrc exists a conlinxious mapping f of the real number interval JH'' ® [0. 1], 
such (liulfiO) “ a,/(I) == b, and in general f(x) G S. 

I’jiooF. Dofinc the function/(.r) as follows: Let/(O) = a and /(I) = b. 
By Theonun I 12 3, there c.xists a simple chain (So = [C/i , ■ • * > Vnm] of open 
connected sulwets—i c., domains— of S from a to b such that each U, is of 
diameter <1. Lor eacli ?, 1 g f < n(0), let x, G f7,+j . Then let 

fii/n(0)) = X, . 

Denoting a, b respectively by Xo , a'„( 0 ), for each j, 1 g f g n(0), let S,- = 

[Uti , * • • > ^7.,.(,)] bo a simple chain of domains from to x, such that each 

Ui, C U, and 5{U„) < 1/2. hetx.i G U„ H , 1 ^ i ^ 7i(i) - 1, and 
iot/(7:/n(0) j/n(0)n(j)) = Xi, . 

At tile next step we introduce simple chains in the sets U,f made up of 
domains of diameter <1/3, etc. This process defined inductively generates 
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functional values for a eountablo subset M dense in wliich can thou 1: 
extended to Iho points of — Af so as to provide for the continuity of f{x, 

2.4 Lehiaia. Let S he a compact ineiji-Ci Ic space. Then for every e > 

there exists a S > 0 suofi that^ a, h ^ Sfor which £^(a, h) < 5, then there exist 
a continuous mapping f of tfw real number interval == [0, 1] into S such tha 
m - a, /(I) - hand < «. 

Indication of proof. By Lemma 2.2, there exists 5 > 0 such that i 
p(a, b) < S, then th<a.*e exists a connected subset M of S containing a and I 
such that d(M) < e. Hence one can commence the process used in proving 
Lemma 2.3 above with the elements of ilio chain <So forming a point sot of tliam- 
eter <e, 

2.5 Theorem. In order that a space S should be compact^ ineLric, conncctea 
and ICf it is necessary and suffideni that it he the resuU of a continuous mapping 
of the real number interval [0,1] into a Hausdorjf space. 

Proof. The sufiicicnoy is a consequence of Theorems 1.29 and I 5.2a. 

To prove the necessity, let S bo compact, metric, connected and Ic. Since 
S is compact and metric, there exists, by Theorem 2.1, a continuous function 
X S T, such that f(T) = jS. Denote the intervals complementary to T 
in the real number interval [0, 1] by /i , /a, • • • , I„, • • • , and denote tl\o end 
points of I„ by a„, 5,. If/(a„) = then wo lct/„(.T) = f(a„) for all numbers 
X between a,, and 6„ . Otherwise, there exist, by application of Lemma 2-1, 
mappings /„(/„) into S such that (1) /„(a„) = /(aj ami f,fh„) = /(K); 
(2) 5[/„(/„)] < e„, lim = 0. Finally, if we lot/(.i:) = f„{x) for x E L., f(x) = 
f(x) if X E T, thou the new function/(a:) is the continuous mai)pi[ig d(‘sir('(l. 

3. Peano spaces. Tluou^iout the present section wc shall deal witli a R])ii(‘e 
C having the following properties: (1) nondegencrato, perfectly separable' and 
normal; (2) locallj'’ compact; (3) connected; (4) Ic. Such a .space wo shall call 
a Peano space. In case C is compact, it constitutes a Peano continuum. 

Since C is perfectly sepamble and normal, we may assume that it has boon 
assigned a metric p{x, y), in view of Theorem 1.14. 

Let p ^ C, € > 0, and let g) bo the component of 8{p, e) determined 
by p. Then Rip, e) is a domaiu (ThGOmra II 3.1) of C whicli we shall call an 
e-regioii; we frequently drop the «, however, using merely the term region when 
not interested in the diameter. And since C is locally compact, wo shall assume 
without explicit mention hereafter that the closures of all regions employed are 
compact. Clearly the set of all regions is equivalent to the set of all open subsets 
of C. 

Given pEC, 6> e' > 0, we call R(p, e') a shnnkage of Rip, e). If jj — e — e', 
we may call R(p, e^) an rf-skrinkage of R(p, e). 

1£ a, b E 0, then by C(a, b) we shall denote a simple chain of regions from 
a to 6. 
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3.1 Lemma. Lei M he a compacl subset of a region R = R(p, e). Then some 
shrinkage of R covers M. 

Proof. For each x S R lot' V*)t where = p(x, R ~ R)/2. 

The sot M U p is oompaob and is lhoi*efoi’e covered by a finite set of the i2(a:)'s, 
say R{xi), • • • , By Theorem 1 12.3 there exists for each i, i = 1, • • • , 

w, a C(p, Xi) consisting of elomonts of the collection {i2(.r)|. Lob A = 
u [i2(a;f) U C(p, .-«<)]. Then A is a subcontiniium otR containin^g M U p. 

Leb e' be a posi^o mimbor < e such that S(Pf e') L) A. Since A is connected, 
R(p, e') contains A, and as < e, R(p, eO is a shrinkage of R containing ilf. 

3.2 Lemma, Let M he a compact point set and a collection of regions covering 
M, Then, there exists aw > 0 sudi that the set 0(t]) consisting of ^shrinkages of 
the regions of also covers AI, 

Proof. If 9? is infinite, wo select a finite set 12, , fSa , • • • ,22* of regions of 
9f which covers il/, and continue to call this set 92. Evidently an ij which satisfies 
the conclusion of the lemma for the new 92 will also do so for the old 92, and 
wo therefore carry out the proof for the finite case. Also, if ^ = 1, the lemma 
follows from Lemma 3.1. 

U.sing a raathoinatieal induction argument, suppose the lemma holds for every 
covering of /o — 1 regions, ^ > 1, and let 92, k be as above Let A = M ~ 
M n Qt R^ .If A s= 0, the lomtna follows from the induction assumption. 
Otherwise, lot t?' > 0 bo such that an jj'-.shrinkage 221 of R, covers A. 

Xow ill n Hi D 9/ n A = ^1. Hence .11 - M r\ Hi C Al - /I = M D 
u; Zl 22, . That is, ill ~ il/ r\ Ri is a clo.scfl set coveml by the /c — 1 regions 
/2i , • • • , /2*., . Hence by tlie induction assumption there exists > 0 siieh 
that »?''-sIirinkages of 22,, • • • , 22*-, cover .1/ — .12 H 722. Evidently jj-slinnk- 
ages, whore n = min ij")> of ti, , • • • , 22* cov«‘r M. 

llisMAHK. .\ny positive numlier <tj will obviously .still satisfy the reqnire- 
menls of Lemma 3.2. 

3.3 Tujsohem. If p S C and e > 0, then there emts a donmin V which is 
iilc (oul such that p <B. U C. S(p, t). 

Proof. We may assume e < I as well as small enough so lliut »S’(p, e) is 
compa<!t. For eacli natural number n, let e„ == 1/2'*. Our general process will 
bo to commence willi an e-ca-region 27oo containing p, which wo aiiginoiit with 
€-e«h 2 -regions U„, wlicro for each n, IK, meets some , so tiial tho union 

Um 'O KJn.i will bo of diameter <«. It will be as-sumed througlioufc the 
discussion that this condition relative to the diameters of the sots C/„, is complied 
with, without necessarily making explicit mention of the fact. Wo shall denote 
tlio boundary of a U„, by P,„ . 

As 2?oo is compact, it may be covci-ed by a finite sot of e- eg-rogions 22, , • * • , 
22„(,i . Let r? be such that an j?-shnnkage of these regions still covers Bqo 
(Lemma 3.2). Suppose it is true that if 22, has a boundary point in common 
with any 22, ,j> 1, then it overlaps 22/ ; then in this case we let 22, = 2/j,i . 
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If this is not the caso, then Ut.i is an jj'-^lirmkago of , ri' < rj, which does 
have this property, Avhilo at the some time ovorlapping tho same regions Ri 
that Ri overlapped—this may bo accomplished by use of Lemma 3.2, by .soloctiug 
a point Xi in each nonempty Ri Pi Rf and applying tho lemma to tho closed 
sot M — u*,. Wo next shrink /fa if uoce^ary, so that it has similar propertios 
relative to t7i,i, /fa , • • • , / 2 m<i) , and call tho resulting set Ux.n and so on until 
from 7f„(i) wo got a region (actually, Rn^y = C^i.nu))- 

Let Ui,o = Uoo^KJ Uu • Now Z7i,o is a coniiccLcd open set, of which wo 
assort that there exists a if > 0 such that if a and h are points of f/i.o such that 
p{a, h) < b[, tlien there exists b) C (7i.o such that 5[(7(a, &)] < ei (cf. tiie 
last sontonco preceding Lemma 3.1). For suppose this is not tho caso. Thou, 
since Ui,Q is compact, tliere must exist c G -^i.o such that in each S{c, e„) there 
is a pair , K E t/i.o not joined by aCCaB , b„) C of diameter < 6 i . Now 
j5i.o C Ri< and c is therefore in some Ru , say . And as c /?oo , we 
may select n so great that jS(c, «„) contains no point of Uoo, as well as no point 
of a U,( unless Ui.i and that 1!7,< overlap. But then a„ , hn either lie in one 
region Uu or in ovorlapping rngions 17,r , Utf , and in either case wc iiavo a 
0(a„ , b„) of diameter <€,, since Uio Uu aro of diameter <63 . Thus a 5i of 
the sort described above must exist. For iise later on we record the (trivial) 
fact that if 5, = Sl/S, a, b ^ Ui.o such that p(a, &) < 5, , then there exi.sLs a 
C(a, h) such that the diamoter of C7(a, h) < Se, . 

We now cover Bi,c by a finite sot of regions Ki , Ki t ” ■ > of diameters 
< Cl ■ • By shrinking the ICa wo obtain a set of regions U 2 , , i = 1,2, • • • , 

n(2}, still covering /?,,(, , such that if two of them have a common boundary 
point then they overlap. Then tho sot 1 / 3,0 = Ui,o U [J U 2 , Is such that if 
a, & G 172 . 0 , p(«, b) < 81 , theiiihci’C exists a { 7 ( 0 ;, b) C l/s.osuch that tho diainotcr 
of this sot da, b) is < Sc, . For if a, for instance, is not in l/i,n , it is in a sot 
'vhich contains a point a' of 17 ,.0 , and similarly if h is not in l/i.o it is in 
a sot Us, which contains a point b' of Ui.o ", and as p{a', I/) < 5{ , Liiciv exists 
a C(a', h') C t/i.o of diameter <«, . From this chain and the rogioii.s IT, , 
U 2 , wo may get a ( 7 ( 0 , h) C U^.o of diameter Oe, . Finally, by an argument 
identical with tliat used in tho paragraph above wc prove that there oxi.sts a 
b'z such tiiat if ct, & ^ 1 / 2,0 and p(a, &) < 62 , thou thero exists a C(a, h) C 1 / 2,0 
such that SlCfa, /j)1 <€ 2 . And wo record the trivial fact that if ^2 = ^ 2/3 and 
p{a, h) < 82 , then there exists a C(a, b) of diameter < Sej • 

Instead of doscribing the general «th stage of tho process at this point, wc 
shall describe the next, third stage—the general inductive deiinition should be 
clear thereafter without explicit formulation. Proceeding as in the first two 
stages, wo cover Bs.a by regions t/a,, f = 1, 2, • • • , ?i(3), such that 6 ( 1 / 3 .) < niin 
(eaSi , £iSa). Lot l/j.o = 1 / 3,0 k/ W U 3 , . Wo assert first that if a, 1> £ r/ 3,0 
and p(a, b) < 5 , , then thci'o exists a C(a, b) C l/a.o of diameter < Se, . Wo 
have already shown tliisifo, b^Ua.c • If o ^ U 2 . 0 , then aisina l/aj of diameter 
<6261 which contains a point a' of a U^ of diameter < tiS, , which in turn 
contains a point a'' of Ui,o ; thus a and a" are joined by the connected sot 
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U^i U U 2 , whose diameter is <(£2 + ei)5i < fii . Similarly 6 is joined to a 
point h" of 17i 0 by a connected set of diametov* < . As p{of‘) b ') <33i = 

Si , there exists a G(a'\ &") in Uuc of diameter <£, . The minaincler of tliis 
part of the argument should bo clear. We next insert that if p(<i, h) < Ss , 
then there exists a C(a, b) in i/g.o of diameter < 3€2 the proof is similar to 
that already employed above. And finally wc prove tlio oxistenco of a Sa > 0 
such that if p(a, h) < Si , then there exists a C(a, 6 ) of diameter <£3 . Wo 
define 5a = Si/S. 

In general, Ave set up a U„c = 'OKJ Uni, e-nd a number 5„ > 0 such 

that for 1 ^n, a, be U„o , and p(a, 6) < 5* , there will exist a C(a, h) of 

diameter < Be*. 

Let 17 - U U„o . Then 17 is a connected open subset of S{p, e). We assort 
that for arbitrary v > 0, there exists a 5 > 0 such that if a, b € 17 and p{a, h) < 
S, then there exists a C(a, b) of diameter <v). For take n suck that 36„ < rj 
and let 5 = 5„. There exists k > n such that a,b e ~ iBy the method of 
construction Ave have already provided tliat if o, & G ?7*o and p(ct, h) < 5„ , 
then there exists a C(a, b) in Uko of diameter less than < rj. Hence U is ulc. 

It AAull be noticed that we have also proved: 

3.4 Theorem. If M is a compact point set, Uien/or an arbitrary e > 0 there 
exists a ulc, open set U such that M C H C c); and ij M is connected then 
U is connected, and in any case U has a finite number of components whose closures 
arc disjoint 

For tliG single point case avc have the following important corollary: 

3.5 Theorem. If p S U, e > 0, ij >_0, andR(p, e) is eompacl, then C con¬ 
tains a xdc, connected open set U such that R(p, c) C 17 O ^ v)- 

3.G IhiEOREM. If a point set M is ulc, then M is Ic.^ 

pR^F. By Theorem 11 l.S it AA'ill be suffieiont to show that M is lc([. T.ot 
p G i^I, e > 0. Since SI is ulc, there exists 5 > 0 such tlial if x, y G i^I and 
p(x, ij) < 25, then some connected subset of M of diameter <e/2 contains x 
and y. "We may suppose 5 < €[% 

■\\^e assert that all points of M H S) are in the same quasi-component 
of M r\ S{p, e). For suppose r, y ^ M r\ Sip, 5) and that il/ O S{p, e) = 
A\J B separate, AA’here x G A, 2 / G Tet > 0 be such that S{x, 7 ?) C 
Sip, 5) — B, and let x' ^ M r\ S(x^ if). Then x' G A/ A S{p, 5). Simi¬ 
larly there exists y' ^ M r\ B r\ Sip, 5), By our selection of 5, there exists a 
connected set K in M such that a.-', 1 / ^ K d Sip, c). But then 1C is a con¬ 
nected subset of A U P Avhich has points in. both A and B, Avhich is impossible 
(I 7.1). 

As a corollary of Theorems 3.4 and 3.6 we now liave: 

3.7 Theorem. If M is a compact point set, then for arbitrary e > 0 there 


^See Theorem IV 4.12. 
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exists a closed set IC and posiiive nurrAer tj such that (1) -q) C K C. SiM, e); 

(2) the Gompomnis of Kform a finite set of Peano contimia', (3) if M is connected, 
K is connected. 

In particular, tlicii, arhiirarUy small neighborhoods of each point of C lie in 
arbitranly small Peano contimta. 

For the next theorem, we need the following lemma: 

3.8 Lemma. If Mi , Ma, * • • , il/„ is a sequence of compact, connected, 
nonempty subsets of a Ilansdorjf space S such ikal for each n, M„ D M„+i , then 

M„ is nonempty, closed and coniwUed. 

Proof. That the set K « n il/* is nonempty and closed is a consequence 
of I 4.3 and 112,8. Suppose K => B separate. Since ilfi is a compact 
space, there exist by Theomm 1.27 disjoint open subsets U, 7 of il/i such that 
17 3 A, 7 D i?. Denoting the boundary of 17 in ilfi by F, let F„ = P r\ M,,. 
Each of the sets is nonempty by Theorem I 7.8, and since each il/„ is closed 
by Lemma 1.1, is closed. Hence 0 by 112.8. But H C H , 

contradicting the supposition that C\ has no points on F. 

3.9 Theorem. Every tm points of a region U are the end points of an arc of 
that region. 

Proof. If a and 6 are points^ then by a regular e-chain (of R) from a to b 
we mean a simple chain (I 12.2) of Peano conliniia Ci, i = L, • • ■ , n, from a 
to b such that r\ C,+i is a point and S(C,) < e. Then, li being a i‘('gioii 
and a,b ^R, we assert that for every < > 0 there is a regular e-chain in R from 
a to b. For lot A douote the set of all x ^ R such that there is sucii a chain 
from a to x, the number € being now fixed. Then A is open in. R. .sec this, 
let a* 6 A, (S a regular c-chain in R fi-oin a to x, and L the link (I 12.2) of (5 
containing x. Lot jj > 0 be such that 

q < min [e ~ 5(L), pb, F{R) U (S - L)]}, 

By Theorem 3.7, there exists a Peano continuum C such that x G 8(0') < q, 
and all points of C in some neighborhood of x lio in C'^ Then the chain obtained 
from G by replacing, in the set Lhy L\J C' is a regular e-olmin from a to x 
ill R having x as an interior point. 

The set A is also closed in R. For suppose y ^ R is a limit point of A. Let 
Ci(y) bo a Peano continuum in R such that for some neighborhood U(y), 
U(y) C Ci(y) and 5[C7i(y)] <«. Sinceri O U(y) 0, ri. O Ci{y) 0, and there¬ 
fore for some x G Ci(y) there exists a i*egular e-chain ^ from a to x con.sisting 
of continua h, , , • • • , L, . Evidently we may suppose L, (A Cfy) — 0 

for i < n, and if 2 / G L,, then 8 is a regular e-cliain. from a to y. Suppose, how¬ 
ever, that y ^ . Let 0 < ci < min [1/2, p(y, L„)]; then, by Theorem 3.7, 

Ci(y) is the union of a finite collection of Peano continua of diameter <€, . 
Let III be the union of those elements of that fail to meet L„ , and let 7i 
be the component of Hi containing y. Then at least one element, Ka , of Gi 
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contains both a point of Yi and a point of Ln . In general, for k > 1, lot 0 < e* < 
min [1/2/c, p{Yk~\, L„)], and express Km as the union of a finite collection of 
Poano continua of diameter <e* . Let //* be the union of those elements of 
Sj. that fail to meet L „, and let Yk be the component of Yk~\ ^ Ih that contains 
y. Then at least one element Kk+i of St contains both a point of Y^ and a 
point of L„ . Let P = U"-i Yk . 

Now Kk = L,^r\ f\ Kk is a single point p because of the restriction on 
the diameters of the sets Kk , and since__Gach Yk is closed, F O = 0 and 
y ~~ Yk C. _Kk I it follows that the set Y ~ F — Kk = p. It is readily 
shown that F is a Pcano continuum of diameter <€ having just_j) in common 
with L„, and the collection whose elements are Li, , • • • , I/„, F, is a regular 

e-chain of Pcano continua from a to y. Hcncc y ^ A and we conclude that A 
is a closed sot. And now, since A is both open and closed in the connected 
set U, A = R. 

To show the cxi.stcnce of an arc from a to in R we now proceed as follows: 
Let Cl bo the set of all points in some regular 1-chain of R from a to b. For 
each n > I, let C„ be the sot of all points in some regular l/«-chain of (7„_, 
from a to 6. Lot/C n:-. C „. Wo shall show that K is an arc of R from a to h. 

Since the sets C„ arc compact and connected, K must bo a continuum by 
Lemma 3.8. Every x S K — la U h) separates a and b in K. For let P„ be 
the sot of all points of C„ that lie on two links of C'„ , and P = P,, ■ Then 

P C K and every i){)int of P sc’paratc's a and h in K. f-ot .r ^ Zv ~ P ~ a — h. 
'riion for » large (Miougli, .i lii's in exactly one link of , anrl L„ r\ {a'Oh) = 0. 
If wo let (\u, d(‘nole (In' union of those* tink.s of ('„ that precede L„ and C„i, denote 
the union of those that ar(* pi’i'ccded l)y , in the order from a to b, then 
K -> .!• * (UZC r\ Cno) (U K r\ (',J, ami this is easily s(*(*n to ho a separa¬ 
tion. Tliat K is an arc now follows from 'rheorom 1 11 15. 

3.10 ^riiKoniiM. J'Jvcry two poinla of n domain arc the i nd points of an me 
of that domain. 

'idle proof follows easily from liu* simj)Ie chain theorem 112.3 and 'J’licorein 3 9. 

3.11 C'oHOLL.\KY. Kvery two points of C are the end points of an arc of C. 

3.12 Dkfini’I’Ion. A space S is called locally arciciso conm-cU’d at x G »5 
if ovory iK'ighljorhood U of x contains a neighlmrhood F of x .such that if a, 
b G V, then U contains an arc from a to b. A space A i.s calleil locally arewise 
coniiGotod if it is locally arewise connected at every x G A. Note that as a 
consoquenee of 3.9: 

3.13 The space C is locally arewise connected. 

3.14 If M C S, and every two points of M are joined by an arc of S, then 
M is said to be arewise connected through S. If M = S, we say simply that S 
is arewise connected. For example, by virtue of Theorem 3.10, every domain of 
C is arewise connected. 
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3.15 THEon-KM. If X is a non^cut point of C and e > 0 such that F(x, e) ii 
compact, then there oxisis 5 > 0 such tfiai Fix, e) is avewise connected through 
C - Six, 6 ). 

Proof. By Thoorom 3.7, Fix, e) is contained in Uic union of a finiLo numbei 
of Peaiio coniinua Ci, • • •, whi<i Ho in C — x. And, since O' — is a domain, 
by Theorem 3.10 tliese coniinua are joined by a finite number of arcs in (7 — a 
wliich, togetlier witli the continua C, , • ■ • , Ci, , form a Poano conLiniuim 
IC CC - .-c. Lot S == pix, K). 

3.16 ConoLLAny. If x is a non-cut point of 0 and e > 0, then there exists 
a 5 > 0 such that all points ofC— Six ,«) lie in one component of C — Six, 5). 

3.17 Definition. A poinl p € (7 is called an end point of C if for every 
6 > 0 there exists a point x such that C — x = Ci U C 2 separate and p C, C. 
S(p, e). 

3.18 Definition. With every non-cut point p of C, we associate a set Cp 
which consists of all points a; of such that for no y £ C iaC — y = Ci U Ca 
separate such that p S Oi ,x^ C^. In other words (see 16.11), Cp is tho sob 
of all points x of C aueh that no poinl of C separates p and x in C. Evidently 
if p is an end point of C, thou Cp consists only of p itself. And if C has no out 
points, G is itself a Cp . 

8.19 Definition. By a cyclic clcmotU of C will be meant either a cut point'* 
of 0 or a sot . 

For example, it follows easily that what wo have hitherto been calling tho 
end points of an arc (111.1) arc also end points in tho sense defined in 3.17 (if 
the arc is the space C)‘, and the other points of the aro, being cut points, are 
themselves cyclic olcraents of tho arc. Every point of an arc, then, conatituLos 
a cyclic elomcnb of tho arc. 

Tho spaco consisting of two tangent circles in a plane, os a space C, has just 
three cyclic elomonts, consisting respectively of the point of tangency and the 
two sets of points lying on tho rcspccUvo circles. Incidentally, this example 
shows that cyclic elements are genemlly not disjoint. 

3.20 Theorem. A point p ^ C is aCp if and only if it is an end poinl. 

Proof. If p is a set Cp , then It is by definition a non-cut point. Hence, if 
€ > 0, there exists by Corollary 3.16 a 5 > 0 such that all points of (7 — Sip, e) 
lie in one component ZC of C — S(p, 5), Lot px be an arc such that px r\ K = x. 
Since p is a (7p, there exists a point y such that C ~~ y = C, U C 2 separate and 
such that p G Cl , X Q C 3 . Evidently y G px, and consequently y ^ K. 
Hence K must lie in Ca and (7, C Six ,«). 

We have already obseiwed in3.18 that every end point p oonstitutes its own Cp . 

3Moro precisely, “the sot consisting of a cut point of G'\ but we say simply “cut point of C” 
in Lhe interest of brevity. 



[3] 


PBANO SPACES 


83 


3.21 Theorem. Every set C„ is closed. 

Proof. If .-i: $ C „, tlion there oxiats y such that 0 — y = Ci U separate 
whoro p S Oi ,x S Ci. Since Cp must lie in Ci, a? cannot bo a limit point of Cp . 

Wo now recall DofiniLion 11 6.36 of arewiso accessibility. Throughout the 
present chapter we shall use the term "accessible” to mean "arewise accessible”. 

3.22 Definition. If and ilf are point sets such that /C C and D ilf, 
then K is said to be dense in M. 

For example, a space is separable (110.22) if it has a countable subset which 
is dense in it. It will be noted in the example referred to in II 6.36 (this was 
Example 110.13) that although the indicated portion of the boundary contains 
no accessible points, every point of it is a limit point of accessible points. This 
is an important property of the boundaries of domains, not only in the plane 
but in any space of typo C-. 

3.23 Theorem. 7/ D is a domain, then die set of all boundary points of D 
which are accessible from D is dense in the boundary. 

Proof, Denoting the boundary of D by B, let x ^ B and e > 0 Let U 
be an e-region of x, and y ^ D r\ R. Then there exists an arc xy in R by 
Theorem 3.9, and if p is the first point of B on xy in the order from y to x, then 
p is accessible from D. 

3.24 'Theorem. If M is a set C,, then every component of C — HI has exactly 
one limit point in HI. 

Proof. Lot 7v bo a component of (7 — HI. By Corollary II 3.4, K has at 
least one limit point in il7. Suppose K has two limit points .r, y in il7. With 
€ < p{x, y)/2, let u, V be accessible bouiidaiy points of K in S(x, e ), S(y, e ) 
respectively—such points exist by Tliporom 3 23. Being a domain (Theorem 
II 3 I), K is arewise conncctod by Theorem 3.10. It follows that ICO u ^ v 
contains an arc ?ir. 

I.ot w be a point of wr in K, and (.since HI ls a C'J a point such that C — 
q = c;, O Ca .separate, whore p Ci, w SG 2 . Then necessarily HI — cj C. Ci 
and tlioroforc either u G Ci or y E C*, . But then either the portion of uv from 
ti to w, or the portion from v to w, is in Cj, which is impo.'^sible 

3.25 Theorem. If HI is a connected point set and K is a Cp , then HI r\ K 
is connected. 

Proof. Suppose il7 Pi 7^ = yl W jB separate. Then 17 = HI {A) O HI{B) 
disjoint, whore il7(yl) consists of A together with points of HI lying in com¬ 
ponents of C — 7 il whose boundary points lie in A (cf. Theorems I 7.8 and 3.24); 
HI{B) is defined similarly relative to 5. As jlf is connected, il7(B), say, contains 
a limit point, .t, of HI{A). Then x G B, since each point of H'I(B) - B is in a 
domain containing no point of M(A). However, if e < p(x, A), then an «- 
region R oS x containing points of M(A) must contain points of M(A) — A, 
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liGJiCG points of some componont L oi C K whose boundary point is in A 
A violation of Theorem 3.24ia now easily established by moans of tlio set Zr U ^ 

3.26 Theorem. Emry nor^generate se^ K which is a set Cp is a conneclea 
and Ic point set which has no cul point. 

Proof. Since C is connected, C C\K => Ki^ connected by Tlicorom 3.25. 
Also, if X G K and E is an e-i'egion of x, then again, by Theorem 3.25, R r\ K 
is connected and conseqiiontly K is Ic. Piimlly, if x S K, then K — i.s con¬ 
nected. For suppose K — x ~ AU B separate, and lot a & A, b ^ B. Then 
a and b are ff-oquivaleJit in C — a?; this is certainly the case if x is the non-cut 
point p, and also when a; 7 ^ p, otherwise the point x would separate p from one 
of the points a, b. Hcnco by Theorem II 3.6, a and b arc in the same componont 
L ot C — X. Since by TJieorem 3,26 the sot L Cs K is connected, altliough 
.T ^ L, a contradiction results. 

We jnay now state, as a result of preceding theorems: 

3.27 Theorem. Every nondegenerate set Cp has all the properties (I) — (4) 
of the space C itselj. 

3.28 Theorem. If K is a, set Cp and A, B are disjoint, nondcgencralc cloml 
subsets of K, then there exist in K two disjoint arcs ah, cd such lhal A A (ab U cd) = 
(E U fl, B ri (ai U ed) * 6 U d. 

Proof. Since K has properties (I)-(4) by Tlioorem 3.27, it follows from 
Corollary 3. U that K contains an arc ab such that /I al? — a and li H ah ~ l>. 
Let p S A — a, and E a region containing p and no points of ah (all regions 
will bo regions of K througliout the proof). Then every x £ H is joined t,o p 
by an arc px of R not meeting ab. Let S denote the set of all puiul-s .r of K 
such that either (1) x £ A or (2) them exist such arcs as ab and px aho\’<’ 
Then wo assort that S = K. 

To prove this, wo shall show that S is botli open and clo-sed in /v. 'Pluit N 
is open in K follows from Tlicomm 3.27 and the local arewiso coimoctodiio.ss 
of K. Let i/ be a limit point of S —wo may suppose y ^ A, since all points of 
A are in S. Since, i>y Theorem 3.20, j/ is a non-cut point of K, there exists 
in K — y an arc a'b' meeting A aiid B only in a' and h' rospocLivoIy. Let R 
be a region containing y such that f? (A U a'b') = 0, and lot .r £ /^ H *S'. 
There exist arcs ah and px satisfying (1) and (2) above. 

Now if 72 o& = 0, y is certainly a point of S. H Rr\ ah 9 ^ 0, then ah 
and px contain arcs aw and pr respectively such that aw r\ R ~ w, pr r\ R ~ r. 
Let II — A U aw L7 pr. Then a'6' contains an arc uv (possibly degenerate) 
such that liv D II = u and uv r\ B ==> v. Let T donote one of tho sets aw, pr 
which does not contain u and lot Z detmte the other one of these sets. Let Q 
bo a region containing the point T C\ R and containing no point ot Z U uv. 
Tlicn Z yj uv contains an arc si and T yj Q\J R contains an arc qy such that 
si A = s, si r\ B ZD i, qy r\ A ^ g, and stCsqy ~ 0. Consequently y G. S. 
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3.29 Lemma. If K is a nondegenerate Cp , D a domain of K, and p a non 
cut point of Dj then the set Cp of D determined hy p is nondegenerate. 

Proof. Since every domain itself satisfies conditions (l)-(4) defining G, 
Theorem 3.20 applies. Hence if the set Cp of D determined by p were degenerate, 
Uion p would be an end point of D. Then p would be an end point of K. But 
in order to have an end point, a space such as C must at least have cut points 
(cf. Definition 3.17), whereas by Theorem 3.26, K has no cut points. 

3.30 Theorem. If K is a nondegenerate set Cp and x £ K, then there exists 
an arc axh in K such that x G und a x b. 

Proof. By Theorem 3.27, K has all the properties (l)-(4) defining C. If 
a: is a cut point of some region of K, then by use of Theorem 3.9 the existence 
of an arc of the desired type is easily shown. Hence we may suppose x to be 
a cut point of no region of K. 

Lot a, h be distinct points of K — _x. By Theorem 3.3, x lies in a ulc domain 
Di of K of diameter <1 such that r\ (aU b) = 0. By Theorem 3.G, Di is 
Ic. By Lemma 3.29, the set C* of .D, determined by x is nondegenerate, so 
that tlie same holds for the set C, of D, determined by x; denote thi.s C^ by C, . 
By Theorem 3 28 there exist in K disjoint arcs aa, and 55, meeting C, only 
in a, and 5, rcspcclivel 3 ^ If a, == x or 5, = .r, an arc of the type desired is 
immediately obtained from the arewise connectedness of C*, . Hence we suppose 

ai 7^ X ^ hi . _ 

Again, x lies in a_ulc domain Da of C\ of diameter <1/2 such that Do A 
(rt, U 5,) = 0 and Dg is Ic. Wo may again suppose that x cuts no region of 
(\ , HO tiiat the C, of Da determined by x is a nondegencrate set C'a. By Theorem 
3 28 there exist in D, disjoint arcs fliOa mid 5,62 meeting C'a only in a. and 52 
respectively. 

(.'oiitinuing, lot D 3 bo a ulc domain in C 2 containing x. of diameter <1'3, 
etc. The inductive definition of the process indicated should be clear, 'rhen 
the point set 

.T an, W 55, \J Uia^ W 5,52 W W bib, \J ■ ■ ■ 
contains an arc of the type desired. 

3 31 Definition. A space C is called cyclichj connected or cyclic if x, 
y <E: C implies that there exists a 1-sphere in C which contains both x and y. 
A space C which contains no 1-sphere whatsoever will be called acyclic. 

3.32 'riiEOREM. Every nondegencrate set Cp is cyclicly connected. 

Proof. Let K be a set Cp and a, 5 E K. Now every point a: of K lies on 
some 1-sphere lof K. For by Theorem 3.30 there exists an arc pxq in K, and 
by Theorem 3.10 there exists an arc pyq in K — x. The set pxq \J pyq contains 
a l-sphcre which contains x. Hence we may assert that there exist 1-sphercs 

, Ji containing a and 5, respectively. 
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If Ja r\ Jb = 0, tliei*e exist in K by Tlioorem 3.28 disjoint arcs uv and rt 
such that uv Pt Ja = u, w r\ Jt, ~ v, ri r\ Ja == r, rt r\ Jb = t. A l-sphore 
containing a and h is now easily shown to exist in the set Jb'^ uv U rt. 

If Ja D Jb p, ti single point, then by Theorem 3.10, K — p contains an 
arc uv meeting J„ and Jt, only in u and y, respectively, and the point sot 
contains a l-sphere of the desired type. 

Finally, if Ja r\ Jb is nondegencrate, then Ji contains an arc phq which 
contains h and such that phq r\ ^ p\J q. Then Ja P^q contains a 1- 
sphere which contains both o and h. 

3.32a ConoLiiATiY. If 0 has no ciU points, then 0 is cycUcly connected. 

3.33 Theorem. If K is a sel Cp and a, h, c are three distinct points of K, 
then K contains an arc from ato c vfhich conlctins b. 

PnooF. Let J and L be 1-spheres of K such that J D aVJ h and L D bU c 
(Theorem 3.32). If either J or L contains all three of the points a, h, c, the 
theorem follows. If / A then arcs ab and he on J and L, respectively, 

combine to give the desired arc. And if / A L is nondegeneratc, it is easy to 
show that if A is that arc of L which contains c and has only its end points on 
J, then J 'U A contains an aitj of the deshed type. 

We recall at this point that (Theorem II 3.6) if two points arc ^?-cqlliv^liollt 
in an open subset U of an Ic space S, then they are c-equivalent in U; i.o., they 
lie in the same domain D C. U. Consequently we can state: 

3.34 Theohem. If two points of an open subset U of C are q-equivalcnt in U, 
then they are joined by an arc of U. 

3.35 Lemufa. If K is a connected subset of a separable, eonnec.lcd space S, 
then the sel of cut points of S that lie in K and are non-cut points of K is countable. 

Piioop. Let {.r,} be a collection of points x, G II such that (!) <S — .r., = 
A, W B, separate, and (2) the set K — x, is coimectod, Then K ~ Xy C By , 
say. And if v', v" arc different values of the index v, then Ay> A .1,.. = 0. 
For Xy" G By. , and since $ A,., , the connected set Ay.. U Xy.. must lie 
in By' . 

Now let M be a countable subset of S that is dense in S. Then since each 
Ay is open, the set A,. A ilf ^ 0, and since M is countable, the collection {/i..}, 
and consequently {.Tpj, is countable. 

3.36 Tiieouek. If M is a nondegencrate subset of C such that no point of 
C separates points of M in C, then M lies in a single set Op of C. 

Pboof, Let X, y ^ M, and A be an arc from a; to y. Let a ^ A — x — y. 
Then, since a does not separate x and y in C, there exists by Theorem 3.34 an 
arc B from lo 2 / in (7 — a. Then thei'e exists in A VJ 5 a 1-splicro, J, which 
contains a .subavo A' of A. By Lemma 3,35 there exists p G A' such that p 
i.s a non-cut point of 0. Then tlie set If = Cp contains ilf . 

In order to show this, note that K certainly contains x, since a point q sepa- 
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I'aiing p and x in C would of necossity lie botwocn p and x on A and therefore 
separate x and y in C. And similarly y S K. Finally, \i s ^ M and z ^ K, 
then the boundary point w of the domain oiC ~~ K that contains z must separate 
z from either x or contradicting the hypothesis. Hence M C K- 

3.37 TIrEOl^E^^. If p is a non-cut point of C, then the set Cp may he defined 
as the maximal, cyclicly connected subset of Q UuU contains p. 

Piioor. Lot p be a non-cut point of C, and let K be the maximal cyclicly 
connected subset of C that contains p. Then IC <Z Cp . For if Cp = p, then, 
by '’J'hcorom 3.20, p is an end point, and since from its definition it is clear that 
no end point lies on a 1-sphoro of (7, 7f = p = Cp . If Cp is nondegenerate, 
then by virtue of Theorem 3.2d, no point of a component M ol C ~~ Cp could 
lie on tlie same 1-sphcre of C as a point of Cp distinct from the boundary of 
tho component. Hence all points that lie on a 1-sphere with p must lie in Cp . 

Conversely, Cp C Tf, since by Thcoi’em 3.32 tho set Cp is cyclicly connected. 

3.38 'TiiEonEM. If M is an Ic, closed, connected subset of C, then the union 
of M and any collection of components of C — M is again an Ic, closed, connected 
subset of C. 

Proof. Let {Cv} be any collection of components of C — M , and let H = 
u C„ U M. Then H is connected, since every C, has a boundary point in 
11/ by C^n’ollaiy II 3.d. Tho sot C — // is of the form \J Cp , whore Cp is a 
componont of C — 11/ and licnco (7 — 7/ is open by Corollary II 3.2; eonse- 
(luontly // is closed. 

Tho set \J C, is open and therefore II is Ic at every point ol\J C, . If 
p G iM, and e > 0, let 3 > 0 bo sucli that if .r, y ^ M {\ S{p, b), then tlioro 
is an arc frojn to yinMC] S(p, <); and lot 17 > 0 bo .such that if x, y G ^^(p, v)} 
tiicn tlioro is an arc of C from x to y in S(p, 8 ). Consider any .r, y^Ur\ Sfp, ^j). 
Let A 1)0 an arc from x to y in f^(p, 5). In tlic order from x to y on J lot .r' 
bo tlio first point of M, and in tho or<lor from y to x lot y' be tlie first point of 
M. TIkmi since .r', y' G H/ 8 ), there Is an arc A' in J/ r\ S{p, «) from 

.r' to y'. Tlio arc A' together witii the portions of A from x to x' and from y' 
to y form.s an arc of II in N{p, e). 

4. Recognition of the 2-sphere. TJio 2-s])hcre may be recognized among the 
Poaiio coiitimui l)y a variety of conditions, a number of which wo .shall give 
below. 

4.1 Lemma. If Mt and M 3 are subsets of the countably compact metric spaces 
Si and S 3 , respectively, such that M 4 = S^ , i ~ 1, 2, and there exists a (1-1) 
7 napping f of Mi onto M 2 such that both f and /“* are uniformly continuous,^ then 
f may he extended to a homeomorphism between Si and 83 . 

■•As in tho cfiso of uniform continuity of real funotiona, a mapping of a metric space A onto a 
motrio space is called uniformly continuous if « > 0 implies tho e-xistonoo of a 5 > 0 such that 
if«, 1/ G A and pix, y) < 8, then pf/(®),/(y)I < «. 
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We leave the proof of this lemma to the reader. 

4.2 Theorem (Zippin). A Peano continuum C which satisfies the followin 
three conditions is a 2 -spkere: 

4.2a. C contains at least one 1-aphere. 

4.2b. Every l-sphere of C separates C, 

4.2o. No arc which lies on a l-sphere of C separates C. 

The reader will be interested in comparing Tlieoi'cna 4.2 with Theorem II 2.12 
If in conditions 4.2a and 4,2b “1-sphero^’ is replaced by “O-sphero”, and 4.2 
is replaced by “no point of C disconnects C’’, then the resulting conditioas ar 
exactly those which charaoterizo the l-sphere among the separable, eonnected 
Ic spaces. We did not need compactness in the case of the l-sphere, howovoi 
as a matter of fact, we shall see later that the l-sphere may be eharaeL(!rize( 
among the Peano continua by a very weak condition. 

In Theorem II 2.16 wo found that among the separable, coiiiuMitod, Ic space 
the 1-spherc is also characterized by the fact that it is nondegenorato (“(ionUiiu 
a O-sphero”) and is separated by every 0-sphcro into just two compoaenL!- 
For the 2-spherc, the analogue of this is as follows: 

4.3 'Theorem. A Peano continuum which contains at least one {-Nphere mu 
which satisfies the Jo'dan curve theorem is a 2 -s 2 J/iere. 

J3y "satisfies the Jordan curve theorem” is monnt that the eomplcnneiit of i 
]-sphcro is exactly two domains which have Iho J-sphero as common boundary 
In Thoorom 4.3 the Jordan Curvo Theorem appears in its (riic light us a Imsi' 
property of the 2-sphoi'o. 

Wo first notice the oquivalonco of Theorems 4.2 and 4.3. That 'I'lieorc'in 11 
implies Theorem 4,3 is almost self-evident, As for tlio converse, il N en.sil; 
scon that under conditions 4,2a-o, every 1-sphoro of C is tlie (ioininon honndar; 
of all its complementary domains. 'Tho burden of llio proof musi be d{‘\’oU*( 
to showing that there arc not more than two such domains. 

Suppose, then, J is a 1-sphcre of C and that there exist (at k'usl) three e,oin 
•tjonents Di, Dz , P>z in C — J. Let us make the following (lelinition: 

4.4 Definition. If K is a point set and ah is an are witli end points i 
and h, then by the statement that ah spans K is meant iliat K H ah - u\J h 

Since J is the boundary of each of the domains , there exists in T), ai 
arc Ti that spans J and whose end points arc in any two prcas.signed open arci 
of J, However, we can prove: 

4.5 Under conditions 4.2a-c, if T, 2\ , T 2 are three arcs spanning a l-spheri 
J of C such that (Ti) and {T 3 ) (111,1) are in different components of C — J am 
T r\ T, — 0, z = 1,2, then the end points of T cannot he separated on J by tin 
end points of Ti as well as hy the end points of . 

For in the contrary ease, JKJ Tx^J contains a l-sphere J' that does no 
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meet T, such (hat the set li = J^J Tx'O T ~ J’ consists of T and two open 
arcs of J each containing an end point of T, Each domain, D, oi C — J' must 
moot the domains Di , Da of 0 — / that contain (Tj), (Ta) respectively, and 
hence D must moot J and therefore meet B, But as B is connected, this implies 
that C — is connected. 

Wo may now proceed to prove Theorems 4.2 and 4.3 simultaneously. For 
later purposes, successive parts of the proof will be numbered. 

4.6 Under conditions 4.2a-c, if X, Y and Z are three arcs with common end 
points, but otherwise disjoint, then C — X — Y — Z is the union of three domains 
having X\J Y,Y 'U Z and X U Z as their respective boundaries. 

The domain D of (7 — {X^J Y) not containing {Z), and analogous domains 
Qt C - iYKJZ),C - (X U Z), are separated inC - X ~Y ~ Z and have the 
boundaries designated above. Suppose D is a fourth domain of (7 — X ~ Y — Z. 
Then D necessarily has boundary points in (X), (F) and (Z), since otherwise one 
of the 1-spheros designated in 4.6 would separate C into at least three com¬ 
ponents. A contradiction of 4 5 is now obtainable using XU F as J, an arc 
in D with end points on {X) and (F) as T, F as T, , and Tz an arc spanning 
A' VJ y sucli that (T 2 ) lies in /?. 

4.7 Under conditions 4.2a-c, C is cyclic. 

For by •1.2a, C coutains at least one 1-sphere J, and by Theorem 3 30, J lies 
iji a noiid{'g(Micrato set Cp wliich we .shall denote by K. If K 9 ^ C, then a com- 
poiieiiL .4 of C — K has only one limit poitd, x, in K by Tiieorem 3 24, and 
by 'rhoorem 3.32, .r lies on a l-.sphcrc .7' of K. Hut then an arc of J' containing 
.f sepnmtc’.s (\ coiilradicting 4.2c. IIonc(5 K — (■ and C is cyrhc by Theorem 3 32. 

1 S From now on wo lot .7 denote a fixed l-.sphorc of C and E denote one 
of the compiments of C — J. The remainder of the proof will he devoiefl I 0 
sho^villg I lialTi' is a clo.sed 2-coll (111.16) wliosc imiindary 1-sphoro ia J. 'Plieorern 
4.2, and hence ‘1.3, will tlion follow. Tlie mode of proof will ho to set up a proe(Ms 
closely analogous to that of subdivision of an •S'"' sueh us i.s described in II 5.1 
It will lie li(‘Ipful to a(ia]H, for the pnipo.ses of the present proof, u nomenclature 
bearing out this analogy, and accordingly wo call any finite eollectioii of arcs 
inecMing, in jiaiw, at mo.sl in their end points n i-complo.x; uiul iiy an D-compl('x: 
[l'j\ will be designated anv subdivision of H by a l-complox G provitlwl G = 
,/ U 7’, <!aii be constructed by performing n times the lollounng operation: 
.'Vugment .7 U U"'-"/ 'i\ by an arc spanning J U \J7~\ T, in 7?. The ()-, 
I - and 2-eelIs of [D] are the end points of tlic arcs forming G, tlie open arcs of 
the latter, and the components of E — G, respectively. The boundary of a 
2-coll consists of the closure of all 1-ccILs T sucli that M has ajimit point in T. 

Given any [E], there exists a suMivision of tiie closed 2-cell K [the euclidean 
W, that is) by means of polygons such that the resulting complex [D*] is isomorphic^ 
with [E]. 


5Two complexes are isomorphio if there exists a (l-l)-corre3pondenoe between their cells 
wliioli preserves dimensionality and incidence fl 6] both ways. 
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This is readily proved on the basis of 4.6, using induction on the number ol 
arcs 2\ employed in constructing G*. _ 

Conversely, if there ia given a subdivision of yielding a complex [7?^] such 
that oaoh spanning arc used in the construction of [-E^] has its end points in 
the interiors of two 1-cclls of the complex at that stage of the construction, then 
there exists an isomorphic E-complex [E]. 

The proof is as in the above case; the provision regarding the end points of 
arcs used in the construction of is made to avoid having to prove acocs.sibility 
properties of E. 

4.9a For later purposes, wo note tho following, which may be proved by 
tho sort of argument used in 4.7: 

2ViC ci!os'^n’c of each domain of C — G is cyclic. 

Also, we have: 

4.9b Each domain of C G is cyclic. 

To prove this, it is sufFiciont to consicler E itself. Suppose E has a cut i)oint p; 
E ~ p — El \J Ez separate. Then E contains an arc Z = aph spanning J 
such that tho portion Zi = ap — p — a oi Z lies in E, and tho portion Z 2 = 
pb — p — hoi Z lies in E2 . Denoting the two arcs of J witli end points a and 1; 
by X and Y respccUvoly, and applying 4.6, G — X — Y — Z = U: .1 D< whore 
the sets E, are domains such that D 2 and E3 have X\J Z and Z\J Y as thoir 
respective boundaries. Then since C. Ex VJ Ez , and Ea lias limit points 
in Zi and Zz, it moots both Ei and Eg. But this is impossible since is con- 
iioclcd. _ _ 

4.10 If x,y ^ E, X 9 ^ y, then x and y can he separated itiEhy an arc spanning 
J. If X J, ilmn, using Theorem 3.33 and 4.9a, we may show tho cxisLonee 
of ETi arc axh of E spanning J and containing x. If y G axb, thou, using TO, 
axb may be altered so that y ^ axh. And then if y ^ by use of -1.0, d,9b 
and Theorem 3.33 it may be shown that there exists an arc cyd of E spanning 
J and containing y which does not meet axh. Then there exists a .simple elosod 
curve J' containing x and y as well as two arcs Ji , Jz of J wliieh separate 
X and y on E; and there exists an a.rc of E spanning J' witii end poinLs on 
and Jz Avhich separates x and y in E- Cases where x or y, or both, lie on ./ wo 
leave to the reader. 

We next show ike existenc^of a finite number of arcs, not necessarily forming 
a l-complex, which separate E into arbitrarily small components. Fo_r any given 
5 > 0 let Er, r = 1, • • • , n, be closed sets of diameter < 5^ such that 7^' = Oe,. 
Since each F, is compact we may assume for each p G E — Fr tho oxistoiioo of 
a fijiite set of arcs spanning J such that for any x ^ , p and x arc separated 

in E by at least ono of these arcs. Accordingly, given F^ and F» such that 
l'\ r\ F, ~ 0, we may assume tho existence of a finite set of arcs spanning J 
such that if X (B. Fr , y S F, , then x and y are separated in E by an arc of tho 
new set. Hence, finally, there exists a finite set of arcs spanning J, say Ti , 
• ■ ■ , T, , ■ • • , T„ , suchjhat if x and y are points of disjoint sots Fr, thon some 
T, separates x and y in E. 
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<1.11 We now conBlnict a sequence of E- complexes \E], defined by 1-complexes 
G, contained in J\j\J Ti and approxiimling J^\j . Lot Gq = J ~ Gl . 
If G\ has boon dofinod and j < m, wo soloct for C?!*'* tho union of (?< and all 
sub-ai’cs of T, h , spanning (?{, aucli that the end points of each sub-arc cannot 
bo joined in (?< by an arc of diameter <1/*. Since Q\ is le, the number of such 
arcs must bo finite and therefore is actually a 1-complex. If Q{ has boon 
dofinod and j = w, \vc lot Q'i — (?<+i = G'?,i. _ 

For some k, Gk contains arcs spanning J which separate in E every possible 
pair .r, y such that x ^ Fr ,y ^ F,, r\F, = 0. For suppose this not to be the 
case. Then for each i, tliero exists such a pair, say a:,, t/v > with the property 
that G{ contains no arc spanning J which separates x, and y, in E. Without loss 
of generality we may assume that all points are in a fixed Fr and all points 
2 /, in a fixed F, such that Ft Cl F, = 0. There exist x Ip {.r,} and y Ip {y,\ 
such that X ^ Ft , V E. F, . No contains an arc spanning J and separating 
X and y, but some Ti (which we consider as fixed from now on) does. Let X 
and Y be arcs not meeting Ti joining x and y respectively tq_/, and let /c be 
a positive integer such that 1/k < p {T, ,X\J K). Lot J — E r\ S{T, , 1/lc). 
Tlien the end points x' and y' of T, are in a connected sub.sct of the set U' = 
U r\ Gki-i . For if JJ’ = UyKJ separate, x' ^ Ui , y' ^ , then there 

exist p, q G T, such that p is the last point of T, O f/i , and q the first point 
of T, r\ Ui after p, in the order from x' to y'. But then (?* + ! must contain an 
arc from p to q of diameter <\/k, and this arc must theroforc.lie in U '—which 
is impossible. 'I’hus V must contain an arc Z from x' to y' and Z contains an 
arc spanning J .separating tlic end points of X and F on J, and accordingly 
S(‘paratiiig x and y in E, which is impossible 

4 12 'J'hc E-complex [E]k defined by Gk has no cells of diameter ^ 5, since 
two points on tho closure of a 2-cell of [E]k would have to be in the same or 
intersecting sets Ft . _ 

Let [E\ bo a pol 3 ’’gonal subdivision of isomorphic to (fijA , [E', 5]* a 
polygonal sulalivision of [E\ whose cells arc all of diameter <5 (suoli that 
any new O-eidl is interior to some old 1-colI), ami [E, a subdivision of [E]k 
isomorphic to [E"^, 5]a . In tliis manner wc see, then, that we may construct a 
stHiunnee of isomorphic pairs [E, 5,], [I'fi, 5,] such that 8 , approaches zero with 
increasing i, inasmuch as the process defined as above for E raa}' bo repeated 
for the closure of any 2-celI of [E, 5j. 

4.13 liGt A and 5 be_the sete o^O-cclls of all [E, 5,]’s and of all [E^, 5,]’s 
roapectivel 3 ^ Then A — E and B = E^. Morcover, there exists a (l-l)-mapping 
/ of A onto B such that both / and are uniformly continuous. The corre¬ 
spondence / is obtained from tho above-mentioned isomorphisms. As for the 
uniform continuity: Let e > 0 be given, and let n be such that 25„ < e. It is 
easily slwwn that there exists a S > 0 such that if x, y are a pair of points of 
E or of E^, such that p(x, y) < 5, then x and y are in or on the boundary of the 
same or intors^ting 2-cells of [Ef 5„] or [£“, fij. If two 0-cells of any sub¬ 
division of E (E^) are of distance apart <5, the 0-cells corresponding to them 
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undci'/ (f~^) in {E) are in or on Iho boundary of tho same or intorsooting 2- 
cells of [E^, 5„] ({E, 5,,]), so thal tiieir dislanco apart is <e. Hence / and /“^ 
are uniformly continuous. Sinc^by Lemma 4.1 the mapping/may bo oxLondod 
to a liomoomorphism between E and E'^, it follows that E is a closed 2-coll, 
which is what we sot out to prove. As noted above, Theorems 4,2 and 4.3 
follow immediately, since the space 0 and the 2-sphero are readily shown 
to be homeomorphic, in view of the oxistenco of the liomoomorphism / defined 
above. 

5. Recognition of the closed 2-ceIl. As a basis for lator (VII 9.5; IX 7.11) 
characterizations in terms of homology, we sliall give hero a charactorization 
of tliG closed 2-ceII. 

6.1 Theoeem (Zippin). A Peano continuum 0 containing a l-sphere J and 
satisfying ike following three conditions is a closed 2~cell with boundary J‘. 

6. la C contains an arc Dial spans J. 

6.1b Every arc of C that spans J separates C. 

6.1o No closed proper subset of an arc spanning J separates C. 

As in the case of the above proof of Theorems 4,2 and 4.3, wo shall sootionalize 
the proof. 

5.2 From conditions 6.1b and 6.1o, and tho properties of lo spaces, wo have. 
1/ X = xy is an arc spanning J in C, then every component of C — X has every 
point of X as a limil point. 

5.3 Lot X be as in 6.2, Then C does not contain three arcs T ~ ah, Ti — 
aihi , Ti ~ Uibi having the following properties-. Ti and 'l\ span J U X and 
(Ti), (Ti} lie in different components of C — X) T spans X and meets neither 
Ti nor 2\ ; fiirthewiore, the end point a, (i = 1, 2) is between a and h on X and 
separated from biinJ'OXbya'U h, and if bi , are on X, then they are separated 
on X by both a and h. 

If such ares as T, Ty and existed, then tiicre would exist an arc Y spanning 
J consisting of T,, and 0, I, 2 or 3 arcs on X, depending on wliotlior o, = 
or not and whether 6, and ta are on (X) or not. Every component D of C' — Y 
would intersect X but all points of X — F would lie in one component of (7 — Y 
so that C — Y would be connected. 

5.4 It follows from 6.3 that C — X consists of exactly two components. 

6.5 We shall now suppose that (7 - X has a component A which does not 
meet J, and showjtliat this supposition loads to contradiction. _ 

The set A' ~ A — x is cyclicly connected. We notc_tha( A is a Poano 
continuum by Theorem 3.38^and x is a non-out point of A. The set (X) con¬ 
tains no cut point of either A or A' because of 5.2, and therefore X — :^ust 
lie wholly in one cyclic element M of A' and X in one cyclic element of A. If 
A', then M contains a cut point z of A' through which passes an arc xzy 
of A (by virtue of Theorem 3.33). But then the subset a; VJ 2 of xzy disconnects 
C, contradicting 6.1c. 



[6] 


RECOGNITION OP THE CLOSED 2-CELL 


93 


Wo shall say that an arc Z covers a pointj^ if Z has x and y as end points, 
contains a subarc xz of X,_js contained in A, and if p lies in the component 
of C — containing C — A. Each poinA p of A' — y is covered by at least one 
arc. Por A' contains an arc zpy spanning y by Theorem 3.33. In the 

component of C — xzpy not containing C — A, there exists an open arc {si'yX 
where s g (zp). Now the component H oi C — xzpy that contains G ~ A 
has p as limit point by 6.2 and consequent^// \J p (Z G — xzsry. Hence the 
component of C — xzsry that contains C ^ A also contain^ and xzsry covers p. 
Now if XJ is an open subset of A containing x and y ^ U, then each point of 
E{V) is covered by some arc, and tliis arc covera an open subset of F{V). 
Hence there exists a finite set of arcs, Ti, •••, T/ , covering all points 

oiFiXJ). 

We next define a sequence of 1-complexes (?, approximating {X) yJ\jT, 
analogous to the sequence of 4.11. Then there must be an integer h such that 
for each point p of F{U) there is an arc in Gk tliat covers p. Otherwise we 
could show as in 4.11 the existence of a p G F(JG) covered by a T/ but not 
covered by an arc of a (?. . Let T* be an arc joining p to a point of X but not 
meeting T, . Then some G, contains an arc xy not mooting T', and this arc 
must cover 

The l-complex G, contains an arc B, that covers all points of G, — B, . In 
view of how G, was constructed, in oi-dor to prove this we need only show that 
if any 1-coraplex G contained in X h/ Ut, contains an arc B covering all 
point.s of G — B, and if N is an arc in X W T, spanning O, then O' = G'O N 
conLains an arc B' covering all points of G' ~ B'. If B covers all points of 
{N), wo may lot B' == B. Otherwise, {N} is contained in the component of 
C ~ B not meeting J and N must span B. Its cud points determine a subarc 
N' of B and we may let B' = B\J {N) — (jV'). 

The arc B^ of Gu covers all points that are covered by any arc B' of Gk • If {D') 
is the domain of C — Bk{G — B') not mooting J, we must prove Lliat 7)^ C B'. 
Since C ~ D B', the only alternative is that Dl D' = 0 (for Bi. r\ B' ^ 

and 77i Cfi jy would imply r\ B’ H by Theorem I 7.8). The arcs B,, , B' 
mu.st liave some .suliarc xz of A' in common, inasmuch as all the arcs T, have a 
subarc in common. IlGncG_threo disjoint domains have xz on their boundaries, 
namely Di, , D' and C — A, and in each of these there exists an open arc with 
end points on any two open subarcs of xz. But this implies a contradiction of 5.3. 

The arc Bi. would now of necessity cover all points of F{U), and this is im- 
po.s.sil)lo because B^ must contain points of F{IJ). 

We conclude, then, that each component of C — X meets J. As a corollary, 
wo have: 

5.6 There do not exist disjoiiU arcs Ti and T 2 spanning J such that the end 

points of Ti separate the end points of on J. _ 

5.7 If M is a component of C — J containing ary arc spanning /, then M Z) J- 
For suppose not. Then there exists a maximal open subarc {T} =» (pq) of J 
such that no point of it is a limit point of Af. The set MU/- (T) is Ic by 
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Tlieorom 3.38, and both p and lie in a cyclic element N of this sot — for a 
point separating p and q in M KJ J — (T) would of necessity lie on J T 
and its existence would imply nonconnoctedness of M. By Theorem 3.32, there 
exists a 1-sphere J' in iV containing p U 3, and contains an arc pq spanning J. 
But then pU q would be a subset of an arc spanning J and separating C, which 
is impossible. 

It follows, because of 5.6, that oveiy oomponent of C — / different from M 
has exactly one limit point on J, If all such components are deleted, C will 
satisfy the condition that C — J is conncctod. We shall prove that C is a olo.sod 
2-coll under this condition, and it will then follow that no components other 
than M can have formed part otO — J. Wo note before proceeding that under 
the additional condition, G is cyclic. 

6.8 If A is a component of (7 — X, it follows from what wo have alrcacly 

proved that the portion of J which it contains is an open arc (T). Tlion A 
has all the properties tliafc wore assumed for C, witli X'U T replacing ,/. I^hat 
A contains a spanning ai’C d X'U T and is cyclic is easily proved. We have 
to show: __ _ 

(a) If B is an arc in A spanning X ^ T, then A — B is not connected. If 
both end points of B are on J, the separation of (7 by B defines a separation 
of A by B. Suppose, howover, tliat at least one end ])oint of B is on A"". TIkh’o 
is an are Y spanning J, contained inX U B and containing B. The portion of 
X not on V is an open su^'c {D) of X. Suppose B docs not sei)arate A. Tlion 
tliere exists an arc pq in A from a point p on (Z)) to a point q of A"” — D. The 
arc B, the arc pq, and an are inC — A from a point on A' between p and q to 
a point of J are three arcs conlradicting_6.3. Wo conclude, then, tiiat (a) hohls. 

(b) IfJ^ is a subarc of an arc B in A spanning X VJ T, Ihm B — B docs not 
separate A. Defining Y and D as before, any two ]}oints of ^ — Y are joined 
by an arc of C — (F — (M)). All portions of that arc in C — A can be niplaeed 
by subarcs of D, so that tho two points montioned arc joined by an an; in A — 

{B - m. 

From here on, the proof of Th^rom 6.1 i.s like that of Theorems ‘J.2 and 4.3 
from 4.8 on, with E replaced by A, and may be omitted. 

As an iramecliatc corollai'y of Theoi'em 6.1 wc have: 

6.9 SenoENFLiES Extensiow Tubouem. If D is a domain {hounded domain) 
complementary to a sBnple closed cuive J in (E^), then D is a closed 2-ccU with 
boundary J. 

G. Recognition of the ^-manifolds. Up to this point, our attention has been 
fixed mainlj'- on the sphere, of 1 and 2 dimensions. It is time, however, to 
generalize to the more general conligurations known under tlie name 2-nianifolds. 
It is not our intention to give an exhaustive treatment of these—they have 
been adequately treated elsewhere; in particular tho reader is referred to 
Kor6kjArt6 [K], But for the sake of completeness, and in order to make con¬ 
nections witli tho general n-dimeiisional case in which we are mainly interested, 
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wo shall give tlio ijroporLios which serve to characterize them among the P 
spaces. 

Generally, by a 2-manifold, we shall moan a eonnoctecl, separable m 
space, every point of which has a neighborhood that is hoineomorphio with wie 
ouclidoan piano; in other words, ovory point has a 2-coll neighborhood. A 2- 
manifold is obviously a special fcyi>e of Peauo space- And in case a 2-manifold 
is compact, we call it a closed 2-manifold^ —otherwise, an infinite 2-manifold. 
Thus the 2-sphore is a special typo of closed 2-manifold, and the 2-cell an 
infinite 2-manifold. The torus (surface of the anchor ring) is another example 
of a closed 2-manifold, as are also the projective plane and "Klein bottle.” 
Other simple examples of closed 2-manifolds are obtainable through the device 
of cutting nouintersecting tunnels tlu'ough a spherical block, and considering 
the surfaces of the resulting solids (Alexander [c]); these are frequently described 
as “spheres with handles,” since they aio also obtainable by attaching “handles” 
to the 2-spherc. Other examples of infinite 2-manifolds, topologically distinct 
from may be obtained by deleting nonintersecting closed 2-celIs from E^. 

Wo shall prove the following theorems: 

6.1 '■l'IIli:ollE^^. A Pcano continuum B which, for some 'positive number e, 
satisfies the following three conditions is a closed 2-manifold: 

G.la B contains at least one Isphere of diameter <€. 

G.lb Every l-sphere of diameter <e in B separates B. 

G. I c No arc of a l-sphere of diameter <ein B separates B. 

0.2 TnnomcM. If B is a noncomfxict Pcano space such that for every compact 
subset F of B there exists a positive number e(F) such that the following three condi¬ 
tions arc satisfied, then B is an infinite 2-mamfold. 

G.2a B contains a l-sphere J of diameter 

G.2h If F is any compact subset of B and J is a l-sphere of F of diameter 
<6(/'’), then J separates B. 

G.2(; With F as before, no subnre of a l-sphcre of F of diameter <({F) .separates 
B. 

'I'lic i)ra(;Li(!alIy identical ])i‘oofs of those two lhoorem.s are given below in 
soctionaliz(!d form. 

G.3 Sui)po.se B lias a non-cut point p and that 6 is an aihitrary posilive 
niimlier. 'Dicni exi.sls, by Corollary 3.1G, a positive number such that all 
points of B — B{p, b) lie m one componont of P ~ S{p, ^(5)). Then if II is 
a l-sphcre in Sip, 7?(c/2)), the set B — II has exactly two components, the closure 
of one of which is a closed 2-cell of diameter <«. (In the ease of Theorem 0 2, 
wo use 6(/'’) instead of e, whore F is the compact closure of a sufficiently small 
•neighborhood of p). To see this, note that B — S{p, «/2) lies in one com¬ 
ponent A of P — II, and hence all 1-splioi-es in P — A are of diameter <6 
and separate B. The method used in 4.5 sliows that the number of components 


“Frequently called, iu the literature, a fnanifold wiOioiU boundary. 
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oi B — li is two (lot yiio in The method of 4.6 shows that an arc spanniiij 
// in 5 — A separates B — A into two components (let II play the part o 
X 'yJ Z in 4.6). Tho method of 4.8-4.13 may tlion bo applied to show that th< 
set ^ — id is a closed 2-eell. 

6.4 Wo shall need, for present purposes, a notion like that of tho 2-complGj 
of II 5.2, wliich is somewhat diffoi'ent from tho lattor, however. By a 

K wo shall mean a point sob consisting of a finite or countable set of arcs (closec 

1- cells) and closed 2-colls, ealled basic, such that (-1) two basic closed t-colh 
(it = 1 or 2) moot at most in klioir boundaries, and no basic closed 1-coll moots 
a basic closed 2-cell except in the boundary of tho lattor; (2) each closed cell 
of K has a neighborhood in B that moots only a finite number of the cells of 
K; and (3) no basic oi'c is on tho boundaiy of more than two basic 2-colI.s. The 
collection of all points in a 5-compIex K that lio in open 2-cells (not necessarily 
basic) of K is the union of infinite 2-nianifolds, oach component being an infinite 

2- manifold; wo may call it tho interior of K. 

We shall call a point of B regular if it has a noighborhood which is a 2-coll in B. 

We first construct a 5-complex K such that tho set C of all regular points of 
B is* a subset of tho interior of K. 

There exists a countable set of open 2'Cells Mi , • • • , M„ , • • * covering C 
mid a similar sob of 2-celis , ♦ • • , , • • • covoring_C’ such that for oach n, 

Nn C My, . Let Kx bo tho 5-complcx consisting of Nx as basic closed 2-a‘ll, 
and suppose tliat a 5-complox K„.x has been consl^iictcd covering U.<m N. . 
Wo shall construct a B-conipIex K„ covering W, . __ 

If K^-x doos_not moot N„ , lob T be an arc spanning K,„.x U N „,— then 
JCm-i L/ T\J Nn forms a 5-complox with T am^l as basic cli).s(!(l cells 
augmenting tlie basic cells of Kn-\ • If Xm-i meets N,,,, owing to tlu^ fact 
that /Crt-t Is Ic, only a finite number of components of (B — /v,„_,) nu'ct 

j and of these, the intersection of each with M,„ — 1ms only a limto 
number of components {/< having limit points on tho boundaries of both M,„ 
and Wm . In cacli of the sets t/< Llioro cjdsU an arc T, spanning both K,„., and 
tho boundary of £/. , and separating in U, tlin ))ouncUirios of M,„ and X,,, . Lot 
L,n = Km-\ '^KJ Ti y and let consist of augnionted by lIkj compoiK'iiLs 
of M,„ - L,„ separated by from after suitable subdivision l)y arcs 

spanning L„ if necessary. That /C„ is actually a 7i-complex will follow from 5,1). 

As no basic 2-coIl of A'„_i is subdivided, and each point of C is regular, iiiis 
process leads to a 5-compIox whose interior covers C. 

6.5 The remainder of the proof will consist in showing that B = C. 

Every point of the given 1-sphcro J (G.la or r).2a) is a limit point of 7i - / 

and is a non-cut point of B; this follows at once from the given conditions. 

U p E J, every neighborhood of p contains l-siihorcs. For lot ?; > 0 be 
such that S(p, tj) is compact. Thoi*o exists a sequpnco of arc.s from a point 
not on / to a sequence of distinct points on J converging to p, and hence a 
subsequence of subarcs Pigt of these arcs such that: pt E J and \pi\ converges 
to p; for a certain 5, 0 < 8 g, is Uio fii-st point of F{pi , 5/3) hi the order 
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from Pi on the arc Aviih end point pt ; {g-f} converges to a point q. If ^ J, 
there exists m such that for i ^ m there is an arc ppi on J of diameter ^ 5/3, 
and an arc qqt in B of diameter ^ 5/S not meeting J. Then for i > m, p,„p, U 

p, qi W QiQ \J qg,„ \J g^p,„ contains a l-sphere that lies in S(p, )?). If ? G 

5 must satisfy an additional condition: Tho sot J r\ S(p, 5/3) must lie on a 
subaro Z of d such that X C S(p, V3). There is a number m such that for 
i ~ m there exists an arc qqi of diameter 5 6/3 not meeting p, , Then p,qi U 

q, q U Z, where Z is the subaro qpi of J, will contain a 1-sphoro that lies in 
S(p, v). 

From 6.3 and 6.5 it follows that B contains regular points, i.e., C 0. 

6.6 Suppose B contains a point that is not regular. Then since C is open, 
thero exists an are X which lies in C except for one end point p, which is a non¬ 
regular point. If is a connected neighborhood of p, then p is in tho cyclic 
element of XJ containing the component XiU) oi Xr\U determined Ijy p. Con¬ 
sequently by Theorem 3.32, p lies on arbiirarily small 1-sphcrcs, and bj' 6.1c or 
6.2c is not a cut point of B. 

There exists a neighborhood V of p such that every l-sphere in V is the boundary 
of a 2-cell in V. Let ?7 be a neighborhood of p of diameter <>?(e/2) (see 6,3) 
and let V be the union of XJ and all 2-cclls that are bounded by l-spheres of 
XJ and that contain no points of B — S{p, e/2) (we assume e < diameter B), 
Then if »Si is a 1-sphere contained in the union of XJ and a finite number of such 
2-colls, evidently S also bounds a 2-cclI in V. That such is the case for every 

1- sphcre S of V follows from tho compactness of S 

(5.7 The component li oi C r\ V determined by X(F) (sec 6 6) is a 2-cell, 
'’t'his follows from 0.4 and tho fact tliat the interior of a 7i-(!omple\ which is 
“simply connected”, in the sense that every 1-sphcro in it i.s the boundary of a 

2- coll in it, is a 2-cell. __ 

There exists an open set W containing nonregular points, suchjjiat H C IT C H- 

Tho cyclic_clemcnt of V which contains R is identical with li r\ V aiul (wcity 
point of {R — R) D is accessible by arcs from R. For each point y of tluit 
cyclic element is on a 1-sphorc of V containing a point of R so tluit, by dclinition 
of r, y is on a closed 2-cdl wiiosc interior meets R. Now let u.s delete from 
1’ tho cut poiiUs of 1^ on 72 Pi V as well as all points of V that are separated 
from points of R P V by such cut points. Tho resulting set W is open, satisfies 
Uic relations R C IT C 7?, and contains at least one nonregular point. For 
If — 72 is a connected set contaimng at least one continuum of nonregiilar 
points, and the set of cut points on 72 P V has no limit pmnt in V. (Tho latter 
statement follows from the fact that the cut points on 72 P F cannot bo cut 
points of B, so that the portions separated from points of 72 P must have 
limit points on the boundary of V.) 

6.8 The existence of the set W implies a contradiction. 

If Z is an arc with ^d poiiHs q and r in 72 — 72 and (Z) in 72, then W —_Z — 
Wi W T'F 2 separate, Wi P IFa Tliis follows from tho fact that 72 is a 

closed 2-cell and that 72 C IF C 72. If g and r are in the same component of 



98 


PEANO SPACES; S“ AND THE 2-MANIEOLDS 


[III] 


nonrcgulai' points in W, thon Z is part oi a l-sphoro in W, so that Z cannot 
sepai'ato_5 by 6 .I 0 or 6.2c. But if both Wt and had limit points in It — 
W (G R Z), thorn would exist an arc Z* meeting Z in ono point with ond 
points in R — IK, and (Z') would soparato q and r in W. And (Z^) would contain 
no nonrcgulai' points,jwhoi'oas q and r am on the same component of nonrogular 
points in W. Ilcnco T'F, — Zf say, is a subset of W, and it follows that B ~ Z 
is not connected, contradicting tlio fact that Z cannot soparato B. 

This complotcs the proof of Thcomms OJ and G.2. 

It will bo noted that in 6.4 it was shown that tlioro exists a i?-complcx K 
such that the set C of all regular points of B i.s interior to K. And since, as is 
easily shown, every closed or infinite 2 -manifold satisfies tlic conditions of 
Theorems 6.1 or 6.2, wo have: 

6.9 (‘'TniANGuiiAa’iONTiiBORiSM”). IJ B is a closed or infinite 2~manifold, 
then there exists a B-comphx K covering B. In case B is closed, then K has only 
a finite number of cells. 
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Whyburn [f], For later dcvclopmeiiLs and more comjjlole dcdails rc'garding cyclic 
element theory, see Whyburn [Wh, Chapter IV]. 

§§4, 5, 6 The proofs given hero follow closely van Kampini [a], to wliich the 
reader is referred for citations to sources of the characLerixation.s given above. 

Since this chapter was written, there have appeared now cliaraclerijsations of 
the 2-sphero and 2-manifolds; see Bing [a] and Young [a]. 
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NON-METKIC LC SPACES, WITH APPLICATIONS TO SUBSETS OF 

THE Sf-SPHERE 

Tho preceding chapter was devoted to the study of metric (chiefly Peano) 
spaces. In tlao present chapter wo return to tho general Hausdorfl space without 
any assumption of a metric, with some applications in tho closing sections to 
euclidean spaces. 

The Ilahn-MazurkiewioJj theoix)m (III 2.5) gave rise to a now development 
in the sot-theoretic topology, namely the investigation of Peano continua. A 
number of nc\^^ characterizations of those continua wei'o found in the search 
for tlieir topological properties. The chief tools in the investigation wore the 
arc theorem (III 3.10) and tlic Whybum cyclic clement theory (III 3.J8-3.32), 
and while generalizations were made to noneompact spaces, the basic space 
was al\va 3 ^s metric. There seems no reason, a priori, why the structure study 
of loeall}’’ connected, compact (or locally compact) connected space.s should be 
conliiUHl to (lu! metric ease. (Wliilc in the book of Moore [Mo], Chapter II, 
there is no e.xpli(‘it ossiimplion of a metric in the continuous curve characteriza¬ 
tions (for example', Theorems 50, 52, 53), tlio continua involved arc nevcrtheles.s 
mc'lrizahh' (as proved in loo. cit. I, Tlieorem 19).) It i.s not the purpose of tho 
pvesc'nl- (;lia])t<M' to setl.h' the ])rol)lem as to whetlier sucli a stud^’- coiikl be 
eari'ied (lii'ough l.o n. .satisfiietoiy conclusion, but some rwuUs are obtained that 
might, 1)0 taken to im[i(;ate that it could. Even .such l)asic conligurations as tho 
arc and l-splu're, ocu'upj'ing a central position in llic classical theory, permit of 
salisfactoiy g<‘neralizuti()iis (see C'Jmptors IX and X), so that their retention is 
not lu-i'chuled by completi' exidusion of a metric (One may a^^k, for example, 
does the arc; (lieon'in (III 3.10) generalize to nonmelric spaces, when for “are’' 
i.s substitut(‘(l the case ;/ == 1 of the generalized closed n-c(‘ll of (’hapter IX?) 

It will be ]iece.ssary first to osbibli.sh further properties of locally compact 
IlausdortT spaces. 

1. Components of locally compact Hausdorff spaces. 

1.1 'hiEOuuM. In a compact Hausdorff space, quasi-componenls and com- 
ponenls are identical. 

Pitoop. Let Q be a quasi-component of a compact Hausdorff space 8 , and 
suppose that Q = A'^ B separate. Since (I 8.8) Q is closed, the sets A and B 
are closed. And as every compact Hausdorff space is normal (HI 1.27), there 
exist disjoint open sets U, V coafcaining A, B respectively. Denote tho com¬ 
plement of (7 0 7 by (7. Then 0 is compact, since it is a closed subset of a 
compact space. (112.11). 
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For each x S C, S = A{x) W B{x) separate, where x € A{x), Q C B{x), 
since Q is a quasi-component of 5. As (7is compact, a finite number of the open 
sets A (a:) cover C—say A(a:i), ••• , A(a:t). Lot (? - \Ja{x,),E = f\B{x,). 
Then S = GU E separate, where (? T) (7 and E D Q. 

Now G\J XJ and ii? H V are disjoint open sots. And since every point of 
V that is not in E is in G, the union otoO U and E Pi V is S. Furthermore, 
0\J U D U 0 A and E r\ V Z> B. But this implies that A and B are not in 
the same qimsi-componont of S. 

1.2 Theorem. If M is a compaci c&Diponenl of a locally compact Ilausdorjf 
space S, and P is an open sei containing M, then S is the union of disjoint open 
sets U, V such that M dU C.P. 

Proof. Since S is locally compact, oooh G ^ is in an open sot E(x) whoso 
closure is compact. And inasmuch as M" is compact, a finite number of such 
sots E{x), each of which may be assumed to lie in P, cover ilf. Consequently 
we may replace P by a unimi of tlio sets E(x )—or what amouiiLs to the same 
thing, we may assume that P is compact. _ _ 

Since M is a component of S, it is ocrUinly a component of P. Atul as P is 
compact, M is a quasi-eomponont of P by tho preceding tliccRom. Since 
M r\E(p) =0 (I 7.5), for each x G P(P) there exists n separation P = A (x) KJ 
B{x), where .x E_A(.‘i;), ilf C B{x), Aa P(P) is a closed subset of a compact 
Hausdorff space P, it is itself compact, and tlicrofore a finite set of the A (.c)’h, 
sayA(a!i), , A(^i), eavor E{P). Lc{^i7 = UA(£,), V = r\B{x,). Then 
U and V arc disjoint open subsets of P such that P = if/ 0 V, I<'{P) C f/, 
M C F. Evidently S ~ [{S — P) U]\J V separate, wliero V C P- 

1.3 I'niiOREM. Let A be a compaci subset of a locally compaci Ilausdnrp' spare 
S such that for each x d. A ike component, C{x), of B that contains x is compact. 
Let C = KJiba G(x), and lei B be a closed subset of S lying in B — C’. Then 
S == Si U S 2 separate, where C C. 81 and B C. . 

Proof. For each x d A there exists, by Tlicoroin 2, a decomposition B = 
Uix) U F(a:) separate such Uiat C{x) C U{x) C. S — B. Since A is eompac-l,, 
there exists a finite number of points Xi, • • • , .'Cfc G A siieli that the sots f/(.i\), 
i = 1, ,/c, form a covering of A. Then S, = iS'a = r(.i-',) 

satisfy the conclusion of tlio theorem. 

1.4 Corollary. In a locaUg compact IIausdoi\0' space, the compact com¬ 
ponents and the compact quasi^omponenls are identical. 

Remark. The necessity of tho qualifying “compact^' in the statement of 
this corollary is shown by the following example (cf, IlausdorIT [IT, 2*19]): In 
the cartesian plane lot bo the sot of points on tho porimotor of the roctfinglo 
determined by the lines x = ±n/(n + Oj 2/ = = 1, 2, 3, • • • . Lot S 

denote tho union of tho sets and of the linos x ~ ±1. Then tho two lines 
a: — =bl lie in tho same quosi-componont of the space S. 
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And a3 a corollary of 1.4 and Theorem I 9.7b: 

1.4a ConoLLAiiY. If , X 2 , • • ■ are a finite niui^er of points of a locally 
compact Ilausdorfj space S, no two of which lie in the same component of S hut 
such that the components containing them are all compact, then S is the union of 
pairwise separated open sets S, , i I, 2, ‘ k such that x, G S, . 

Tlio following corollaries of Theorem 1.3 are also worth noting: 

1.5 ConoLLAiiY. If Ai and As are disjoint closed subsets of a compact Haus- 
dorff space S, and no point of Ai is c-equivalent to a point of As, then S = Ss 
separate, lohere S, D A,, i = 1, 2. 

1.6 Corollary. If K is a compact subset of a locally compact Hausdorff space 
S, and evei'y component of S that intersects K is compact, then the set, M, composed 
of all points of S that are c-equivalent to points of K, is dosed. 

1.7 Corollary. If K is a closed siibset of a (impact Hausdorff space S, 
and AI is the set composed of all points of S that are c-squivalent to points of K, 
then AI is closed. 

We recall Lhat in 12.14 we defined conknuum to mean a nondegenerate, com¬ 
pact, connected space. From now on, wo shall always assume that a continuum 
is a Hausdorff space. 

1.8 Theorem. If K is a closed subset of a continuum S, and C is a component 
of S ~ K, then K Pi F(C) 9 ^ 0. 

Actually, wc may jirove a more general theorem than this, for which we need 
the following lemma: 

1.9 Lemma. If S is locally compact, and A, B are disjoint closed subsets of S 
such lhal A is compact, then there exist disjoint open subsets of S containing A 
and B respectively. 

Proof. Each x S A is in an open set 17, such that is compact and con¬ 
tained in »S' — B; and as A is compact, a finite number of these open sets covers 
A_, the union of these yielding_an open set U\ Evidently U' is compact and 
U' r\ B = 0; hence U', S — U‘ are disjoint open sets containing A and B re¬ 
spectively. 

1.10 Theorem. If K is a closed suhset^f a locally compact, connected space 
S and C is a component of S — K such that C is compact, then K P F{C) 7 ^ 0. 

Proof. Suppose K P F(C) = 0, so that C = C is a subset of — K. By 
the above lemma, there exist disjoint open sets U, V containing C, K, respec¬ 
tively. By Theorem 1.2, S — K = A\J B separate, where C G A QU. But 
then S — A\J {BG) K) separate, contradicting the fact that 5 is connected. 

Remark. In general, F{C) is not a subset of K. For example, in the oar- 
tosian plane, let K ~ {(.r, 2 /) | (0 ^ a; ^ l)&(y = 0)}, C — {(a:, y)\{x = 0)& 
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(0 < 2 / ^ I)}, = {(x, y)\{x^ l/n)&(0 ^ ^ 1)) for - 1, 2, 3, • • • . 

Lot /S = U L,, 'U C. Then C is a component of S - /C and FiC) = C. 

That tho conclusion of Theorem 1.10 no longer holds if C is not compact, 
even ^vhen K is compact, is shown by the following example in the cartesian 
plane: Lct/C = (1,0); (?= {(*, 2 /) | (»-“!)&(?/^ 0)}; L = {(.r,y) | (x = 1}& 
{y ^ 0)}; and for each natural number n, p„ = (0, ^i), q„ = i — n/{n-\- 1), 0). 
Let Cn ho the set of all points on the straight line intervals and Kp„, except 
for tho point K. Finally, hi S = C \J LV [J . 

1.11 Definition. Jf {il^Tr} is a collection of sots My , then by lim sup 
lil'Lj wo denote tho set of all points x such that every open sot which contains 
a' also contains points of infiniloly many of tho sots . Tlio following lemma 
is evident from tho definition: 

1.12 Lemma, Jf {11/^} is a subcoUeclion of [My\, then lim .sup C 

lim sup {11/,}. 

1.13 Lemma. Lim sup {H/,} is a dosed point set, 

(We leave the proof of Uiis lemma to the reader.) 

3.14 I'liEOitiinr, In a compact Ifausdorff space S, Id (i)/,} he a collection of 
sets My , each compone7il of M, being a conlimium (hat meels a fixed dosed set A. 
Then every component of lim sup {11/,} meets A. 

Proof. Lot C be a component of lim sup jil/,] and suppo.s(' f/ .1 = 0. 
Then l)y Theorem 1.2, lim sup |iW,) — GV II si'parato such lliat C C G C 
*S' — d. Since G and JI arc closed, there exist disjoint open sets (•', V' con¬ 
taining G and II W A l•ospcctivcI 3 ^ Hut thoro is an iidinito huhcollccl.ion 
(il/p} of ji1/,l such that each sot il/p n V' 9^0, mwco. overyopen set (lonlniinng 
C must coiitain points of infinitely many sets M, . Let Ml, 1)(5 a component 
of M, auch that Ml Pi i7' ^ 0. But Ml P d C ^1//. P (-S' - f-'). Ih'iico 
each set Ml P F{U') 9^ 0, and as F(IF) is compact, F{1 ") P lim sup C 
F{U') P lim sup \My} C F{U*) P lim sup jil/d 0. 

2. A characterization of locally compact, connected spaces that fail to be Ic. 

2.1 Theorem, If the locally compact, connected IlausdorJ}' spare F is not le, 
then (here exist x E S, and open sets P,Q such that x ^ Q ^ P and suck that 
(1) infinitely many components^ A/, , of P ~ Q contain points of both F{P) and 
F{Q), (2) there exists a component A/„ of lim sup |A/,}, such that meets both 
F{P) and F{Q) and such that (3) if K is the component of P ~ Q that contains 
il/„ , then some component of 8 — K contains infinitely many of the sets My having 
a component of their lim sup in P (P - Q), this compoiienl meeting F{P) 
and 7'XQ). 

Proof. Since 8 is not le, there exist (II 1.7] x^S and open set P' containing 
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X sucli Lliat no op£u sot Q such that rB G 0 C -P' lies in one component of P'. 
Wo may assume P' compact. Lot Q bo an open sot such that x S Q ^ P'. 
Then the collection {d] of components of P' that have points in Q is infinite. 
Let P bo an open sot such that Q C P’, and let x'y ^ Cir\Q, Then by 
Theorem l.IO tho component C» oi d r\ P that contains x'y has limit points in 
S ~ P —i.o., in P(P). I^ot G C, Pi F{P). Again by Theorem I.IO, the 
component of Cv P (»Si — Q)_that contains Xf has limit points in P{Q). Let 
My be tho component of Cy P {P — Q) that contains If, . 

Lot Pi , p 2 , 2\ , Pt bo open sets such that P ^ Pi 3 Pa 2) Ps 3) P^ 2 ) Q. 
By an argument similar to that just employed to show the existence of the sets 
My , wo may showjJiat for each v Iheio exists a subcontinuiim Mi of M, that 
is a component of Pi — P 2 and meets botli P(Pi) and F{P^. Lot M'„ be a 
component of lim .sup \Mi}. By Theorem 1.14, Mi meets both P(Pi) and 
^(Pa), Let T be the component of Pi ~ P 3 that contains Mi . In iS — T lot 
Ly be the component which contains Mi . If only finitely many sots Ly are 
distinct, then at least one of them contains a subcollcction of (ilf'} having 
a component M'J of its lim sup in Mi . Then if in the statement of the Theorem 
we replace P and Q by Pi ami P 2 , respectively, My and by M',, and M'J 
luspeclively, and K by J', tho statement of tho theorem follows. 

If on tlio other hand there exist infinitely many sets Ly , lot //, be Liio union 
of all components of 2\[, P (P 3 — P,) that moot both V\P.i) and F{PJ}. Lot 
ir he a eompouont of lim sup {//,} and let 1)'' bo the component of Pa — P\ 
containing IT. If any .sot Ly contains W', we doleto it from the sot of Li’n and 
change {//,,) aocordingbf—(he lim .sup {//„| is unalTcctod. Now if each L, has 
limit points in T, u L, \J T is a connected subset of ^ — TK' whicli contains 
infinitely many of the sets fly . Dimoto tho ooinpononts of the 7/ds by A',’s. 
Then lim sup [//,} C lim .sup {A’„}, .so tliat M’ C hm .''Up {A'„}. Iloiice the 
statoinont of the thoorom now liolds if we replace P and Q by 1\ and P| ro- 
•spcctivcly. My and il/„ by aial IK respootively, and K by II''. 

[If A is compact, oacili Ly 1ms limit points in T l»v Thooivm I 8 , and the proof 
of the iheormn is complete at this point.I 

Snppo.se, however, that for some index v = t, A, has no limit point in 7’. 
'I'lieii, since is connected, L, contains a limit point, 7 ?, of A’ — {T U 7/.). 
But no one component of A — {T \J L,) can have p as a limit point, and honoo 
Ihorc exists a collection of such components, such (hat p G Hm sup 

{C„}; each (7„ i.s, furth(n;more, a componoiit of A' — T. Let U bo an open set 
containing p such that U is compact and 17 H T = 0. Let V be an open sot 
such that p G P C L'. Wc may delete from tho collection \C„] all elements 
that do not meet V, and continue to denote the new collodion by {C'a|. Novv 
since T is compact and Ca is a emnponent of S — 7\ each C„ is either not com¬ 
pact and hence meets A — 17, or €„ is compact and by Theorem 1.10 has a limit 
point in T, and thus again meets S — U. And by the same method as used 
above to establish the existence of t^ sots C, , we can show that there exist 
components Ci of H 17 such that Ci H F(U) 9 ^ 0. Then by Theorem 1.14, 
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the component C of lim sup {C"} which contains p lies in U and moots F(U). 
Evidently C C. Li . _ „ 

Let Ha bo tho union of all compononls of r\ {U — V) that moot i)oth 
F{U) and Eveiy component of 11 = lim sup {//„) moots both F{U) 

and F{V) by Theorem 1.14. Suppose no such component lies in C. Then 11 
and C arc closed, disjoint sots, and as C was a component of lim sup jCJ,}, tho 
latter is the union of disjoint closed sols U and F such that H Z) C, F D II. 
But let Pi and bo disjoint opon soU with compact closures such that Pi Z) H, 
P ‘2 D F. There do not exist infinitely many sots that meet both Pi and Pa; 
and all but a finite nnmbop must lie in Pi U Pa . _On the other hand, infinitely 
many must lie in Pi since Pi D C, and each C'„r\ (U ~ V) contains a nonempty 
Ha ■ Then II has points in Pi, contraiy to the choice of Pi and Pa. 

Thus some component //« of II lies in G. Now S — Li is connected by 
Theorem I 9.11. Tho statement of the theorem now becomes valid if P and Q 
are replaced by U and V, respectively, {i;/,,} by the sot of all components of 
the sets Ha , and M„ by //„ . 

Remauk. It may help, in considering the meaning of Theorem 2.1, to con¬ 
sider some examples of continua that are not lo. In this connection, Example 
I 10.13 might be recalled, ^vith x any point (1, 0) and P, Q interiors of circles 
with center a; and radii 1/2, 1/4 i-espectively. The sets M, will bo arcs cut 
from the spiral p = {6 ~ l)/0, an aixj of the curve p = 1. 

In the examples of the “Remark” following Theorem 1.10 a])ovo, the spac(!s 
S arc not Ic for any point of C for which y > 0. In the second of these cxiuni)I('s 
S is not compact, and tho component w'hoso existence is assorted in (3) of 
Theorem 2.1 will be an unbounded subset of tho plane. 

It will be noticed that the space S of Theorem 2.1 is not Ic at any point of 
ilf„ r\ (P — Q). Wo can therefore state: 

2.2 CouoLL.VRY. A locally compact, conmcled Hausdorff space cnnnol fail to 
be Ic at only one point; indeed, if such a space is not Ic, it contains a continuum of 
points at which it is not Ic, 

3. Some characterizations of locally compact Ic spaces. 

3.1 TiiEonEM. In order that a locally compact, connected Hausdorff space H 
should he Ic, it is necessary and sufficient that if two qioinls x, y lie in a cuniponenl 
of an open subset G of S, then x and y lie in a suhconlinuim of G. 

PiiooT' or 'niE NECESSITY. Sinco S is Ic, tho component, C, of G which 
contains .r and y is open (Theorem II 3.1). In order to obtain a continuum in 
P containii^ .■r and y wo may cover each point p of C by a domain D„ such that 
-Dp C C, Dp compact, and select a simple chain of tliese domains (Thoorom 
I 12.3) from x to y. The union of the closures of tho sets Dp which make u]) this 
simple chain will be the continuum desired. 

Proof of the sufficiency. Suppose a continuum S is not Ic. Then wo 
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may assort tho oxistenco of the sets P, Qt M, , otc., as in tho statement of 
Tlieorom 2.1 above; let II bo tho component of iS — /C mentioned in (3), and 
X a limit point of II in r\ (P — Q). Then II is a connected set. 

Now lot D be an open set containing x such that D C. P ~ Q, and let K O 
D = Q'. Then K ~ Q' is closed, and IIKJ x lies in the open sot S ~ (K — Q'). 
Consequently, by tho hypothesis of the theorem, x and y lie in a subcontinuum 
C of — (/C — C'). By Thoorom 1,8, C r\D has a component C' which con¬ 
tains X and has limit points on P(D); lot p bo_onc such limit point. Then sincQ 
C" U ?; is a connected sulisot of 5 in P — Q that contains a- G K, so must 
C' ^ p C. K. But C'J p GC, implying that pG S — K inasmuch as G meets 
K only in x. 

3.2 Definition. A space S is called regular at « G if for every open 
sot P containing x there exists an open set Q such that a; G Q C P. If 5 is 
regular at every x G S, then S is called regular. 

Remark. Obviously a space S is regular at a; G if and only if for every 
closed sot M not containing a: there exists an open set Q such ihal.r G Q C 5 ~M. 
Phrased in this manner, it is clear that regularity of a Hausdorlf .space is a weaker 
separation property than normality (II 4.6). 

Tlic property stated in tlio above thcomm—that the points of a component 
of an open sot lie, in pairs, in subcontiniia of that component—is a special case 
of a general and important property of Ic spaces which is needed in the sequel. 

3.3 TrncoREM. IJ .S’ is rajidar and Ic, V a connccleil open subsel of S, and A 
is a compact subset of U, then A hen in a closed {rel, S) connected subset L of U. 
And if .S' is locally compact, then L may he taken so as io be compact. 

Proof. Each .r G A is in a domain R{x) C U, and a finite collection, U, of 
those covers A. Denoting tlio elements of U by P(.ri), • • • , Pixf), let G. clouote 
a simple chain of sots R{x) from Xi, io x, , i ~ 2, • • , k. The closure of the 
sot of all points in elements of U, as well as in elements of G.’s, is a closed con¬ 
nected .subset L q[ U containing A. 

If S is locally compact, tlic sots R(x) may be taken with compact closures, 
and in this case tiie sot L will bo compact. 

3.4 Corollary. If S is regular and Ic, U is an open subsel of S, and K is 
a compact subset of U, then K lies in a finite number of closed {rel. S) connected 
subsets of U, equal in number to the number of components of U that intersect K. 
And if S is locally compact, then these subsets may be taken so as to be compact. 

Proof. Since, by Theorem II 3.1, the components of U are open and K is 
compact, K must lie in a finite number of components of U —say Ui, Uz , • • • , 
Uk . Each set K H Ui, i = 1, 2, •' • , kjis compact, and by Theorem 3.3 lies 
in a closed connected subset of Ui. 
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3.6 Definition. If (S is a covering of a space S, ilicii a point set M is said 
to bo of diameter < (i if some element of @ contains M. 

3.6 Definition. A subset itf of a space S is said to Iiavc properly S if for 
arbitrary covering (S of iS by open sots there exists a finite number of connected 
sets Mi each of which is of diamoler < @ and such that M = u Mi . 

3.7 Theorem. Tn order Oml a continuwn S should he Ic, it is necessary and 
sufficient that it have properly S. 

Proof. To prove the necessity, all wo need notice is that if (S is any covering 
of S by open sets, each a* S 5 is in a domain R(x) which lies in an clement of 
S; and as S is compact, a fmitc number of the sots R{x) covers S, 

To prove the sufRoioncy, suppose that S is a coutiniium that is not Ic. T'hcn 
the statements (1) and (2) of Theo^m 2,1 hold. Lot ® bo a covering of S 
obtained ns follows: Ab S ~ P and Q are disjoint closed sots and S is normal 
(III 1^27) there exist disjoint open sots U and V such tlmt U S — P and 
V D Q. Let S consi.st of the threo open sots U, Y, P ~ Q. 

Since for subsets of a compact space, the Ic property implies a finite number 
of components, and property S also implies this, wo have: 

3.8 CouoLTARY. In order that a compact subset of o UansdoviJ space >S should 
be Ic, it is necessary and sufficient dial it have property S. 

3.9 CoROLiiARY (SiBRPiNSKi). hi oi'dcr that a metric continuum S should be 
Ic U is necessary and sufjicknl that for each e > 0 , S he the union of a finite number 
of conlinua of diameter < c. 

Tho necessity follows from ulilimtion of a covering of S by sphei'icnl lu'igli- 
borhoods »S'(a:, 6/2); the suflicioncy follows from the following lemma, whose 
lU’oof wo leave to tho rcjwlor. 

3.10 Lemma. If il/ is o compacl melrie. space and ^ a roiieriny of M by open 
sets, then there exists e > 0 such that if K is a subset of M of duuneier less than c, 
then K is of dtamder < (S. 

In Theorem ITT 3.23 wc provcil that if 0 b a domain in a lo(;aliy compact, 
metric, Ic, connected sptuM) C, then the sot of all boundary points of J) which 
are accessible from D is dense in the boundary of J). I'lie same argumoiil. shows 
that for any open set D whatsoever, tho set of points of F{l)) that are acccHsil)lo 
from I) is dense in F(D). It is an intercstiug and easy conscciuejuu) of Thcorom 
2.1 that this property is chai’aelciislic of such spaces. 

3.11 Theorem. If C is a locally compacl, metric, connected space, then in 
order that C should he Ic, il is necessary and sufficient that for every open subset D 
of C, the points of F{D) that are acceasibk from D he dense in F{D). 

Proof of sufficiency. With G replacing S, tho sots P, Q, M, , and 
K exist as in the statement of Theorem 2.1 if C bo assumed not Ic. Lot D « 
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^ — K. Then D is an opon soi such that F{D) C K- Moroovor, since iW„_C 
lim sup {M,\ and U My C -D, so must C F{D)^ Let p G n (P - Q), 
and let R bo an opon sot such that p G. R Q P ~ Q. 

Sinco p is a boundary point of D and the accossiblo points of F(D) arc dense 
in F{D), there exists xGRr\ F{D) such tliat x is accessible from D. Let xy be 
an are from x to a point y of P, having only x on P(P). In tlio order from xioy 
bi z bo the first point of F{R). Then sinco tho portion xz of the arc xy lies in 
R, which is a subset of P — Q, so must the aixs xz lie in K. But this is impossible 
sinco all of tho arc except x lies in P = (7 — K. 

Remark. Tlio principal reason for assuming a metric in tho above theorem 
is that in tho definition of accessibility the arc is employed. One may expect 
that tho theorem can bo extended to more general spaces, and this might be 
done in a number of ways. One might, for example, generalize the notion of 
arc (soG tlio generalized closed 1-cell of chap. IX). Or one might generalize 
tho notion of aeco.ssibility in other ways, such as will bo done in chap. XII. 
It is evident from the method of proof used alone, that the sufficiency of Theorem 
3.11 holds for tho nonmetric case if accessibility by coatinua instead of arcs 
be employed (see §.5). 

3.12 Tiii'JOUERr. In order Dud a locally compact, connected space S should be 
Ic, it is necessary a)id sufficient that every two disjoint closed sals, at least one of 
which is compact, be separated by a Jimte set of conlinua of S. 

PnooE. 'Po prov(; tli(' noeessity, lot A and B be closed sols, .1 bcing^ompaoL. 
There oxisls an opon set P sucli that A C. P Q S ~~ B and sueli tliui F is eom- 
piiet. lOiu;]] .r G F(P) is in a domaiji such that R{x) is compact and 
P(.r) Pi (.I yj li) — 0. As P(P) is compact, a finite set U of the sets R{x) covens 
F(F). 'I'he closure's of tlie elemonU of U yield tho finite s('t of eonlimia wliich 
sejiarate .1 and B. 

To prove the suirKfieiicy, wo use Theorem 2.1. Lot A — Q, wiLli Q compact, 
and R = S — P —wliero P and Q arc the open sets of Tlioorein 2.1. 'riien a 
finite set of continua separating A and B would necessarily lie in a finite set 
of the sots ]\[y ; and as tlie .sets AI, are infinite iji number am! eacli meets botli 
A and B, there (!ould not exist such a finite set of separating continua. 

'Hie above tliooroms do not cxiiaust, by any moans, the cnuincration of 
properties of general compact, or locally compact, coimcetcd spaces tliat arc 
equivalent to tho Ic property. They suggest, however, that such equivalences 
do not depend, in general, on separability or metric assumptions, or assumptions 
regarding tho existence of .special neighborhood systems, such as have generally 
been used in proving the equivalences to the Ic property, 

4. Relations between Ic, S and ulc properties. Because of the special role 
played by property S and its liiglier-dimensional extensions later on, we point 
out here that the sufficienoy part of Theorem 3.7, the theorem that characterizes 
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the Ic coiilinua by means of the S property, can be proved in mucli more general 
form. 

4.1 Lemma. In a regular space Sy lei M he a selhaving propGiiy Then 
if X ^ S and P is an open set eoniairwiff x, there exists an open set Q such that 
X S Q C P and M r\Q lies in a finite nwnher of components of M H P. 

Proof. Let U bo an open sot containing S ~ P such thatjr ^ U. Let ® 
bo the covering of S consisting of P and U, Let Q ~ S — U. Since M lias 
property S, there exists a finite number of connected sots Mi of diaraotor less 
than ^ such that Jl/ = \jMi. Asotilf, which meets Qmust lie iiiP, and there¬ 
fore M r\ Q lies in a finite number of components of M r\ P. 

4.2 Theorem, // a subset M of a regular space S has properly S, then M 
is Ic. 

Proof. Let x G M, and P an open set containing x. With Q as in Lemma 

4.1, and Mj that component M r\ P that contains a;, there exists an open 
subset i2 of Q such that and ilf O i£ C M r\ Mt . 

4.3 Remark. That a set may be Ic but not have properly S may be seen 
if wo let S be tho set of all points in the polar coordinate plane for which p ^ 1, 
S' denote the set S of Example 110.13, and M S — S'. Here M i.s Ic but 
does not have property S. 

4.4 This also seems tho appropriate time to remark that although properly 
5 is a topological invariant of a space, it is not necessarily (opologically in¬ 
variant for subsets of a space. Thus, in the example of 4,3, tlu; s(‘l- M is 
homeoraorphic to the sot {(p, 0) | p < 1| (although thi.s is not obvious) and 
tlio latter has property S. A marc obvious example is affonhul by (,iio s(!ls 
{(•'i:, y) 1 (0 < a; ^ l)&(y = sin 1/x)], {(a;, y) ] (0 < .i; g l)&(,v = 0 )] in 
Wo are dealing, then, with a proijerty that is only a poHilional invariant for 
certain subsets of a space (see I G), inasmuch a.s it is dcfiucil I'clalivc to Iho 
open sets of the imbedding space. 

4.5 Theorem. If a subset M of a regular space S has properly S, then far 
arbitrary covering (So/ Sby open sets, J\t is the union of a finite collection of domains 
of M —f.e., open (rel. to M) connected subsets of M—of diameter < CS. 

Proof. Wo first expi-oss M as the union of a finite number of eoniioclcd 
sets il/, of diameter <®. Each M, is in some ISf G S, and since l)y Theorem 

4.2, M is Ic, each x G M{ lies in a domain R(x) of M that lies in Ef . Tho sot 
^xsiti R(x) is an open connected subset of M containing M, and lying in E, . 

4.0 Corollary. If a subset M of a regular space S has property S, then for 
arbitrary covering <iof Shy open sets, the set M is the union of a finite number of 
sets of diameter < (S, each of which is the closure in M of an open, connected subset 
ofM. 
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In II 6.32 we dofincd uniform local connectedness for metric spaces. For 
nonmotric spaces wo may paraplu’ase lliis definition as follows: 

4.7 Djcfinition. A subset Af of a space S is called ulc if for arbitrary 
covering @ of by open sols there exists a covering D of 5 by open sets such 
that if a:, 2/ G M und xU y is of diamelei* < D, tlien y lies in a connected 
subset of M which is of diameter < 

By way of justification of the definition just given we may prove: 

4.8 TincoiusM. In a comyaci metric space, a set which is ulc in the sense of 
the above definition is idc in the sense of II 6.32 and conversely. 

(We leave the proof to the reodoi*.) 

4.9 Theorem. If a subset M of a space S is ulc, then M is Ic. 

(Hint: If U is an open (rcl. A/) set containing x G HI, let V be an open subset 
of S such that V r\ M C U. Let (5 be the covering of S consisting of V and 
S — X, and apply Definition 4,7.) 

Remark. For a noncompact Ic subset of a compact space that is not ulc, 
SCO 4 14 1 h)Iow. For compact subsets of a HausdoriT space, ulc and Ic are 
equivalent: 

4.10 Theorem. Every compact Ic space S is ulc. 

(liy C'orolliiry 3,8 and I'hcorcm 4.5, if (S is a covering of S by open sets then 
8 is tli(‘ union of a fini(c collection SD of domains of diameter < (2.) 

4. IL LEM^^A. If a subset A! of a regular space S is ulc, and x G <5, thm 
for any open set V vonlaining .t there e.nsls an open set Q such that x S Q C. P 
and Af O Q lies in one component of Af r\ P. 

Piiooi’ Lot U bo an open .set conlaining S — P such that x U. Lot 
CS be (lio covering of »S consisting of P and U. Since AI is ulc, there exists a 
covering :D of ;S by open sets such that if .r, y G AI H D, G 2), then there 
exists E G G such that x VJ y lies in a connected subset of AI r\ E. I^t £) G T> 
such that .V G D, and Q an open set such that .r G Q C D H (6' — C/) 

4.12 Theorem. 1/ a subset AI of a regular space S is ulc, then M ts k. 

Proof. Lot x G AI and P an open set containing x. By Lemma 4 11, there 
exists an open set Q such that x ^ Q (1 P and AI r\ Q lies in one component 
N of AI Q P. Since S is regdar, we may assume Q C P' AI Pi Q is a 

subscU)f Nr\Q, and a,s A W (iV P 0) is a comiectcd_subset of AI P P, it follows 
that AI is lew at x. As x was an arbitrary point of AI, the latter set is Ic. 

Of importance for later purposes is the following theorem: 

4.13 Theorem. If a subset AI of a compact space S is ulc, then AI has property 

S. 
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Proof. Let (S bo any covering of S by open sets. For eacli x Q S, lot 
E{x) G ® such that x S E(x). By Lemma 4,11, thoro exists an open sot D(x) 
such that X G jO(x) C E{x) audJlf Cs Dix) lio.s in one component C(x) of 
M n E{x). Let ID be a finite collection of the sets D{x) covering S. The sets 
C(x) corresponding to the elements of © form a fuiito collection of connoctod 
sots of diameter < (S whoso union is M. 

4.14 Rrmaric. That ulc is actually stronger than property S, and lionco 

tiian Ic, in a compact space, is shown by the following oxamplo in the cartesian 
piano: Let S = {(.-k, y) | a:* + g 1}, v) I + y'* < il ” 

{(.^, 0) 1 0 ^ a; < 3}. Then M has property S but is not ulc. 

4.15 Note that the ulc property, like property S (4.4), is only a positional 
invariant for subsets of a space. As will bo seen below, the domains comple¬ 
mentary to an S'' in »S“ we ulc—a positional invariant of the in S'^ —l^ut the 
ulc property is nob a topological invariant of such domains, since of thorasolvc.s 
they arc homcomorphic with the set M of 4,14. 

5. Accessibility. Wc saw in Theorem II 5.37 that the /^-sphere in S'* is 
arewise accessible from each of its complomontaiy domains; also, in II 5.38, 
that the 5* in <S^ may bo characterized by this property. And in I'hooroin 3.11 
above the density of accessible points on domain boundaries was employed to 
characterize the Ic property in the locally compact, metric, connected spaces. 
In the latter connection it was mmarked that the principal reason for iissiiiniug 
a metric was the use of the arc in the definition of accessibility. In nomnetric 
spaces accessibility by conlinua, or, more generally, by closed, connected sets, 
may be substituted. Thus, a point a: may bo called accessible from a point 
set M by continua (or by closed, connected .sots) if for onch y G there exists 
a continuum (or a closed, connected set) K which contains .r and y and sueh 
that IC — X C ill. For euclidean spaces, or, more generally, Peano spaee.s, 
accea.sibility by coiUitiua is equivalent to arowlso accessibility: 

6.1 I'liEOUERi, If Sis a PcaM space, then a Jieccssary and sufficient vondilwn 
that a point p of the boundary B of a domam D in S should he arewise (ivccssible 
from D is that p be accessible by closed, connected sets from D. 

Proof of sufficiency-. Lot N be a closed, connected .subset of U /; that 
contains p. T^t p, bo a positive number such that N — S{p, iji) 0, and 
Vi) compact. Then by Theorem 1.10, the component C, of N r\ S(p, ni) 
that contains p limit points in F{p, iji); lot p, be one such point. If Ki is 
the component of (7, — p that contains p,, then Ni = /fi W p is a subcontinuum 
of iV r\ S(p, 7]i) containing j> U p, and fVi — p is coiinectod. In general, having 
defined, for n > 1, conlinua Ni, • • • , , lob rj,, = n„-if2, and by the same 

procedure as was used to obldn iV, from N, wo may show the oxistcncc of a 
subcontinuum N„ of r\ S{p, containing p and a p„ E E(v, Vu)i 
such that N„ — pis connected. 
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For oacli n > 1 and x ^ N„ — p, let jj, bo a positive number such that 
Vx) C. D r\ S(p, Vh-i). By Thcoi-oms III 3.3 and d.l^there exists for each 
sucli X a domain It, such that x ^ B, C , a;), and is peanian. Since 
— P is connected, there exists a simple chain of the sets R^ from p„ to Pn+i 
(Thoorom I 12.3); lot the closure of the sot of all points in such a simple chain 
be denoted by . Then P is a Peano continuum (cf. Corollary 2.2) 

which contains an arc from pi to p. It follows that p is arewise accessible 
from D. 

5.2 Lemma. In a regular space S, lei Dbc a domain and x E. F(D) a point 
of counlnhle cliaracler such that if P is an open set containing x, then there exists 
an open set Q such that x E Q C. P and D n Q is contained in a finite number 
of components of D H P. Then x is accessible from D by closed {rel. S), connected 
sets. 

PnooF. Since x is of countable chai'actor, it follows from the hypothesis 
that tliore exists a sequence C/i , f /2 , * • • , , • • • of open sets such that 

n Un ~ X, XJn D U„,x , and D lic.s in the union of a finite number of 

domains D{n, i), i = 1, ■ • • , i(n), wliicli lie in D r\U„. 

Lot p(n, 0 E Unn ^ i). For each j, 1 S j S i{n + 1), there is an i 

and ('riKiorein 3.3) a clo.sod {rcl. S), eonricctod subset C(n, i, j) of D(n, i) con¬ 
taining p(n, 1 ) U p{n + I, j). If 1 / E D, let C(i) be a closed, connected subset 
of D coiitaiiiing y (j 7 j(t, i), i = I, 2. , 2'(0- Then C' = t W C(i) U 

u ('(h, i, J) is a closed, connected subset of D U .v containing x U y. 

Ah a (JoiiHcuiuoneo of Lemma 5.2 and bommas -l.l, 4.11 wo have 

5 3 'I'lii'ioiiKAr. If D is a domain tn a regular space S, and D either (1) has 
properly H, or (2) is ulc, then every point of l'\D) of countable character is acce whlc 
from I) by closed (rd. S), connected sets. 

And from Theorems 5.1 and 5.3 we have: 

5.4 'J’liEOUEM. If a domain D in a Peano space has property S, then every 
point of F{D) is accessible from D by arcs. 

6.5 Theorem. If D is a ulc domain in a locally compact, metric space S, 
then every point of F{D) is accessible from D by arcs. 

[By Tlieorem 4.12, M is a Peano spaco.] 

Remaiik. Tliat neither the ulc nor the S property is necessary for the 
arcwisc connectedness of a domain boundaiy in general is shown by the fol¬ 
lowing example in the coordinate plane: Let be the first example of the 
Remark following Theorem 1.10, To S add an arc T joining (0, 0) to (1, 0) such 
that {T) C ~ S and the simple closed cuiwe T\J K has all sets (Ln) in its 
bounded complementary domain D. Every point of F{D) is arewise accessible 
from D, 
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It will be noted that Theorem II 6.37 is a corollary of Theorem 5.6. Another 
interesting application of the above to the euclidean case follows below: 

5.6 TnEOEEM. In iS", let D be a domain mid F a closed subset of B, the 
boundary of D, such that — F, 2) = 0. Then if F separates x, y E. B in 
B, there exists a suheonHnuumN of D^J F that separates x and y in S'*. 

PnooF. By hypothesis, B — F ^ K\J L separate, 2/ G A. Since 

jS" has Property V of Chapter II (Theorem II 6,19), there exists a continuum 
M C. ~ {K U L) which separates x and y in S\ Let M r\ D = U' and 
M “ (J\F KJ F) = M". Then the sol ^ FU M” contains M, separates 

a; and y in jS", and lies in jS" “ (7C VJ L). 

The set ilf' U F separates x and y in iS". For suppose not. Lot bo a positive 
number such that S(x, ??) Pi A = 0 = S{y, ri) H A. Let x' and y' be O-colls 
of some subdivision Sy of S" that lie in D H S(a;, ij) mdD r\ S{y, tj), respectively. 
Since x and y are not separated by M' VJ F in »S", the same holds for x' and y', 
and hence x' + 2 /' ~ 0 in S* — (M^ U F). And since x' and y' both lie in D, 
they are not separated by M" U F and therefore x' y' '^0 in 5" — (ilf" tj F). 
It follows from Theorem II 5.18 tliat x' and y', and hence x and y, are not 
separated in S" by A, contradicting the fact that A was so chosen os to separate 
X and y. 

By Lemma II 6.20, x and y are separated in S" by a subcoiitinuiim lY of 
i¥' U F. 

As consequences of Theoicm 6.6 wc can stato: 

5.7 Theorem. If D is a domain in ^ and F a suhconliiiuum of the boundary 
B of D which separates x, y EB in B, then some aiihcontinuum of D U F scpurnlrs 
.r and y in 

[Cf. Theorem 11 5.25.1 

5.8 Tiieouem, If D is a domain in S”" and K, L are disjoint componrnts of 
the boundary of D, then there exists a subconiinmm of D which separates K and 
L in S". 

[Cf. Theorem 1.1.] 

5.9 Theorem. If D is a domain in S' and p is a cut point of the (conneeted) 
boundary of 'B, then p is arewise accessible from D. 

[This is an immediate consequence of Theorems II 5.21, 5.1 and 5.6.] 

6. More properties of the 2-sphere. As a special case of the n-spliore, the 
S'^ partakes of the properties of the S" already found in §2 of Chapter II. 
Besides the Properties I— Y of II1, it was shown, for instance, that the domains 
complementary to an yS* in jS® are ulc (Thoorom II 5.35). Also, as a special 
case of an Ic space, the S has the properties of the latter, such as for instance 
the openness of the components of open sets (Theorem II 3.1), tlm arewise 
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connoctednoss of Iho domains (Thoorom III 3.10), and Lho density of the ac¬ 
cessible points of tho boundary of a domain (Theorem Itl 3.23). The present 
section is interpolated to indicate more fully the role of tho ulc and S properties 
in tho investigation of positional properties of tho 2 -sphoro, and to point tho 
way 1,0 similar properties and their role in the higher-dimensional manifolds. 
It is not intended to bo exhaustive, however; further properties of the 2-sphore 
will come out as special cases of tho studies made of tho n-climensional ease 
in the sequel. And the theorems below ai*o tlioraselvos special cases of tliooroms 
in Chapter XII 1, 2. 

6.1 Theorem. LgI M he a Peano continuum in S^. Then if D is a domain 
coni'plcmenlary to M, D has -properly S. 

Proof. Suppose D does not have property S. Then there exists c > 0 
such that D is not tho union of a finite number of connected sets of diameter 
< €. Now for each x G D, lot Ii{x) denote the sot of all points y of D such 
that X U y lies in a comiocLcd subset of i) of diameter < < 72 ; obviously each 
set ll{x) is a connected subset of D of diameter < e. Then tlicre exists a s^uence 
jr:!, a :2 , • • • , a:. , • • • of points of D having a sequential limit point x E P>, such 
that no two points x, , x, lie in tho same set II(x). Let U = S{x, e/l), 

V = S(x, e/S). Since all but a finite number of the points a-, lie in V, we may 
suppose they all do. For any i > 1, tlicro exists an arc f. in D with end points 
Xi and a, . Let y, be the first point of this arc on F(x, e/4) iu the order from 
a, to Vi , and z, the fir.st point of ^.v, e/8) in the order from y, to x, . Then 
the pmtion of /. is wholly in U — F, and only its end points are not in 
U— V. No two arcs^.z,, ^, 2 ,, f 7^ A hciuaeoimcctcd subset of DOi (t/— F), 
and therefore if C, is tho component oi T) r\ {U — ]’) eontiiiuiiig y,z, , every 
two coinponeiiLs C, , C, ,i 7 ^ j, arc disjoint. 

Lot K = F{xi 3e/in). Since y, 2 . n K 7 ^ 0, lot q, E O K. In some 
cyclic order on K, there exists an infinite subsequence {< 7 ,.} of ( 17 .) sucli that 
Qn < • As tho arc < 7 „( 7 „+i of K that contains no other <(„ cannot lie wholly 

iji D, there exists a p„ 6 M such that < p, < • Now despite the fact 

that (jj because iM is Ic, almost all the points p„ arc joined by arcs oC . 1 / m 
U ~ V, it is easily shown that (2) it js impossible to join any two points p„ , 
Pn', n 7 ^ n', by an arc of M in U — V, since any such are must meet or 

l/»+l2^n + l • 

As a corollary of Theorems 5.3 and 6 .i we have: 

6.2 C 0 ROLLA.RY. 7/ M is a Peano continuum m 5® fl?id Z> is a domain com¬ 
plementary to M, then F{D) is accessible from D. 

6.3 TiiEOREM. If a domain D complementary to a continuum M in S'^ has 
property S, then the boundary of D is peanian. 

Proof. Since has Property II of Chapter II, the boundary of D is a 
continuum, and we may therefore suppose that M — F{D}. Suppose M not 



114 


NON-METRIC LC SPACES; APPLICATIONS 


[IV] 


Ic. Then by virtue of Theorem 2.1, there exist x ^ M, and e > S > 0 sucli that 
if_P = S(x, e), Q = S{x, 8), Uien infuiilcly many components ilf, of M 
(P “ (3) contain points of both F(P) and F(Q). Lot K = F(x, (e 4- 5)/2). 
Thon there exist points Pi , ps , • • • j , • * • of sets M, on K such that in some 
cyclic order p„ < and no two points p„ belong to the same ilf, . 

Now there exists a number m such that D is Iho union of m connected sots 
Pi, • • • , Dm of diameter < (e — S)/8. One of these, say D,, must have inlinitoly 
many of the points p„ as limit points, and w^may suppose for the sake of 
brovi]^ that every p„ Ip Di . But Di C. P — Q, and any connected sul)sot of 
P — Q containing ps and p*, such as Di VJ pa U , must meet M, U i)/.-, W Ms . 
(This is easily shown, for example, by the fact that such a connected sot must 
meet any set of broken lines from F(P) to F{Q) having vertices on iho sots 
ilfi , Mg and jl /5 and approximating these sots sufTiciently closely.) 

6.4 CorolijAuy. In order that tfie boundary of a domain D of such that 
p‘(D, 2) = 0 should he le, it ts mcessary a)id sufficient that D have property S. 

Remark. The domain D defined in the Remark following Tlioorom f) 5 does 
not have property S. 

6.5 Corollary. If M ia a Peano continuum in S'‘, then the boundaries of 
the do7nains complementary to M are all peanian. 

6.6 Theorem. If (he common boundary of (at least) two domains in is 
Ic, then it is an 

Proof. If M is a common boundaiy of two domains A and B in and is 
Ic, then j\{ is a Peano continuum (cf. Theorem II 4.12). Hence M is acc('ssil)lo 
from both A and B by Corollary 6.2, and is an ;S‘ by Theorem TI 5.38. 

0.7 Theorem. If two points of are separated by a Beano continuum il/ 
in S^, then they are separated by some simple closed curve of M. 

Proof. Denoting the points separated by M by x and y, denol.o the 
component of >S — M that contains Xj E the component of -S’ - J) Unit (joiitains 
y, and D' the component of jS — D that contains D. Then D' and F have a 
common boundary, and this common boundary is Ic (as is shown by successive 
applications of Corollaiy G.5). 

6.8 Lemma. If p is a cut point of Uie boundary, B, of a domain D in S", and 
X, y are points separated by p in B, then there exists a Peano continuum C in 
D KJ p that separates x and y in S'. 

Proof. By Thcomra 5.6, there exists a suboontiiiuum N oi D \J p that 
separates x and y in »S". Let ij be a_positive number such that S{p, rj) D N. 
For each natural number ft let fV H [»S(p, »j/7c) - S(p, n/{k + 1))] s= A''*. Thon 
Nfc is a compact subset of D ■which in an obvious manner can be covered by a 
finite set of spherical neighborhoods S{xMi , «*) = S^i, , whoso closures 
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lie in D. Lot C = Um iSn U p. That 0 is connected follows from the fact 
that it contains N and each St.( is connected (cf. Theorem I 7.3a). And since 
each is Ic, the only point at wliich C could fall to be Ic is p, and this is im¬ 
possible since a continuum cannot fail to be lo at a single point (Corollary 2.2). 

0.9 Corollary. IJ p is a cut point of the boundary, B, of a domain D in 

and X, y arc points separated by p in B, Gien some in D 'J p separates x 
and y in #S“. 

6.1^ Definition. Lot J bo an in p, q S and tj > 0 such that 
q S{p, 1 }). Note that since J is Ic there exists 3 > 0 such that J tO S(p, 8) 
is a sub.sct of II, tho component ot J r\ S(^, n) containing p. Let T be an arc 
in S{p, 8) with end points on II^ Since H is itself an arc cd, there exist first 
and last points, e and /, of T on 11 in the order from c to d. Then the arc eqf of 
J, together with tho portion of T from e to/, is an jS* which we call an -q-alteration 
of J at p. 

0.1 i Lemma. In let J he an S\ A and B the domains complementary to 
J, and X G A, y G B. Then if p Q J, there exists a positive number n such that 
every ■q-alteraiion of J at p also separates x and y in 

(Roughly speaking, Lemma 6.11 means simply that a simple closed curve 
which separates two points x and y will still separate x and y if altered only in 
the neighborhood of one of its points) 

Proof. Let q E. J ~ P- ^iy Theorem II 5.38, there exist arcs xq and yq 
in A U q and B U q, respectively. Lot tj bo such that »S'(p, n) (xq U yq) = 0. 
Lot K bo an i^-alicration of ./ at p aii defined in 6.10 If K does not separate 
X and y in tlien xq - q and yq — q lie in the same domain D complementary 
to K in J.cL e > 0 ho such that S(q, e) r\ S(p, v) = 0- Then, since D is 
iilc, Lliore exists 8 > 0 mch iluit if x', i/ EDr\ S(q, 5), then there exists an arc 
x'j/ in I) n S(q, e). Til particular, let y G p' E VQ Then in xy U x'l/ 
there is an arc Q from x io y tliat fails to meet the are cqd of J as defined in 
G.IO. Hut Q n S ( p , v ) == 0 and hence Q H 7/ = 0, where II is as in 6.10. But 
then Q n ./ = 0, contradicting tho fact that x and y are separated by J. 

G.12 Theorem. Let D be a ulc domain in ^ such that v^{D, 2) = 0. Then 
B, the boundary of D, is either degenerate or an 

Proof. Suppose B is nondegonerate. Then — D is a continuum by 
Theorem II 6.25, and hence R is a continuum by Theorem IT 4.12. Furthermore, 
since B has property S by Theorem 4.13, B is Ic by Theorem 6.3. Thus B is 
a Peano continuum. 

Suppose p is a cut point of B. Then by Corollary 6.9 there exists in 7) U p 
a simple closed curve J that separates points x and jr of R in By Lemma 
0.11 there exists a positive number y such that every )j-alteration of / at p 
also separates x and y in Since D is ulc, there exists 5 > 0 such that any 
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two points of D n S{p, 5) aro joined by an arc of Z) r\ S(p, ij). Honco ihoro 
exists an Tj-alteration K of J that lies in D. But then K cannot separate x and 
y since B r\ K = 0. We conclude tliat B has no cut point. 

By Theorems III 3.32 and III 3.37, B Ls cycliely connected. Honco B contains 
a simple closed curve J. Let D' dcjioto that domain complementary to J that 
contains B. Then D = B'O BC.D' — D' U J, so that if 5 there oxi.sts 
a point X of B in D'. Since B is cyclicly connected, Ihoro exists an arc ab of B 
which contains a: and lies, except for a and h, in B'—where a,h^J. However, 
by III 4.6, if Z = ab and Y, Z are the two arc-s of J having end points a and b, 
then ~ X — Y ~ Z\B the union of three domains having X U F, Y U Z 
and X 'U Z as their respective boundaries. And since X 'U Y VJ Z C. B, D 
must lie in one of those domains and cannot, tiiorofore, liavo B as its Imundary. 
We must conclude, then, that B ~ J. 

Remark. The example in 4.14 might bo rocallcd hero, 

7. Recognition of Peano continua in ^ by accessibility properties. It was 
pointed out in I G that Sclioonflics [S] gave a characterization of planar Peano 
continua by means of accessibility properties. The typo of accessibility oin- 
ployed by Schoonllics was shown by Wliybura [see W, Theorem VI *1,2] (o bcj 
equivalent, for domains complementary to continua in 5^, to regular JU'cessi- 
bility: A point x is regularly accessible from a domain D if for aibitraiy positive 
number there o.xists a positive number § such that if y G B H S(x, S) thou 
there exists an arc xt/ such that (xy) C B H 6’(r, e). (If all poinis of /'’(/)) 
aro regularly accossil)Ic from B, wo say simply tlmt /'’(B) is regularly aeccMsibio 
from /).) Since this formulation of the accessibility pi’operty allows of im¬ 
mediate gcnoralization (see Chapter XII) to bighci* dimensions, wo shall uLilizo 
it instead of the "ull-sklcd accessibility" of Schoenflios. Note that, as .staled 
above, the definition of regular accessibility i.s meaningful for any motri(! .space. 

[If I) is a domain in with connected boundary B, then p (~ B was said bv 
Scliocnfiics to be accessible Jrom all sides from B if, for wry arc ah spanning B 
in D, the point p is arewiso accessible from each domain of 1) — ab lui\’ing p 
on its boundary. Scbocnfiics showed that in oixler tluit a coniinuuin in .S''‘ 
should be pcanian, it i.s necassary and sunicient that for arbitrary positive 
number v at ino.st a finite mimber of domains complementary to M bo of diamet er 
>Tj and that each point of the boundary of a complementary domain /) be 
accessible from all sides from I>. Compare Theorem 7.7 below.) 

By the methods used in proving 5.1 and 5.2 above it may be shown: 

7.1 Lemma. Let D be an open subset of a Peano space. Then in order that 
X G /"’(B) should be regularly accessible from D, it is necessary and su^fficienl that 
for arbitrary t} > 0 there exist 5 > 0 such that each point of D r\ S(x, 5) lie in 
some component of D Cs S{x, n) which has x as a limit point. 


In view of Lemma 4.1 avo have: 
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7.2 Corollary. If an open set D in a Peano space has properly S, then 
PiD) is regularly accessible fro7n D. 

7.3 Tiif.orem. In order that a domain D mih connected boundary in shoiild 
have properly S, il is necessary and svjftcknl that the boundary of D he regularly 
accessible. 

The necessity follows immediately from Corollaiy 7.2. To prove the suffi¬ 
ciency, suppose D does not havo property S. Then as in the proof of Theorem 
6.1 wo may obtain tho sets F, 7C and points . The sequence {g'„} converges 
to a point g oi K r\ F{D)f and if < e/lC and 5 < t/, the component 
of D n S(q, y) that contains a E S(q, 8) fails to have 5 as a limit point. 

Remark. The example in the Remark following Theorem 5.5 might be 
recalled here. In this example F(D) is not regularly accessible from D. 

As a corollary of G.4 and 7.3 wo havo: 

7.4 Corollary. In order that the boundary, B, of a domain D in 5^ such 
that p^{D, 2) = 0 should be Ic, il is necessary and siiffwient that B he regularly 
accessible from D. 

And in view of 'riieorein 6 . 1 : 

7.5 CoiiOLL.uiY. If M is a Peano continuum in and D is a domain com¬ 
plementary to M, then I''{D) is regularly accessible from D. 

Since ])y Theorem IT 5 35 the fc-spherc in S" has a iiic complement unless 
k = n ~ 1, and in tlie latter case the complementary domains are ulc, and 
since l)y Theorem 4.13 every ulc subset of S" has property S, we may state as 
a corollary of 7.2 

7.6 Corollary. If M is a k-spherc in jSi", then M is icgularly acce.^sihlc 
from ils complement 

7.7 'Pheorem. In order that a conlimium in S' should he pcunian. il is 
necessary and sufficient that each of ils complementary domains hare propcity S, 
and that for arbitrary positive number y at most a finite number of these dumaias 
be of diameter greater than y. 

Proof. Let il/ be a Peano continuum in The domains complementary 
to il/ all have property S by Theorem 6.1. Suppose {D,| is a denumerable 
collection of such domains D, such that 8(0,) > y for some fixed y and all i. 
Then each D. contains an arc T, such that 8(T,) > y. From this situation 
and the compactness of follows readily that we may assume the existence 
of a point p and a subcollection {T*} of [T,] such that each T„ meets both 
P(p) ’j/2) and F(p, y/S). Each such T, contains a subarc A„ - a„b„ such that 
a„ G F(p, y/2), G F(p, y/8) and (a„b„) C S(p, y/2) - S{p, y/8). Each T„ 
meets F(p, 7 ?/ 4 ); let G T„ C) F(p, i?/4). Then tliere exists a subsequence 
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(iC/) of {a;„} such thaL in some cyclical order on Fij), ^j/4), a:, < for all j. 
And there exists x sip {xj}, x ^ M Pi F{p, g/4). Now by consicleiuLion of 
points i/i ^ M P XjX,^.! , where XfXin is the arc of F{p, rj/i) not containing 
Xf+ 2 , it is readily shown that M cannot bo Ic at a:. 

Conversely, suppose M a continuum in jS® satisfying the conditions stated in 
the theorem. If M is not pcanian, then by Theoroin 2.1 there exist sots P, 
Q, My satisfying the conditions of that theorem, with r replaced by n (ropro- 
senting a natural number). Since jS® is metric wo may assume a p S M and 
i; > 0, 5 > 0 such that P = i^), Q = S(pf d). Lei c = (p -\r S)/2. Without 

loss of generality, we may assume Xn G M^P F(p, a -) such that x„ < .rn,, in 
a cyclic order on F(p, a), SinM, by Theoi’era II 5.19, 1ms property V of 
II4, tliere exists in ~ M P [iSi(p, p) — Sip, S)] a continuum C„ separating 
Xn and a:„+i in >S®. Then C„ P x„x„+i ^ 0, and by Theorora 1.8, contains a 
^ntinuLim K„ which meets both P{p, d) and F{p, n) U F(p, 5) and lies in 
S{p, v) - S{p, S). 

Now from tlie hypothesis concerning diameters of domains complementary to 
M it follows that we may assume the K^s all to lie in one such domain, say D. 
But D has property S and must thercfoi'o contain a connected subset of diameter 
<{v — d)/2 which contains points of infinitely many of the sets P F{p, c); 
this is impossible. 

In view of Theorem 7.3 we may also state: 

7.8 Theorem. In order that a continuum m should be pmnian, it is 
necessary and sufficient that if D is a domain complementary to M, f(D) he royularly 
accessible from D, and that for arbitrary positive number y, at most a finite number 
of stick domains be of diameter > g. 

7.9 Bemaek, The necessity for the condition placed on tlio diamotcr.s of 
the complementary domains in Theorems 7.7 and 7.8 is shown liy tho following 
example: In the coordinate plane, let S be the sot dodned in tlio lloinark 
following Theorem 1.10, and let N be the sot {(a:, y) | (0 £ .r g l)t^(?/ = 1)}. 
Then if M = SUN tho continuum M can be considered as lying on an N® and 
satisfying the conditions of 7.7 and 7.8 so far as tho individual complcinciitury 
domains arc concerned. However, the condition on the diamoters of tlio.sc 
domains is not satisfied, and hence M is not peanian. 

8. Remarks. The restriction of some of the noteworthy iJicoivins of tliis 
chapter to tS® (e.g., 6.4, 6,0, 0.12, 7.3) raises llie question as to wliethor such 
restriction is necessary. That this seems to be the case may be shown by 
examples. For instance, that the connected boundary of a domain D in may 
bo pcanian without D liaving property S may bo seen by a glance at tho figure 
accompanying Example XI 6.1; and no point of the subcontinuiim E of F{D) is 
accessible from D. By extending the plane rectangles Pj of tliis example down 
to the base of the wedge and the .S.’s to tho top of the wedge, there is obtained 
a Peano continuum in .S® whose complementary domains all have diameters 
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> 1 ] ~ 1l/2, whoro h is tlio height of the wedge (see also Example XI 5.17), If 
Example XI 6.2 is considered as lying in then it is a common boundary of 
two tlomains one of which is ulo—but the boundary is not Ic. As regards 
Tlioorcm 0.0, a Peano continuum in that is the common boundary of two 
domains may not only fail to be a sphere, but may be the common, boundary of in¬ 
finitely many domains, all of which may bo ulc. [Wilder [k]]. Nevertheless, 
Thcoi'cm 0.0 has a generalization: If a Poano continuum in S" is irrcduoibly 
linked (II 5.22) by an (a — 2)-cyclo, then it is an iS'—the case n — 2is, precisely 
Theorem 6.0. (See Wilder [j. Corollary 4].) And Theorem 0.7 has a generaliza¬ 
tion to higher dimensions, viz: If a cycle links a Peano continuum in -S", 
then links some in M (the case = 2 is exactly Theorem 6.7). (Sec 
Wilder [j].)] 

Tlic restriction to of the theorems cited, however, is due not to necessity, 
but to limitations in the concepts involved. As we shall see in the sequel, the 
Ic propert}'’, property S and the ulc property are only the cases n. = 2 of general 
n-dimonsional concepts; we have already noticed this (Theorem II 5 33) in the 
case of the ulc property so far as open subsets of 5" are concerned. When 
such concepts as those are scon in the proper perspective, the theorems cited 
fall into their places in the general theory of manifolds. Before this can be 
acliiovcd, how(‘vor, it is necessary to digress into the domain of algebraic topology 
in order to set up the needed tools, This will bo the function of Chapter V. 

BlllLIOGIiAI’lIICAL CoM.MKNT 

§2. Por the metric case of parts (1) and (2) of 'Iheorem 2.1 sec Moore [o, 206- 
207]; of part (3), Wilder [a, TTI, J^emma I]. 

§3. For the compact metric case, the ncco,s.sity part of Thoorom 3.1 was pi-ovcd 
by l\'Iooro [c], and the sunicicncy by Wilder [a, Theorem IS]. Corollary 3.9 is 
due to Sieipinski [a]; it was this result which siiggorftod to Atoorc [d] the metric 
case of Definition 3.6 and the do.sigiialion thereof as “lU’opei'ty S". llcgarding the 
metric ease of 4'lioor('m 3.12 see Wliyburn and Ayres (Ayres [a, Theorem -i]). 
I^’or other theorcm.s of this type see A'loorc [AIo, c] and Kline [bj. 

§ 1, Ktflativo to Theorems 4.2, 4.12, 4.13, see Aloorc [d]. 

§5. A theorem similar to Theorem 5.1 was proved by Knaster and Kuratowski 
[b, 38, footnote 3)] and Whyburn [o, Tlioorcm 1]. 

§0. Corollary 6.4 was proved by Aloorc [d, Theorem 4], Corollary 0 5 is the 
"Torhorst Theorem"; see Torhorst [a]. (As a matter of fact, every subconlimium 
of the boundary of a domain complementary to a Poano continuum in is 
peanian; sec Wilder [a. Theorem llj.) Theorem 6.7 was proved by Aloore [c. 
Theorem 5], as was also Theorem 6.12 [fj. 

§7. See Whyburn [W, VI 4]. 
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BASIC ALGEBRAIC TOPOLOGY* 

1. Complexes. Let jS be a collection, Onitc or infinite, in whicli certain finite 
Biibseis, to bo called simplexeSf havo been specified. If a simplex consists of 
71. + 1 elements of S, it will be called an n-dwiensional simplex, or simply an 
n-sim'plex. l^lic elements of tlie simplex am called vertices. In all applications, 

Vo, V, , • • • ,v„ denote vertices of an Ti^mplox E", then all (noncmptjO sub- 
collcctions y,. , • • • , of E" will also be simplcxos and will be called r-dimeii- 
sional faces of E", or simply r-facos of E". Thus the vertices become “0-facos” 
of S’", although the latter term is rarely used. As an example, one may think 
of the four vertices of a letralicdron as constituting a 3-simplex E^-, the facc.s 
correspond to the subcollcctions of three vertices which correspond to the 
triangular faces of the tetralicdron, the subcollections of two vertices ^vhich 
form pairs of endpoints of edges, and the individual O-faces or vcrtic(‘s. (Every 
triangulated polyhedron similarly yields an example.) 

Any collection of simplexes, which, if it contains a simplex E'\ also contains 
all faces of will be called an unrestricted complex. If it consists only of n- 
simplexcs and their faces, wo call it an unresiricled ii-dimensional complex, or 
unrestricted n-complex. Of fundamental importance are the incidences bi'Uveoii 
simplexes of a complex: If A” is a simplex and A'""* is a face of A", wc .say that 
E"~ * is incident to E" and that A!"”* and E’' are incident. Wo shall use' tin; .symlxjl 
St E "—"star of A"’*—to denote the collection of .simplexes consisting of E" and 
all simplexes of which A” is a face. 

2. Algebraic apparatus. We next associate with ;S and its siini)l('xch ai\ 

algebraic apparatus. To each n-simplex A", n > 0, we first assign positive and 
negative orientations as folloAVs: A certain linear ordering Cq , J’l , • • • , v„ of its 
vertices is selected, and the symbol »oWi , or any oven porinutalion of 

the y’s therein, regarded as an algebraic symbol associated wi(h the simpk'x 
and determining its positive orientation. The symbol derived from VoV\ • • • 
by any odd permutation of the y’s therein is .similarly related to negative 
orientation. The .symbols associated mill the simplex E' and determining iUs 
positive orientation are considered as equivalent, any of them being denoted 
by it", and we call E the nrcell associated with E".^ The symbol — cr" ivill 


vrhe reader may compare the notions introduced below with the material of II 5. A knowl¬ 
edge of the latter is not presumed below, however. 

*It will be noted that althougli in 115 tlie term “cell” stood for a euclidean geometric clement, 
hero it seems to have only algebraic significance. However, if one wishes to do so, ho may 
imagine that to each ii-simplcx there is made to correspond a euclidean geometric cloment with 
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denote any of the symbols associated with negative orientation of E". With a 
0 -simplex we also associate, for sake of completeness, symbols tr®, —a-^ 
denoting its "positive and negative orientations,” but make the convention 
that in the algebra / — <t°, —v°^ — <r®. 

Let d be an operator, which may be called a hawndxtry operator, such that, if 

n > 0, 

(2.1) • • ■ y.-J - £ ‘ • ’ 

»-Q 

and more generally, 

(2.2) d(E v'<rS = E 

where the ^?’s are integers, finite in number, and the laws of ordinary algebra, 
hold—(— 1 ) 0 -" = —O’", — (—O’") — O’", etc. In particular, for a single tr", n > 1„ 
it easily follows that 

(2.3) d^(a") = a(d(a-)) = 0. 

The coefficient of a cr”~' in the expression 6 ( 0 ^) is called the incidence number 
of O’" and (x"~\ and for the sake of completeness one may call the incidence number 
of a ff” and tr""’ whose corresponding simplexcs arc not incident, zero. 

For dcr°, either of two conventions may be made: (1) Define dff° = 0, or 
( 2 ) augment the complex under consideration by an ideal simplex with 
corresponding cell o-"’, and for all 0-cells o-” of the complex let = <r"‘. (Then 
if < 7 ? and al are distinct 0-cells, — trS) = 0.) In case (2) is used, the complex 
is called augmented, case ( 1 ) then being identified b}'- the adjective non-aug- 
mented In cither case, relation (2 3) continues to hold when n = L 

A complex to all of whose simpicxes have been assigned positive and negative' 
orientations constitutes, together with its cells, an oriented complex. Let K be 
a fi.xcd oriented complex, {cr"{ any collection of n-colls of K, and let G be any 
abelian group liy an unrestricted n-cham of K over G is meant a single-valued 
function defined over the a-cells a” of K with values in G. Usually we shall 
treat the latter values as coefficients, directly associating each rt-ccll with the 
functional value thereon by means of the expression (j ^ G. Wo may 
then indicate an 7i-chain as a collection {j/er"}, or {^Vp} when a distinguishing 
index is needed for the cells. The number n is called the dimension of the n- 
chain 

If is an unrastricted n-chain of K over (?, n ^ 0, and if no (a — 1)- 

cell of K appears in more than a finite number of the polynomials d{a"^ 
for which 7 ^ 0 (the identity of G), then we may define what may be called 
a houndai'y chain d{g''a’l\ as follows: Consider the collection {( 7 '’d(o-p)}; assum- 


n + 1 vertices, and that the symbol a" stands for this geometric element togetlier with some 
orientation of the same. As we use the terra, "simplex" encompasses more than the euclidean, 
element, but allows of interpretation by means of the latter. 
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ing the distributive law and making the convention that g-0 - 0, the identity 
of • (~ 1) = —g, tlio inverse of g in G, etc., then each g^dia”) yields a finite 
collection {{7p<rr^j (in. the nonaugmenied ease, if n — 0, this becomes 0, of 
course). As a given cr"~^ occurs in only a finite number of such collections, 
wo may assemble all tlie coefiicienta g, with which it occurs, obtain the group 
element g'‘ ~ Up > hence the form The collection {ffV”"’) thus 

obtained for all (n — l)-ceU8 of K is called the boundary-chain, or simply 
boundary, of the 7i-chain, and donotod by 3{/o-pj. 

The machinery of uni'cstricied complexes and chains is more general than 
we shall need in the applications. As a maltor of fact, we may horoaftcr assume 
that all complexes considered contain at most a denumerable number of simplcxes 
and arc star-'finite —no t»-simplox, a ^ 0, is incident with more than a finite 
number of (n + l)-8implcxe3. Most of the time wo shall bo dealing with finite 
complexes, and throughout wo shall use only finite chains, i.o,, chains having 
only a finite niimbor of iionxero coefficients. Honco we shall be able to represent 
each chain {fiiVp} as a polynomial 

(2.4) giaj -b + ffaffa + " ’ = OpO'^ • 

The advantage in so doing is that when wo wish to find the boundary of the 
chain we may simply write 

(2.6) d(gi(Ti -f gto-l -f- • • •) = i;,d(tri') (^adCvS) + • • • . 

With tho algebraic conventions adopted above and addition of group oloraonts, 
this yields a polynomial on the right of the form piv?"* -h gloT^ + • ■ • . Thus 
both chains and their boundaries may be conveniently written in polynomial 
form, and wo shall continuo to do so throughout. 

li’i'om (2.3) it follows that for any chain C" of the form (2.4), with n > 0, 
wc shall have—making tho convention of denoting tho chain all of whoso (30- 
eflioients aro zero by 0— 

(2.6) d'C" = a(dC') = 0. 

Usually, in writing any particular chain in polynomial form, it is tho practice 
to omit all terras with coefficients zero, although in most gouoral discussions 
we retain the complete form (2.4). 

In case the complex is nonaugmeuted, PC® = 0 for all 0-cliains C”; and as 
only finite chains are used, d(f is defined and may or may not bo zero in tho 
augmented case. 

For future purposes we record here: 

2.1 Definition. If C" = 2 l/pvj, then by Ki(C''’), or Kronccker index of 
C®, is meant the sura g,. 

3. Chain groups. Given a complex K and a dimension n, wo arrange the 
w-cells in a certain indexed array v?, i = 1, 2, 3, • • • , and represent each n- 
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chain as a polynomial (2.4), which we abbreviate to 
is another chain, we define the sura of the two chains as 


(3.1) E + E (?v: = E (ff. + ffiy., 

1»1 .-I »-l 

where the “+” in "fft -f- g', " denotes the group operation in G. Hence the sum 
of two chains is again a chain, and this addition of chains is commutative and 
associative. Consequently the operation (3.1) defines an abelian, group which 
we denote by C’'(K; G), and which we call the group of n-chains of K over 0. 
The identity of C''(K] ^ is obviously the chain all of whose coefficients are 0, 
and which we denote by 0, The inverse of E^-x Oto-I is E”-i(“ff')o'i which 
we abbreviate to E""i • 

Since by our algebraic conventions, for » ^ 0, 

(3.2) d(Cl + CD = BiCT) + d(C‘^), 

for all C” , C 3 S G''{K; G), the linear operator d induces a homomorphism of 
C''(Ki G) into C""'(7Cj £?) (or into 0, the identity of f?, in the nonaugmentod 
case when n = 0). And since the images of the elements of C\K; G), n > 0, 
under B are always chains such that d(C""') = 0, we arc naturallj’' led to 
a consideration of the collection G} of (n — l)-chains whose boundary- 

chains are all 0. 

It follows from (3.2) that the collection Z’'(K; G), n ^ 0, is a subgroup of 
C'iK; G) We call it the group of n-cycle$ of K over G. (It is defined only for 
n ^ 0, since the operator B was defined only for this case.) 

Finally, wo define a group G), whicli is tlial subgroup of 2"(/v; 0) 

consisting of all boundary chains or bounding cycles. Wc note that by (2,3) 
every boundary chain is a cycle when n > 0; cvciy O-chain is a cycle in the 
nonaugmented case, and in the augmented case every boundary 0-chain is a 
Cj'clo since BiaU - <t%] = a"' - a"* = 0. And by (3.2) Ihc sum of 

bounding cycles is again a bounding cycle. Tlic chain 0 of dimension n bounds 
the chain 0 of dimension n -f- 1, so tliat G) contains the identity. 

Frequently, in the sequel, we may use the terras “augraciitod cycle." “aug¬ 
mented chain," etc., to indicate that the complex under discussion is augmented. 


4. Homology groups. We have defined a descending series of abelian groups, 

C'iK; (?) 3 Z"{K; G) 3 B^iK; G), n § 0. 

For w > 0, the linear operator B applied to Cr(K\ G) effects a homomorphism 
of that group into the subgroup G) of G). The kernel of this 

homomorphism is the group Z^iK; G). 

If now we form the factor group Z”{K; G), we obtain the n-dimen- 

sional (or nth) homology group of 1C over G, JJ^K; (?), also commonly called the 
nth Betti group of K over G. Evidently two elements of Z"(/f; <?), say Z\, 
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Zl ai'O in the same element of jr{K\ (T} if and only if Zl — ^2 is a bounding 
cycle. We express this fact by the relation 

(4.1) Z'l'^Zl, 

oallerl a homology or homology relaCton (compare II 5.5). The fact that a cycle 
Z" is an cloincnt of Q) may thcroforo be expressed by the relation Z" 0, 
and (4.1) may bo written in the form Z” — Zi'^ 0. In view of (3.2) this implies 
that relations such as (4.1) may be treated like ordinary algebraic equations so 
far as addition and transposition of elements arc concerned. And a useful 
corollary in the sequol 'will be that when wo desire to show that a single-valued 
mapping ^ of one group of cycles into another induces a homomorphism in the 
corresponding homology groups it is sufSciont to show that Z" 0 implies 
that ipiZ") ~ 0 . 

(A relation such as (4.1) may bo road ‘'Zl is homologous to Z 2 Z'l and 
Z2 are also called homologous cycles.) 

In case the group (?) has finite rank, then Iho minimum number in a 

complete set of linearly independent generators is called the n-diniensional Belli 
number of K over G and is denoted by p"(/C; G). (Also sometimes called “con¬ 
nectivity number”. For the case whore G is an algebraic field, a somewhat 
different definition is given bolow.) Otlienvisc wo may write p’‘{K; (7) = <» . 
Evidently for p’'(Ki (?) to be a positive integer k means that Ihoro exist a-cyelcss 
Zi , - • • , Z1 such that no homology of the form UiZ” -f- • • • 4 * ai.Z'l 0 (sxists, 
where the a's are intogci's not all zero, and such that if Z" is an arhitrajy ?i-eyele, 
then there exists a homology aZ" + 0|2? + • • • + ~ 0. In otlu'r words, 

if we call a sot of cj'cles Zx , ••• , Zl linearly independent relative lo homology 

( = Jirli) provided there does not exist any relation of the form atZ'l -|.|- 

~ 0, then p"(K', Gf) is tlic maximum number of n-cycles of K over G that 
are lirh. 

Frequently, in the sequel, when augmented comploxos are used, Lliis fatfi. is 
indicated by a subscript “a”j for e.xamplo, Hl{K] G), B2(K', G), p'l{K', G). 

t). Important special cases and geometric interpretations. The simph'st ras(i 
of the theory outlined above is illustrated by the finite complex and the addil-ivo 
group of integers mod 2 (cf. II 5). In all chains only the cooflicionts 0, I occair; 
thu.s the effect of orientation is eliminated inasmuch as ~a" = cr'\ Furtlior- 
more a geometric iuterprolation of Uic algebra is quite immediate, in that 
each ?i-chain may be considered as a selection or collection of certain siinplex(3s 
E”, and in a sum of chains the cells that have coofRcient 1 represent exactly 
those simplexos that have been “selected” in an odd number of the chains. 
In particular, relation (3.2) shows that the boundary of an 7 i-oliain, being the 
sum, mod 2 , of the boundai'ics of tlie individual a-colls, is simply the selection 
of those (n — l)-simplexes that occur in an odd number of the individual 
simplexes. This modulo 2 “combinatorial topology”, originally explored by 
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Tielzo, Veblon and Alexander, has consequently great advantages due to its 
simplicity, but as will bo pointed out below does not suffice to detect certain 
topological properties, and historically it contributed to some confusion in that 
the obviousness of the geometric intei’pi'etation of chain, bounding, etc., modulo 
2, retarded the necessary distinction between what is geometric and what is of 
purely algebraic character. 

As for the finite complex, evidently any ordinary geometric surface or solid 
which has boon "triangulated'' or cut up into a finite immber of nonintersecting 
totrahedra furnishes an illustration, if one selects the vertices of each edge, 
triangle and totrahcdi'on as the vertices of the 1-, 2~ and 3-simplexcs respec¬ 
tively. Tlie classical combinatorial topology was essentially a study of such 
configurations and their higher-dimensional analogues, and the proof that the 
Betti groups obtained are topologically invariant, not dependent upon, the 
particular mode of subdivision, was a central problem (and a difficult one). 
For exposition of the modulo 2 topology of finite complexes, the reader may be 
referred to the Colloquium volume of Veblen [V]. A brief but satisfactory 
account of the homology theory of finite complexes may also be found in Alex- 
androff [g]. 

liistorically, the additive group of integers took precedence as coefficient 
group (vide Poiiicard [a]; in thi,s paper "homologies” as iisctl above were intro¬ 
duced, l)ut the relations between chaius and their hounding cycles were repre¬ 
sent,ed by congruences C" = C'""'). Here orientation plays an important and 
significant role, and each s 3 ’’miiol o-" as well ns the polynomial da” becomes a 
eliain 'Pile orientation can 1 k‘ easily inlorprotod in an inductive manner, for 
n = I considming it as indicating dimetion from one vertex to nnotlior. 1'he 
appearance of ccr”, c a positive integer, in a chain can he interpreted as a selection 
or colh'ctiou of llu' corrf'sporulitig simplex c times; —ca’' ns the occurreiuio c 
timers of the oppositi'lv oriented .simplex. Tlie geometric significiuice of t!ie 
integer coeflicimits i.s well exemplified in such an elementary coinpli'x as that 
ohiaiiu'd I)}'- a Lriangulation of the projective plane. Here it will he found Lliat 
the (‘ 3 'cie mod 2 associated with a "straight line tlirougli infinity” t Lopulogicafly 
a circli’) is iinhoiinding, yielding p^{K; 0) = 1, whereas thi’ analogous cveli! 
ivilh infi'geis as coefficients has a "mulliplc” that bounds—~ 1)—riMuh'ring 
p'tA"; (?) == 0. Thi.s circumstance is described lus the pres<Micc of lorfiion in 
the surface, tlio coidfieiont 2 lieing called a l-duuensionat coefficient of lorfnon of 
the projective plane (see ^'^cblen [V, p. 119]). One may also compare the mod 
2 and integer lietLi groups of the torus and Klein bottle. For a discu.ssion of 
the.so mattor.s, especially as related to such 2-dimcnsional surfaces, the reader 
may consult Uic notes of Tucker [Tj; also Hilbert and Cohn-Vosson [H-C, 
Chap. 0] and Ker6kjdrt6 [K, IV]. 

It is a classical theorem that the 2-dimensional closed manifolds are char¬ 
acterized topologically by their l-dimensional Betti numbers mod 2 and their 
"oriontableness” (in the sense that a surface is called orientable when its sim- 
plexes E] can be so assigned orientations that d X) — 0* For surfaces in 
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euclidean 3-space, this coiiccpUoii coincides with “two-siclcdness”, so that all 
such surfaces arc oricntablo.) Cf. ICordlcjdrtd [K, TV]. 

It is now well known that for any finite complex the additive group of integers 
forms a "universal" coefficient group, in tJint knowledge of the grouj)s W'iK] I), 
where / is the group of integers, is sufficient to calculate the groups ir{K] G) 
for any coefliciont group G (cf. Lefschetz [L, lOOJ). 

It was shown by Alexander [b] that use of the integers mod in for arbitrarily 
largo in is sufficient for the determination of torsion in a finite compkix. And 
as shown by Steenrod [a], the additive group of real numbers modulo 1 (iso- 
morph of the group of rotations of a circle) forms a universal coefficient group 
for the homology theory of a compact metric space. 

The last mentioned group, that of the real numbers modulo 1, has a topo¬ 
logical character not evidenced in the prcviou.sly mentioned discrete coofiuiient 
groups—mod 2, integers, etc. It lacks the fundamoiitnl distributive ])i'oporty 
of algebraic rings, but possesses a continuity which cnii bo defined in an obvious 
manner by a fundamental iioigliborliood system. Indeed, when so set up as a 
topological space, it becomes both compact and metric (having a (lcnumeral)l(j 
fundamental neighborhood system), as well as connected. 

From the point of view of the present work, the case ^vherc the group G is an 
algebraic field (discrete), T, such as that of the rational numbers (originally 
introduced by Lefschetz [b]), and chains are finite is of paramount iinportauco. 
The chain groups C'iK] fF) then become vector spaces whose gcuicraiors are 
the cells o-" . The groups Z"{K\ S'), B’'{K\ fF) arc subspace,s of C\K\ fT). (Cycles 
Zi, • • ■ , Z'l arc called linearly independent rdalive to homology {(irh) if tlu'ro 
does not exist any relation of the form aiZI -!-■••+ n,Z'ii ~ 0, wluirc; tin' a’s 
are now elements of fT not all zero. Then, with tiie usual definition of (hnuinsion 
of a vector space, p"(/C; CF) = dimonsiou Z''(K; CT) - dim('n.siuii O’) for 

finite K. Wc shall go into these matters more fully later on, 

For an example of an infinite complex, wc may consickir any open Huifset P 
of the euclidean plane (compare II 5.12). Let T,, • ■ • , 'I\ , • • • b(' a .seipH'iHU^ 
of triangulations of tlie plane, each 7 ^ 4 ., being obtained from 'J\ by fnrfJier 
subdivision, such that if is the collection of simplexes in Tam but not in 
7 ’a , then the maximum diameter of simplexes in G^ approaciie.s zero fus 
For each k, let Kk be the complex obtained from the simploxc'^ of T, whieli he 
wholly in P. Then K = L4 is an infinite complex. Of simpler structure, 
however, and topologically as useful, is the complex obtained by sokK-ting for 
each Aah only those simplexes which were prc.sent in AT , and those .simplexe.s 
of 2 k M not occurring in Kf.. 

6. Some fundamental lemmas. Suppose K is a finite oriented complex with 
cells ,i = 1,2, • • • . Let us add to K a new vertex Vo and form a now complex 
i?, tile cone-coniplcx of K, as follows: If Wi, fa, • • • , v, are vortices of a simplex 
of K, tlien Vo ,v, , Vi, • • ■ ,Vr form a simplex of 2?. For each coll o-J of AT, define 
a now cell = vo<t\ ; i.e., if trl = ViVz • - • , then = voVi • • • Vr^i . 
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Tlio oriontcd complex R consisl^ of the new simplexos with coiTesponding cells 
so foi’mofl, togoihei' with the now vertex Vo and the original siraplexes with 
corres])onding colls of 7C; K is a subcomplex of it which may bo called the base 
of it. (Tlio complex it may also bo referred to as the join of K and Vq .) 

6.1 I/EMMA. For any finite oriented complex K, tlic groups //o(it; (?) all 
reduce to the identity. 

Proof. Treating it as an augraontod complex, wo define a mapping, /, of 
the r-chaina of it into the (r -p l)-cliains of R as follows; ~ Vo it c" 

is a coll having Vq as a vortex, then /(a-') ~ 0, but otherwise/(cr'') = Vof. The 
extension to arbitrary chains is made lincai'ly. Then for any chain C, 

(6.1a) df(C’) = cr ~f(dO, r ^ 0. 

Since d is linear, it sufRces to prove (6.1a) for the case where C' is a cell a-'. 
(Of course o-'’ may not be an r~chain, but this does not invalidate the argument.) 
Suppose <r' = v,,v„ ' ’ - v„ ,0 < io < ii < • • • < ir ■ Then f(a-') ~ VoV,, ■ • ■ v,, 
and dJia) == v’' - v,. ~ a - fide). (By the symbol 

i)x, wo indicate that y,, is deleted.) On the other hand, if f • • • v,, , 

0 < fi < ■ • • < ir , thon/(cr’') * 0 = df(<r'). IIcJicc we must show that a = 
f(d<T"). Now or = r,. . ■ ■ v„ - 2 ^ 1-1 {~l)Vo- ■■ 0., ■■■ v„ ; hence by defini¬ 
tion, fiOff") = yoi'.. v„ - c\ 

To coinploUi the proof of tho lemma wo ncocl only notice that if in ( 6 , la) 
the chain C' i.s a tycle, then 0f{C') == C'. 

6.2 ('OHOLLAttV. The (augmented) homology groups of the comple-v consisting 
of a single oriented simplex are all zero. 

Ui'!AiAUic 'i’he mapping / u.sccl in Uie proof of I.(‘tnm.a (5.1 i.s a spoiu.il (‘iiso of 
a ebuin-mappiiuf, i o., a homomorphi.sm of one cliain-Hroup into another, 
llsiijilly the ci]iain-grouj)s involved belong to diffeiTiit complexes, ho.ve\er. Tlio 
case (excinjililied above) wlierc the homomorpliistn is mlo a grouii of one 
dimension luglit'r i.s a common one, and the simpU'st e-iie tlien'in oecnrs whim 
the inajiping eommiitcs with the bouiulari' operator <1/ = JO. I'lns eom- 
mutalivily also occurs in simplieial mappings: 

6 ..3 DioFTNrriox. Let K and K' be oriented complexes, and to cjuh verte.x 
V of K kd correspond a vertex F ~ f(v) of K' in sucli a way that if Co . • • > 
arc vertices of a .simplex of K, then lo , • , ot , whether distinct or not, 

arc vertices of a simplex of K'. Now suppose <r' = CoCi ■ • • isi a cell of K. 
If the v( , i = 0, ‘ , r, are not all distinct, dofine /(a") = 0; if they are 

di.stinct, they form a cell a" (or — v"") of K' and we define/(tr’’) = a" (or — cr"', 
as the case may bo), and/( — tr'') = —o-"" (or </'). Then / is called a simpheial 
mapping of 7C into K'. We may use the symbols / : AT —> 7C' to express the fact 
that / is a simplieial mapping of 7C into 7C. Finally, if — X) ^ chain 

of 7C, wo define <fi(Cf - 2 9'fWd> where by convention • 0 = 0 and g-i~r) = 
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—ga'. Such a mapping tp is called the cJiain-mapping of C'(K; (?) into CiK'; G_ 
induced by the siinplicial mapping/. Such a mapping may be denoted by tin 
symbols ^ ; C'{K\ (?) —^ Cr{K'] (?). 

6.4 Lemma. If K aitd K' are complexes, and / a simpUcial mapping of li 
inlo K', then the chaiti-mapping <p : C'(K; G) C^K'', G) minced byfcommulei 
wilh d. 

Wo leave the details of the proof to tho readci'. 

As a coi’ollarj', such a mapping <p induces a homomorphism of ir(K; G) into 
jrQC] G). 

In tho sequel, we shall ordinarily use / throughout instead of / and (p\ it will 
be understood that if / is a simplicinf mapping of K into K', then f{G) really 
means the tp{G) defined above, etc. 

With a simplicial mapping f : K K' wo may associate a third complex, 
the defonnalion-cojuplex. Let the verti9e3 of K' be ordered, and thou order the 
vertices of K so that if Vi < , then/(»i) S f(h) in Tiion if v,^ • ■ • v,„ , 

io < • • • < in, is a simplex of K, the collection of simploxes v,, • ■ - ■ v',„ 

(where the v' syinbol indicates a vertex of K') together witli their faces foim.s 
an (w 4- l)-complex, and the totality of tliesc over IC forms the dcforination- 
complex D/<. Thus IDA' contains simplexes of both I( and IC (all of tlie former), 
ns well as new simploxes. The now simplexes may bo oriented, and with tho 
old orientation of the simplexes of K and IC, 3)K becomes an orioiited comi)lex. 

If £r" = u,, ■ ■ • v,„ is a cell of IC, then SD^" = 22/'-o (“l)'i'.o ■ - ■ 

(with the convention that colls with nondistincL vertices become ^joro) is callod 
the dcformation-chain of <r" induced by / (it is not nocossarily an ehunent of 
C"'(£DlC; G), of course). 

6.6 Lemma, /// is a simplicial mapping of K into IC, a" is a evil of K, and 
©ff" the dcformalion-chain of <r" induced by f, then OSDo-" *= f{a'‘) — a" — iDdc". 

The extension of SD to a mapping of chains is made in linear fashion, and 
thereby a chain-mapping of (?"(A; G) into C'"‘(IDIC; (?) induced. And wo then 
have: 

6.6 Lemma. Under Ihc hypothesis of Lemma 6.5, if C" G. G'\K\ (/), then 
aDC" = /(C") - C" - £Dc)C'". 

In ])articular, if C" is a cycle, dC” = 0 and we have: 

6.7 Lemma. If f is a simpUcial mapping of K inlo 1C ami 7J' is a cycle of 
K, ihenZ" -'/(Z™) on SDTf. 

Remark. It may occur to the reader that a relation such as that in Lemma 
6.6 is probably a special case of a relation involving two mappings, f and g. 
If wo consider / as a mapping of K into a)A, and g ns the identity mapping on 
K, then the relation mentioned becomes ()£)(?" = /(C"‘) - g{C'‘) — S)dC". In 
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the sequel wo enoountcr just such I'elations (sec the proof of Tlroorem 7.2 below). 

In gonoral, if / and g are mappings of Cf) into G), whore K and 

K' are any two complexes, and if there exists a mapping D of Q) into 

(?) such that = /(C") - g{(T) - ^dC", then / and g are called 
chairi-homoto'pic. Evidently from this definition follows: 

6.8 Lemma. If f and g are chain-homotopic mappings {that conwiule with d) 
of G) into C^iK'; G), Ihenf and g induce Oie same homomorphism of ir{K\ G) 
into ir{K'\ G). 

7 . 6ech cycles and homology groups. We next define the typo of cycle in- 
introduced by Cecil for general spaces. We first give the mode of definition 
duo to Ceoh. 

In general, spaces will be Hausdorff. And throughout the present section, a 
covering of a space will be a covering by a finite number of open sets (fcos). 
Coverings will be denoted by Goiman capitals U, iB, • • • , and their elements 
(the individual open sets) will bo denoted by italic capitals U, V, • • • . If 
every element of a covering 93 is a subset of some element of U, then 93 will 
be called a refinement of U; this will bo symbolized 93 > U. If 93 is a refine¬ 
ment of every covering of a collection {U.}, tlion 93 will be called a common 
rofinomont of the coverings IL . That © is a common refinement of the cover¬ 
ings Ui, • • • , Ufe will be denoted by the symbols 95 > (Uj, • • • , U*)- We 
denote the collection of all coverings of the space by 2 . If U, 93 S -h i-hen 
by U n 93 will be mount the covering consisting of all nonempty sots V r\ V 
such that U £ U, 7 £ 93. Evidently U H 93 > (U, 95). Tims 

7.0 Every finite set of covervtgs has a ronmon refinement. 

7 1 Ccch cycles. I.ct U £ 2 . Wo may tldnlc of U as eonsLiluting a com¬ 
plex if wo let each t/ £ ll be called a “vertex”, and a collodion 7o , , • • • , 

U„ eonstiluto an n-simplex if their nucleus n. U, 5 ^ 0 . W{* shall spi'alc henco- 
fortli of chains of U, etc , moaning cliains of the complex 11. And we .shall use 
U to denolo bolh the covering and the complex, the context should make clear 
in each ca.se which of the two meanings is indicated 

If 93 > U, a projection of 93 into 11 will bo a simpllcial mapping of 95 
into U such that if T’’ £ 93, then ttuc V Z) V. Since projections are not usually 
unique, of fundamental importance is the llicoi*cm: 

7.2 Tiibokem. If ^ > U, then all projections of 93 into U induce the same 
homomorphism of ITifB] G) into //"(U; G). Hence if z" is a cycle of 93, then 
for every pair of projections ttj , TTa o/ 95 inio U, viz" ~ 

Proof. Lot the elements of 95 bo ordered: 7i , Pa > • ■ • , and let ttiV, ttsV 
be denoted by U, U', respectively. (Note that V C. U r\ (/'.) 

If ijff" ~ 7<.7,. < • • • 7,. ,«o <f, • •' <f,,isaposiUvely or negatively oriented 
cell of 93, let P(i?0 be defined by 

(7.2a) P(,<r") = P(V<.V,. ■ ■ ■ V,.) = r, £ (-!)'£/,. • • ■ ■ ■ ■ U{., 
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wiUi the convention that ovory term in iho right-hand incrabcr of (7.2a) whoso 
VGi'tices are not all distinct is zero. Since H • r\ Uf, r\ U', r\ • • • r\ 
U'{„ D y,„ r\ • ■ ’ r\Vi, r\ n j each tem on the right of (7.2a) is a 
positively or negatively oriented cell of U or zero. If P is extoncled linearly to 
chains of there is obtained a dmin-mapping of (7"(23) into C"'* ^(U). This is a 
liomomorpliism such that 

(7.2b) dPiCT) = nC” - - PidC"). 

rioncG TTi and ttj arc oliain-homotopic and tlio theorem follows from Lemma G.8. 

7.3 Definition. An n-dimensional Cooh cycle, or C-cycU of a space S is 
a collection {*"(Xl)|, It G S, where «!"CU) is a cycle of U called tho coordinate 
of the cycle on U, and such that if 9? > U, then 7rii02’'(iB) ^ ^"(U) on U. By 
Theorem 7.2 tliis homology ia indepondont of the particular projection em¬ 
ployed. Instead of "n-dimcnsional Cech eyclo’^ wo may say “Coch ?i-oyclo”. 
It must be emphasised that a C-cycle has a coordinate on every U G S. 

rf2,=^ \?A{l\)\,Z^= {2SCU)|arotwoO-cycle3of;S, thcnwolot^f, = 
[Zi(]X) 4~ ^S(U)), and in towns of this addition we obtain the group ^”(.8; G) 
of n-dimeiisional C-oycIes of S. In order to obtain a liomology groii}) Il'iS; G), 
we dofmo 0 on to mean that for every U, Zi(Xl) ^ 0 on U. Tlion if iI”(iS;<7) 
is tho group of all C-oyelos that arc 0 on S, ir{8;0) is Z"{S;0)/B''{iH'^i'). 
Tho coiTcspoiidiiig Betti number (§4) is denoted by p'‘(;S;0). 

7.4 DisriNiTioN. Lot 2' C 2. Then 2)' will bo called a complete family of 
covenngs of 5 if for every U G S there exists U' G such tliat IV > U. 

Evidently by restricting tho choice of coordinates to cycles on the elements 
of a complete family 2', cycles similar to the C-cyclcs and tlioir com‘.si)on(ling 
homology groups may be defined, and it i.s important to notice tliat the homology 
groups defined thus witli respect to a complete family are i.somorphic with 
those determined by X. 

7.5 'I'liEORiCM. The homology group IPiS; (?) and the n'dimonsiomil homology 
group determined by a complete family of covmn^s are isomorphic. 

Pkoof If l3'‘(U)} is a C-cycIc, then tlio collection {2"(U')j, IV 2)', is a 
cycle on and evidontly if | 2 "(U)} ~ 0, tiicn {2’‘(1V)1 0 on 2;'. In tliis 

manner tliere is determined a homomorphism of /7’'(»S; G) into the n-dimeii- 
sioual homology group deleiminod by 2)'. 

This is also a homomorphism “onto." For lot tlie collection {2'‘(IV)} ho 
given, For lie 2, let IV e S'be such that IV > U, and H 2 '‘(U) = 7ru,rF‘(lV). 
By Theorem 7.2, 2 '‘(U) is independent of tho choice of ttuu' , so far as homology 
is concerned. To sliow independence of tlio choice of IV, let bo any other 
element of S' such that 53' > U. Lot 5B' 6 S' bo such that > (IV, 53') 
(7.0). By Theorem 7.2, 

(7.5a) 7ri[ti'7ru(B)f2"(2!B') iru0-TriQ»0j»2"(5B'), 
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(7.6b) 

(7.6c) Tai,*a'2''(S[B0 ^W)- 

Applying 7riut> to both sides of (7.6b) and irai8» lo both sides of (7.6o), it follows 
from (7.6a) that ttuu'^’XU') 7ruo'2“(®0 on U, so that the homology class of 
U determined is independent of U'. 

The collection {^"(U)} thus dotormined is a (7-cyclo. Supposo 25 > U, U, 
25 6 S. Let U' ^ S' be such that U' > 25. As shown in the previous paragraph 
^"(25) and thoroforc 7rnH'2"(tl') ~ ir««^a)ii' 2 "(U 0 7riiiu2'‘(25). 

Again, by the preceding paragraph, honco 2 "(U) 

7riisj2”(25). Thus {^"(U) | is a C-cyclo, and in the above homomorphism it maps 
into the class determined by the given {^"(UO}* 

Finally, if the cycle {2:"(U')J on S' is ~ 0 on S', then the cycle {z"(U)} ~ 0. 
For if IV > U, and there exists a chain c”''*(U') on U' such that de"^\lV) == 
2"(U0) then (since dr = ird by Lemma 6.4) 3jriia'C"‘^*(U') — 7ruu'^’‘(U0- Thus 
2 ’‘(U) vruu. 2 ’‘(lV) 0. It follows that tlic homomorphism defined al)Ovo is 
one-to-one and therefore an isomorphism. 

One application of Theorem 7.6 that is worthy of note is that to the homology 
theory of compact metric spaces. In this ease, the group //"(»S'; (?) is (leLorminod 
by the (7-eyclos defined on a countable set of coverings. 

7.0 Definition. If il/ C U G S, then a <r" = UoT/i ■ ■ ■ U„ (U, G U), 
and the corre.sponding simplex, will be said lo bo on Af if the nucleus ^^.o l^, 
me('ts il/. A chain (/V, will lie said to be on A/ if cacli o7 for wliicli r/' 0 is 

on M. Since the nuckais of a simplex is an open set, a .simplex or cell is on .1/ 
if and only if it is on M. 

An equivalent procedure is to lot U A il/ be the comiilox coiisisling of all 
simi)lexes of U that arc on M, and lo lot a chain of U be a eliain on M if and 
only if it is a chain of U A AI. By U H il/ we donoto { U\(U G U) it (f/ O 
M ^ 0 ). 

7.7 Supposo that L C At C -S', and that s^fU) is a chain of U which is also 
a chain on AI, and .suppo.so further that c)2"(U) is on L. Then wo call 2 '’(ll) a 
cycle mod L on AI of U. Such a “cycle” may bo called a rdulirc cycle. jVnd if 
c"(U) is a chain on At such that 3c"(U) = 2 "“'(U) + 7 "~\ where y*’' is on L, 
then we say that c)c”(U) = 2 "“‘(U) mod L and that 2 "“*(Xl) ^ 0 mod L (or 
“bounds mod L”) on AI. Such a homology may bo called a relative homology 
(i.c., relative to L). The n-cyclcs mod L on M of U form a group 7j''{AI, L; G, U), 
and those that are ~ 0 mod L on AI form a group jB"(Ar, L; (?, U). The factor 
group Z^iAI, L; G, ]X)/B'‘{AI, L; G, U) is tho nth homology group of il/ mod 
L on U, H'\AI, L) G, U). 

7.8 In order to extend those “relativo" ideas to tho C-oyclos, supposo 25 > U 
and that 2"(25) is a cycle mod L on Ad. Noting that projection has the eJJ'eol of 
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enlarging nuclei^ it is clear ihal 7ruia2!"(^) will bo a chain on M and that 7ri|iuc)^’‘C^ 
will bo a chain on L, and coiiscquontly 7rus!3"(95) will bo a cycle mod L on M, 

7.9 I’liEOiiEM. If % > U, then all projections of into U induce Ihe sanu 

homomorphism oflf'iM, L; G, 95) into //"(il/, 1] G, U). Ifence if 3'‘(93) is a q/ch 
mod L on M and ti , irg are projections of 93 into U, 7ri2;'‘(93) 7r22!"(93) mod L on M 

PiiooF. The proof follows that of Theorem 7.2 through relation (7.2b) 
Relation (7.2b) gives 

(7.9a) aP(/(93)) - T2 s"(93) - - HOm))- 

|t follows from the definition of P (7.2a) that if a chain C''(93) is on L, then 
P(C"(93)) is on L, Hence P(cl2'‘(93)) is on L, and (7.9a) gives 

3P(2’'(93)) - t 22’'(95) ~ 7ri2"(95) mod L 

and hence 

ti 2''(93) Tr33"(93) mod L on M. 

7.10 Definition. As a result of Theorem 7.9 wo may define an ?i-dimon- 

sional C'Cycle mod L on AT as a collection of chains f^XU)), U E such that: 
(1) 2 "(U) is a cycle mod L oiiM, and (2) if 93 > U, tlien 7riis]2’'(93) ^ s'‘(lt) mod 
L on M, And wo dofino {a"(^l)} ~ 0 mod L on M to mean that each «"(ll) ^ 0 
mod L on M for all U. The additive group of C-cyclos mod L on il/, wliicli wo 
donoio by M, L; 0), is dofined in an obvious manner, as is tlio group 
B"(5; M, L] 0) of C'-oycIcs mod L on flf that aro 0 mod L on M. And tiui 
homology group ir{S] M, h\ Q) = Z^S’, M, L; M, L; G) is calNul tlui 

7 irdmen8ional homology group of 8 mod L on M. 

If K C L> then a cycle mod K on M is also a eyclo mod L on M ; and if a 
oyclo mod K on M i,s 0 mod K on M, it is necessarily 0 mod L on M. 'I’lns 
coiTOspondcnco induces a lioniomorpliism of /Z"(»S; A'; r?) into ir{8\ A; G). 

In general this homomorphism is not "onto,” ns simple ()xam])l(‘s show. In 
parlieular the group Jr{S\ ilf, 0; G) dctorminocl by cycles mod 0 (the (‘inpty 
sot) on M, which wo may call ahsohite cycles of S on M, map.s homoinorphieally 
into every I-PiS; M, L; G) in a natural way. Evidently /P(*S’; G) and //"(A'; 
S, 0; (?) are the same groups. 

As m the case of the absolute C-cyclos of S itself, wo may, by restricting the 
choice of coordinates to those on the oloments of a complete family of coverings 
X', dofino relative cycles and homology groups on S'. And the proof of tho 
following theorem is the same as that of Thoorem 7.5, except that all homologies, 
etc,, are "mod L on il/.” 

7.11 Theoiiem. There exists an isomorphism between ir{S; M, L\ G) and 
the corresponding n-dwiensional homology group determined by a complete family 
of covenngs of S, 

7.12 Remark. The groups defined above, although sufficiently general for 
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purposes of the present discussion, are not the most general that we shall need 
ill later chapters. Frequently, as when the space S under discussion is fixed, 
we may abbreviate the paronthotical (S; M, L; (?) in the above group symbols 
1,0 (M, L; G); and if, in addition, C? is fixed, it may be further abbreviated to 
(M, L). These conventions will bo particularly valuable when the greater 
gonerali1.y mentioned above makes necessary tlie introduction of more symbols 
for the sots involved. 

8. Covering lemmas. Certain existence theorems concerning coverings of 
compact or locally compact space.? will be inserted at tliis point. The coverings 
considered in this section are not assumed to be finite unless so specified. 

8.1 Definition. If U and 53 ai'e coverings of a space S such that the 
closure of each clement of 53 is a subset of some element of U, then 55 will be called 
a closure refinement of U; symbolically, 53» U. 

The proof of the following lemma should be obvious. 

8.2 Lemma. // S is a regular space, Uien every covering of S has a closure 
refinement. 

However, for compact spaces, a mucli .stronger theorem is provable: 

8.3 Lemma. If ll is a finite covering of a normal space S, then for each Ui ^ U 
(here c.xisl.s an open set U[ such that U, ^ U', and the collcclion {U',\ covcis S 

Puoor. Dcuolo the elcinonls of U by If . ••• , U„, . Since >S normal, 
iIku'C an o{)on set Ui .'aicli that (f — KjT.t U, C. Ui Q Ui . _ 

Suppewe C'l , • ■ • , Hf-i , k % m, have* been dolined .so tluit U, ^ U[ , and 
llio se(H I’i , ■ ■ ■ , Vi-x , l\ , ••• , l\ form a covering Ih., of S. Then we 
may didino U[ rohiLive to 1U_, just its V[ uas flcfmcd above rolulive to ll. 

Hemauk. In view of Theorem III t.27. IxMiima 8 3 hold.? for every eonipaet 
Ilausdorff si)aco *S. 

8*1 Dj’.vrNiTioN. If U is any coHeelion of sets and .1/ an arbitrary set, 
Liien by St(d/, U) wc denote the union of all elements of U that meet .1/. If 
U and 5b arc coverings of a space ,S, then by SL(53, U) wo denote the covering 
whose elcmont.s arc the sets St(F, U), V £ 53. 

8 5 Definition. If U and 53 are eovenngs of a space S such that St 
(53 , 53) > U, then we call 53 a slar-rejinemenl of U; in symbols, 53 >’* U. 

8,6 Lemma. Evei-y finite covering U of a compact Haiisdorff space has a star- 
refinement. 

Peoof. Using the symbols of the statement of Lemma 8 3, for each .r G 5 
let 
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Let S3 be a finite collootion of the sets covering S, and for any G S3, 
suppose G S3 such that y, O 5 ^ 0, V„. Let Ui bo such that 

xGU',. By (8.6a)j C U^t^and hence y e else by (8.0a) V,CS ~ U!, 
and 7, O 7„ = 0. Buty G Ui implies, by (8.6a), that 7„ C Ui . 

8.7 Lemma. If F is a compact stibsei of a locally comyacl space S and U is 
a covering of S, then there exists a covering B of S and an open set Q containing 
F such that (1) S3 > U, (2) only a finite nwnher of elements of S5 meet Q, and (3) 
if the mcclevs of a simplex of S3 inccis Q, then it meets F. 

Proof. TIiotc exists an open sot P containing F siicli that P is compact. 
Each point of P is in an open sot with compact closure wliichjs a subset of an 
elomont of U, and eomo finite collation U' of tlicso .sot.s covers P. Tlic elements 
of U' together with all sets U — P, U ^ ll, form_a collection SB > U covering 
S only a finite number of whoso olomeni^ meet P. If is a .simplex of U', 
denote its nucleus by AT?. And if N{ moots F, lot G F A N', ; otherwise, lot 
p" denote any point of N{. Let M denote the finite point .sot [J p\ . 

Denoting the elomonts of IP by C/i, • • ^ , ■ • • , Uk, wc may re[)lac(^, stop- 

wise a§_in the proof of Lemma 8.^each Cf, by an open sot IJ[ sucli that (1) 
t/. D 17;, (2) V[D{MrhU,)\J{P ~ U;:l l/J - Vd. TIig resulting 

collection {17;} togotlior with the elomonts of SB that do not moot V foi-m (lie 
desired collection S3. 

Now suppose a simply E'f = UifJi " • Ui oiB has a mirhuis Q\ that do(\s 
not m£Ct /'\_Thon . 1 : G F would imply a; G f/o A f/, A • • • A 1 ^ = A7 , 
since Q: C 175 A ■ ■ • A ?/; C f/o n ■ • ■ A U, - iV;. Bid Hx'u /-' A A7 0, 
implying pj G 175 A ■ - • A f/J = Qf; i.c., <9]_A F 0. Wo imi^i odiicluilo, 
then, that if a nucleus Qf fails to meet F, then A F — 0. hot Q bo auy open 
subset of P which contains F and meets no Q'l that fails to m(!o(, F. 

8.8 Lexima. If F is a compact subset of a locally comparl .^pacr S and U 
is a covering of S, then there exists a covenng SB of S such that Si3 > 11, and any 
set of elements of that meet F have a nonempty nucleus only if this nude ns nurls F. 

(It will bo evident from tho proof that only n finite nuinix'r of (‘I(‘in(‘nls of 
SB meet F — indeed, some open sol Q containing F.) 

Proof. Wo obtain tho covering $5 and opon .set Q as in tho jii-oof of 
•Lemma 8.7. As shown there, a sot of elomonts Ui has nucleus Q\ niootiiig F 
only if the same held for the nucleus A7f in 17. And by the way Q was solcctod, 
a Q; must meet F if it n^ts <3; i.e., nuclei of simplc.xcs of S3 either moot Q and 
honco F, or lie in S — Q. If we replace each Vi by Ui' = Ui r\ Q, and lot 
Ui — F = Vy, then tho covering SB consisting of the elements of S3 with each 
U{ replaced by U',' and V" is a covoi'ing of the desired type. 

Let us call a covering such as tho covering SB of Lemma 8.8 regular imih 
respect to F) i.e., SB is regular with inspect to F if every simplex of SB all of 
whose vertices meet F is o?i F in tho sense defined in 7.6. 



[9] 


VECTOR SPACES 


135 


8.9 Lemma. If F is a compact s^set of a localli/ compact space S, then the 
covmngs of S that are regular with respect to Fform a complete family of coverings 
for S] and their intersections with Fform a compUie family of coverings for F. 

Proof. The first half of the conclusion follows from Lemma 8.8. As for 
the second half: If U is a coveimg of F by open subsets of F, then each element 
C/ of U is the intersection with F of the set 5 — — XJ) which is open in S. 

Hence the collection (*S - {F ~ U)],U ^ U, is a covoring iB of S, and by 
Lemma 8.8 there exists a refinement SB of 93 that is regular with respect to 
F. For each T7 E 9B, the set IF A is open in F, and the collection of these 
that are not empty is a refinement of U. 

8.10 Corollary. If F is a compact subset of a locally compact space S, then 
the homology groups obtained by using cycles and chains of S on F arc isomorphic 
with the groups obtained by using coverings of F. 

8.11 Remark. As a consequence of Corollary 8.10, wo may in the sequel 
when discussing homology groups, or individual cj^cles and chains, pass from 
coverings of a locally compact space to coverings of its compact subsets, and 
conversely, without explicit mention of its jiisUfication above. 

The conclusions of 8.7-8.10 continue to hold if S is a normal space, F a closed 
subset of S, and U a fco.s. 

9. Vector spaces. Suppose tliat the cooflicient group used in tiic definitions 
of cycles, homologies, etc., is an algclwnic field JF. Then if {^’'(11)} is a C-cyclo 
mod L on il/, and f we define 

(9 a) /{AU)} = (AMOI: 

if c” c'ffi , then ac” — , for all dements a, c of 3". "With 

this convention, the additive group of C'-cyelos mod L on J/ l)ecoin('s a vector 
space V over i e, satisfies, in addition to tho proix'rty of ijoing an additive 
abelian group, the following (1) for every/ E tF, y G T',/i' is a iimqiio element 
of T’, {2) for all a,h ^ v ^ V, a{bi') — iab)v, (3) for all n, 5 E tf. r E L, 
(a -f- h)v = av -f bv, (I) for all a E S', r, , v, E I', u(<’i + I’a) == m'l + avt ; 
and (5) 1 - y — v for all v E T- 

The pioperties just stated of a vector space I" imply that every finite linear 
combination fiVi +•••-[- f^vt (/'s E v’s E I”) is a unique element of 1', 
and that if 0 is the zero element of then V has a unique element d such that 
0 • r = b 1^01’ ^11 ^ G /0 = 0 for all / E 5F. Inasmuch as no confusion 

should result, wo use 0 instead of ^ liereafter, while continuing to use the same 
symbol for the zero element of SF. 

9.1 A set {y,.), finite or infinite, of elements of F is called linearly independent 
if there exists no finite relation of the form 


(9.1a) 


/iv, -H • • • + /*y* = 0, /’s E Fa E 
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unless/i = • • • = /fc = 0. If every y G is expressible in the form 

(9.1b) y = /iWi + • ■ • + M . /'s G 3^, v’a G j 

and the set of elements {y,} are linearly inclopondent, then the sot {y^} is called 
a base for V. Altlioiigli there may bo various bases for V, the cardinal number 
of elements in a base is invariant for fixed V (soo the proof by Chevallcy in 
Lofschetz [L, pp. 73-74]), and is called tho dimension of 7. If V and V' arc 
vector spaces over of the same dimension, then lliere exists a linear isomorphism 
between 7 and 7'; that is, a (l“l)-corrospondGnco (p \ V V' that is not 
only an isomorphism in the sense of the additive group, but satisfies the condi¬ 
tion that Mv) — <p(fv) for all / G ff) ^ G 7 (it being easily shown that as a 
consequence ~ for all / G S' and v' G V'). Of counso such 

an isomorphism is rather arbitrary, being obtained by proceeding from an 
arbitrary definition of <p over tho bases for 7 and V' and extending it by linearity 
to the remaining elements, 

9.2 If 7, is a subset of the vector space V, then 7, is a suhspace of V if 

and only if Vi , G V, imply that v^ + Vs E 7, and Vi G T’l , / G 3 imply 
ihat/yi G 7, . TJio additive factor group II — 7/7j is made a vector space 
over JF in a natural manner by letting, for each cosot [h] G II) the cicmont 
f[h] bo tliQ ooset determined by |//i} for any olomont h of {/i| (easily prev(Ml 
indepondont of tho choice of h in tho cosot). Then dimension II = diimmsioii 
V — dimension 7i . In particular, if 7 « Z'^iS] HI, L; IF) and V'l = 
j5"(iS; il/, L; O'), then H is tho homology group IT'{S; M, L] {F) and tlic dimension 
of II will bo callod tho “Betti number" and bo clonotod by p"(*S'; M, L; sT). 
These may bo abbreviated to ir(S', fF) and p’'(S; IT) when M = S and L — 0; 
and ultimately to p"{S) when O' is fixed (cf. 18,17 below). ClycN's ihat 

are elements of linoarly independent olcmcnts of tho space xl/, A; fF) will 
be callod linearly independent relalivo lo homoloQy (lirh). A base for //'*(*'''; 

L; S') will bo callod a homology base for S. 

9.3 A Jlal of a vector space 7 is a cosot modulo somo suhspace V',. A iieces- 
sary and suflicicnt condition that 7 C 7 bo a flat of 7 is that there exist a 
suhspace 7, and a* G 7 such that 7, -f- .i‘ — 7. Tho elcm(mt x, in case F is a 
fiat, can be taken to be any element whatsoever of F, and conso(iu('nLly if Fi 
and I'\ are fiats having a common olomcnt x, then 7, = 7, d- .r, I<\ = 7^ -|- x, 
where 7, and 72 arc subspacos, so that A, F-i = 7, H Va + .r. .Siiu'(! Llio 
common part of any number of subspaccs is a subspaco of 7, it follows that 
the common part of any number of flats, if not empty, is again a fiat. Nolo 
that, in particular, every y G 7 is a flat, and that every subspace is a flat. 

Suppose 7 is a finito-climcnsional vector space with given base B. 'I'hon a 
proper subspacc 7, of 7, if not tho element 0, has a base which, although not 
necessarily a subset of B, has fewer elements tlmia B. Hence, if 7 == 7o 3 
7i 3 72 3 • • • is a sequence of subspaces such that, for each i, 7,+, is a proper 
subspacc of 7, , the number of terms in tho scqiionco is necessarily finite. 
Now suppose (7^) is any collection of subspaccs of 7, and let V' = (^ 7„ . 
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Solcct any Vi G and suppose Vi — V' ^ 0. Then if Xi G — V', 
there must exist Va G {F,} such that Xi ^ Fg. Now if 7i Fa — 7^ 7 ^ 0, 
lot Xa G 1^1 n Fa — 7^ Then tliere will exist 7a G {7,} such that Xa $ Fa. 
Continuing in this manner, we generate a decreasing sequence of subspaces, 
7 D FiID 7i n Fa D 7, n 7a n Fa D • • ■ which, as shown above, must 
bo finite. Wo have, thoroforo, that 

9.4 If {F,{ is a collection of subspaces of the finite-dimensional vector space V, 
then there exists a finite nwinher of subspaces 7i, • • • , 7, , • • • , 7^ G {FJ such 

mtriv, = rx.^vt. 

More generally, a decreasing soquonco of flats of a finite-dimensional vector 
space must be finite, and 

9.6 The common part of any set of flats of a finite-dimensional vector space is 
identical with the common part of a finite number of them. 

9.6 If K is a finite complex, then the chain group IF) is a vector space 
over S' whoso dimouaion is the number of w-dimensional cells of K, inasmuch 
as those form a base. The .subspacc Z^iK; J) is thei^foro of finite dimension. 
Suppose F a flat in V « Z^iK; S'), ami let F* denote the set F augmented by 
homology; i.e., augmented by the adtliLion of cveiy 2 G F which is homologous 
to an element of F. Being a flat, F = T', -f- x, whore F, is a .subspaco of F 
and X G F. We .shall show that if Ff denotes the sot F, augimmLed by homology, 
then 7,*“ is a suhspaco of 1'’, and that F*' = Vt -I- x, and consequently thal F* 
i.s a flat. 

(1) F^ C. \ 'i* d- .V. For G F* im|>Ii(;s tiiat there exists .Vi G F such tliat 
x' ~ .I’l . But .Vi G F impli(?s lhat there exists I’l G F, .sucli that X\ = r, + -r 
C'oiisetiuenlly .r'** r, + x, implying that.r'' — .c Vy ; lienee that .r*' -* x G I f 
ami therefore .i'*' G Ff H- . 1 . 

(2) F* D \'t H- X. For v* G Ff -|- .c implies that tlu'n' exist.s if G F^ 
such Lhat v* — v* + .r. But if G Ff implies Lhat there exists y, G F, siieli LliaL 
rf I'l . lienee v' ~ r, -h x G F, and Iienec v* G F^. 

(3) Jf I’l is a subspace, then Ff is a subspace (a) I.et.r'’, G Ff. Then 

.i’ ~ .1 G Fi and //'*' 1 / G F, . IJenee -p y* -- x -h ,(/ G Fi , implying 

tluU .id' + G Ff. (b) x'' G y* implies that .i'" x G Fi , lioiice /.r'^ 

fx G Fi {/ G ff), implying^* G T'f. 

9.7 The result of augmenting by homology a fiat in the vector space Z'fK; fF) 
is again a flat. 

9.8 Suppose U and 33 are finite coverings of a space »S such that 33 > U, and 
let F he a fiat of Che vector space ^"{23; ff). Then is a flat in Z'‘(U; S'). 

For by definition F = Zi z whore Ziisa subspace of ^"(25; 5F) and z ^ F. 
Then x G F implies that x — Z\ z whore 2 i G Zi and ttuwX = ttuo^i + 7ruiB2. 
Thus iTitaF = TTiu^i + 7rtio2. But ffuaZj is a subspace of 2"(U; tF). For if 
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X, y G. , tlion TTnaX + TTnoj/ = y) G. aiid/TTiisja; ~ Truai/o; G 

iramZiif G ff), Heiico ttuo^' is a flat. 

9.9 It will bo noted, too, that although for two different projections tti , 

TTa of typo Tm , tliG sots Tni^*, Ta^ may bo different, on the other hand, [tti/'T’ " 
[TTa/i’]*. For xt G implies that xt ^ *1 = whom £i G F. But as 
previously shown (Thoorom 7.2), nZt ^ > honco a;* TPa^i G and 

consequently G WaF]*. 

9.10 Definition. If iS > U and are cycles mod L on il/ such 

that ttho^’^C®) 2 '‘(U) mod h on Af, then z\^) is called a successor of g’‘(U). 

9.11 If SB > U, and /(U) is a cycle mod L on M of U, then the sot of all 
sueGc.ssor3 of 3’’(U) in S=) is a flat, which, incidonlally, is also the sot of all 
successors in ff) of [:s”(U)]*. The proof of this will he loft to the reader. 

RemabK- Although tho iast few paragraphs gonorally iiso the terminology 
of absolute cycles, tho results stated hold equally well for cyckis mod L on il/, 
homology mod L on M, etc. 

10. Existence theorems. In tho theorems of this section, ^ will (lenote tlio 
set of all fcos of some space S; and if SB > Uaiid F(^) is a fiat in /?'‘(d/, L; fT, yi), 
then by 7riifflF(iB) will bo understood tho set {« ] s - TrnstZi,Zi G 

10.1 Theoiiem. Let {F(U)}, tt G S, 6e a collection of noncmply flats such 

that for every U G S, F(U) C A; ff, U) mid F(Vl) - [/'’(U)]': mul such 

that ^/ 93 > U, then iruaFC®) C F(U). Then for each U, there ( nsh a cycle 
2 "(U) G F(U) which has a successor in eadi F(35) for ivhich 9.1 > U. 

Proof. With U fixed, for each SB > U, let ^(95) = 7rHiQ/''(91). 'Phni by fl.7 
and 9.8, G{93) is a flat in F(U). Evidently wo wish to show that n.<-« ('('« 
is not empty. 

As Z"(i\) is a finite-dimensional vector space, thoro exist by 9..5 a (iiiiL(‘ 
number of refinements of U, say iBi , SBb , • • • i 93^ , such that a. ur;(9^) = 
nt-i 0(930. Let 953 > (93i, IBs, • • • »93,). For each i, (7(9B) = 7r,uoF(953) = 
’rilO»7ri3,®/’(9S) C TTUSJ, F(930 = (?{950 so tliat Om) C O-i is 

trivial that G(aB) D ri«>tt ^(93) = H-i IToiico G'(aB) = n«>u ^>-'(93), 

and as G(9B) is not empty, the theorem is proved. 

10.2 Theorem. Under iJie hypothesis of Theorem 10.1, there exists a C-cycle 
{^’'(U)) mod L on M such that for eadi U G 2, G F(U). 

Proof. Let the elements of S be represented by a woll-ordcring 
(10.2a) Ui, U, , ■ • • , U„ , • • • , 

of order-type y. We shall define by tranafinilo induction, for each a < y and 
/3 < Y, a flat Fe.(llj3), such that for fixed fi , is a subset of F(Uis) as well 

as of all Fa>{X\p) for which of < a, and thereby form another family of flats 
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F„(U) like Iho family of flats F(n) of Thoorom 10.1. Then the required 2 “(U ) 
Will bo selected from ^ 

• By Theorem 10.1 there 

ll > ul" " ^ "" successor in every F,(%) such that 

If is a limiting ordinal, then for each p <y, = 

P "7ii T. , ask whether % > Ur-i ; and if not, FJIW = 

2 (Ur-i) in 7',..,(U^). The flats form a system like that of the 7i'(U) 

of Thoorom 10.1, and 2 "(lh) e K{\\r) is selected so as to have a successor in 
every ^(Ufl) such that U,j > Ur • The justification of these statements follows: 

In the case where r is a limiting ordinal, the sot of a's < r for which > lU 
if any, form a well-ordered subsequence of the subscripts of (10.2a) ’ 


(10.2b) 


a(l), a(2), • • - ; <x{p), 


Ci{v) < 


Note that Fa(i){i\n) 7^(11^). but that 7f„(,n.j(U#i) may be a proper subset of 
■/ a<u(lh), being by definition the set of all elements of 7^„(,)(lh) that are 
successors of 2 ’‘(U„(,,). A like observation holds in regard to each T’nfo + idh)* 
It may or may not bo a proper subset of 7^’„(„(U^). In any case, however,' 
since each 7'dlh) is a fiat there can be at most a finite number of a(v)'s for 

nnoi\^'actually a proper subset of 7d(„(U^), and consequently 
(lU,2b) contains a term «(/) such that for all ah) > ah') F , nhl - 
;,(iw. It follows that ndW = a. F.m = Utl- 

lally, if for no « < t is U„ > IX„ . tlien 7^r(lV) = 7’(ll^). 

hi ouso r has an immediate prcdcressm- t - 1, the sot 7A(lh) i.s a fiat liecauso 
iL IS (uther the fiat 7s^,(lh) in case Ih > Ur_t . or the inlorsoelion of Luo fiats, 

^ and the fiat consisting of all .suceos>,ors of 2 ’'(IUm) in 

/ (fiy, L-, O', U^). No such 7«V(U,j) is empty sme-o sTlh-i) € 7’,-i(ll -J \va.s 
eiuKsen so as to have a succo.s.sor m every 7';_,(U^) for i^hieli Ih > lU / 

hi order to justify the slatemont tliat the flaks 7«V(11,) form a .system like 
that of the flats 7(U) ol Theorem 10.1, we have to show that if 11^,,, > , 

tiien xj(n,^i 2 )/'’r(U,i, 2 ,) C 7'k(l!p^„). [For typographical rcason.s, wo sliall use the 
symliol to indicate a projection of into .] By tlic mductiun 

assumption Tr^iDac,,/’,_,(lh, 2 )) C /''t-i(II^(i)). If t is not a limiting ordinal, 
mil yiu) ih II,, then 7,(Utf(i,) = Fr_i(Uj,(,)) and the required inclusion 
holds no ma(,ter whether U,<„ > IU„. or not. If ll,„, > iu_, , Unm a fortiori 

, -r ^ 6 Fr_,(U^,j,), ir(r-i)p( 2 )Z fr(r~imi}rp(i)8r>)Z mod L on M 

so that if 2 IS a successor of 2”(lh-,), then 7rp„,p(a,2 is a successor of 2'‘(Ur-i) 
m 7', ,(lh(o). When r is a limiting ordinal the required inclusion follows from 
iLs^ validity for the ordinals a such that «(/) < a <t (ah') as above). 

. ^kat { 2 '‘( U„)} is a C-cycle mod L on 71/, notice that as soon as 2’‘(IL) 

IS defined, 7d+i(U„) becomes [ 2 ”(UJ]*, since lt„ > U„ . And all F„.(U„) 
for which a > a will bo identical with since the latter is a single 

homology class. Thus as soon as o' > (a, /3), 7i'„,(U„) and /’„-(lh) are the 
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homology classes [2"(U«)]* and respectively, and the inclusion 

C implies that 2"(IU) mod L on M. 

10.3 Definition. A cycle »"(U) mod L on. Jlf will bo called an essential 
cycle mod L on M if it has a successor in Z''(M, L; fF, S3) for every rofmement 
93 of U. 

10.4 Definition. If U, 93 G S and 93 > U, then 95 will bo called an n- 
dimcnsional normal refinement of tt (I’d M, L) if for every cycle 2’'(93) mod 
L on M, the cycle 7ruo«"(95) is an essential cycle mod L on M. If 93 is an n- 
dimcnsional normal refinement mod L on M for every n ^ 0, then 93 is called 
simply a normal refinement of U (rel. AT, L). 

10.6 For given U, M, L, the cycles mod L on M that arc essential form 
a vector space over IF. 

10.6 If U, 9B G S and iSB > 93 > U, 93 being an n~dimcnsional normal 
refinement of U (rd M, L), then 9B is an n-dimensional normal refinement of 
U {rel, M, L). ■ 

10.7 Theorem. Every U G S has a normal refinement {rel M, L). 

Proof. As the complex tt is of finite dimension, say n, the normality property 
is trivial for cycles of dimension >n, since all such arc ~ 0 and the cycle 0 is 
essential in every dimension. Hence we may prove the validity of the normality 
property for a particular dimension i (0 g i ^ a), and the theorem will tluni 
follow from 10.6. 

For each 93 > ll let (j{93) denote the sot of all cyehis -'(U) mod fj on M 
which have successors in Z\M, L; IF, 95). Note that if 913 > 93 > 11, llu’u 
G(9B) C (r(93). Evidently the sot of all essential cyckss mod L on M of U is 
identical with By 9.4 there exist 93i , 9i2, • • • , 93 a > U such that 

= n«>u (?(93). Let iaS > {^, , 95s , ■ ■ ■ , 93,). Then (?(Si3) C 
(?(93,) for each;, and hence 6^(933) COi-i ^(53),- It is trivial that mi t'r(93} C 
(3(9C). I-IcnceC?t9i3) =n «>u (?(93). llutif2’(913)GiJ‘(9S;/''),tlien7r„«3'(913) G 
G(9B). Hcncc 9B is an n-dimensional normal refinement of ll mod L on M. 

10.8 Theorem. If 93 is a nortnal refinement of U {rd, M, L), and z G 
Z''{Mf L\ 3^, 93), then ttusZ is a coordinate of a C-cyde mod L on ilT 

Proof. Because of the isomorphism eslablislicd in Theorem 7.11, it will 
only be nccessarj' to prove the theorem for a complete famil}'’ of coverings. 
And inasmuch as the family of all refinements of U forms a complete family, 
we need only define the coordinates of the C-cyclo required for such refinements. 

Let 98 > U, and let F(9B) be the set of all successors of tthiuZ in2"(M, L;{F, 98). 
The set F(f353) Is nob empty since 93 is a normal refinement of U and ttuiuS is 
therefore an essential cycle. Of course F(tt) = [ 7 rl^lu 2 ]'^ 

Relative to the set S' of all refinements of U, the family of sots F(9B), 9B G 
S', satisfies the hypothesis of Tlieorcm 10.1. For if 98' > 98 > U and a; G 
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tlien tuto'.i: TrnsoTTroinj'^ iruo2 modZf on M by Thcoroin 7,2, hcnco 
TTSOTO'^ G Thus 7rroTO'i^(S[B0 C and Iho Uioorcm follows from 

Theorem L0.2. 

11. Some applications to connectedness and local connectedness. The fol¬ 
lowing theorems will bo useful later on, and form intorosting applications of 
the preceding theory. 

11.1 'Aikorem. hi any space S, if 7^ is an augmented deck cycle on a quasi- 
coniponont of S, then Z° 0 on S. 

Proof. If U is any covering of S, lct 2 “{U) = JZf-i ,a’ 9 ^ 0. Inasmuch 
as ds‘'(U) = X) h' follows that a' = 0. 

Now the o-’s correspond to elements of U, and by use of the simplo chain 
theorem (I 12,3) there can be shown to exist a sequence of elements of U 
(not nece.ssnrily forming a simplo chain!) beginning with the element ciorre- 
sponding to cr? and ending with tlie clement corresponding to o-°, ^ = 2,3, • • • , k', 
and associated with S' a chain c' such that dc' = <r® — cr^ . From this we get 
that da'c' = a'cr" — aV? and hence 

^ ~ S “^*^1 ■ 

1-2 ,-S ,-3 

0 folUnv.s that a* = — a’, hence (11. la) iH'onmea 
d Z = 2: a'^r" = z\\X). 

/»2 j-I 

Hence / is a hounding P-cyclo. 

Acdunlly, a slighd}' .stronger theorem may lie staled, Suppo.sc' M is an 
aiiulrary suh.sci of a spai'o (S'. Then if .r. y G d/ arc in the same (iuasi-coinpon(!nt 
of i1/, and 11 is a covoi-ing of .S by open aeU, then the sot {{/ rh i][\ f/ G 11 f emi- 
tains a simple chain from a.’ to y. Hence the argument given above may bo 
modilit'd so as to prove the following thoomn, which is of use in tlu' sciiucd, 

11.1a 'riTiooREM. If il/ is an arhilrai'i/ subset of a space S and Z" is an nny- 
mcnlvd C'crli cycle of »S on some qiiasi-componcnl of M, then ~ 0 on M. 

11.2 Tukohem. In order that a space S should he connected, -it is necessary 
and sufficient that PaiS; 9") = 0. 

The necessity follows from Theorem 11.1. 

Coiivcr.scly, if pafjS; 5?) = 0, iS is connected. For if S = W 7i separated, 
then the open sots A and B constitute a covering U of S. Lot ^ be a normal 
refinoment of U, and let = cr? — v® where the elements of iC corresponding 
to Cl , ct are open subsets of A, B i-espectively. Then 7ruia^“(il3) = c a — ca 
(o-® corresponding to A, cl corresponding to B) is the coordinate on U of a 
C-oyclo (Theorem 10.8) which does not bound since its coordinate on U does 
not bound. Hcnco paiS; ?F) 9 ^ 0. 


(11.1a) 

But from a’ = 
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Since a space ■\vliich has exactly m components is the union of m separated 
sets (Corollary I 9.5), or in case the number of components is infinite can bo 
expressed as the union of an ai'bitrarily large number of separated sots (Theorem 
I 9.7a), the methods used above can be applied to show the following theorem: 

11.3a Theorkm. Themmher of convponGnls of a^ytacG Sis exactly + 

And since by Thcorom I 9.3 if the numbor of components or the number of 
quasi-components of a space is finite, then components and quasi-components 
are identical, we have 

11.3b Theorem. The number of guasi-componenis of a space is exactly 

Of importance later on is the notion of a nontrivial cycle carried by a pair of 
points. Since there should bo no danger of confusion in so doing, we shall 
frequently use “C/’s” instead of "tr’s” in dealing with O-clmins of a covering U. 

11.4 Definition. JjoXx,y^S,x ?^.y. A nontrivial cycle carried by x U y 
(or on .r VJ 2 /) is a 0-07010 7 “ such tliat if U is any covering of S, then 7 °(ll) = 
Un — Ui , whore t/& , C/j G U and x ^ Utt , y E Ui , and if 5^3 > U, tehn 
7rHior''(S3) ^‘’(U) onx\J y. 

11.5 Theorem, Tf x and y are dislincl points of a space S, then there exists 
a nontrivial cycle earned byx\Jy. 

Proof. Kor each U G 2 choose C/* , t/„ G U such that x E lA , y G ■ 
Tlien {— U^] is a C-eyclc. For if 58 > U and tlie eh tllK'lllS cllOSCIl 

from 58, then, since x E U, r\ iru«F, , the sets Ux and ttiuiFx arc; ideiilicul or 
vertices of a 1-simpIex of U. Consequently Ux - C/„ ~ - ttu^T^ 011 U. 

11.6 TiiEOREi\i. In. order that two points x, y of a space A' should lie in the 
same giiasi-cojiiponent of S, it is necessary and sufficient that every nonlriri(d ri/etc 
carried by Gl y bound on S. 

The necessity follows from Theorem 11.1. 

Proof of Sufficiency. If S = A tj ^ separated, wlunv x E d, // G /d’ 
then on the covering U of »S whose elements are A and B, the coordiniiln of a 
nontrivial cycle carried hy x KJ y must be of the form A — B and docs not 
bound on U. 

And by virtue of Thcoi-om 11.1a wo have: 

11.7 Theorem. If two points x and y lie in the same quasi-component of a 
subset M of a space S ihen every nontrivial cycle {of S) carried by x 0 y bounds 
on M. 

Of groat importance in the sequel am the applications to local connoclcdnoss. 
For the O-dimcnsional case of local connectedness we establish now the rela¬ 
tionship to the lo and loq of Chapter II 3, 
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] 1.8 I'iirohem. In order iliai a regular space S shoidd be Icq at x E: S, it is 
necessary and sufficient that if P is an open set containing .t, then there exists an 
open set Q such that x E Q Ci P and such that every augmented Cech O-cyclo on 
Q bounds on P, 

Piioop, Tho necessity follows immodialoly from Theorem 11.1a. 

To prove tho sulHciency, suppose that a space S satisfies the condition stated 
in tho theorem, but is not Icq at x. Then there exists an open set P containing 
X such that every open subset of P that contains x meets at least two quasi- 
compononls of P. 

I-ot P', Q, Q', H be open sots such that {1) x E R C Q ^ Q' C P' C P; (2) 
every (augmented) Cech O-cyclo on R bounds on Q. There exist Xi , E R 
and a docompo.sition P = P, U p^ separate wlicrc Xi E P^, Xz E P_i- Lot U 
bo tlio_covGring of S that consists of tho open sets S ~ P\ (P ~ Q) r\ Pi , 
(P — Q) r\ P 2 ) Q' P\ ) Q' P 2 • Py definition, tho coordinate on U of a 
nontrivial cycle on a:i VJ X 2 must have the form Ui — U 2 , where Ui = Q' r\ Pi , 
U 2 = Q' r\ P 2 . Put P 2 00 0 on Q. 

lliOMAUK. Ro far as tho sufficiency part of Thoorom 11.8 is concerned, the 
following stah'ineuL is stronger: 

11.8a 'riTKouEM. Theorem 11.8 continues to hold if the words ^'augmented 
(jeeh iPcyclc on Q” are replaced by ''nontrivial cycle on a pair of points of QP 

Hince l)y Tiieorcsm TI 1.8, a spaco which is not Ic must fail to bo Icq at some 
point, wo may stale: 

11.1) '"I'liEouiar. In order that a regular space S should he Ic, it is necessary 
and si^lJicicni that if x E S and P an open set containing x, then there exists an open 
set Q such that x E Q E P and such that every augmented Cech i)-cycle on Q hounds 
on P. 

[Again “aiigimnitod Cecil 0~cycle on Q” may iie replaced liy "nonlrivial eyelo 
on a pair of points of (}."] 

Rkmaiik. Whil(5 Tlicorcm 11.8 could bo stated at a pointy Tlioorem li.9 
had to be .stated as at all points of the .sjiaco. The reader may wish to recall 
Examjile TI l.-J Jioro. It will also be noted that the regularity condition used 
ill both theorem.s is noodccl only for the sufficiency part of the proof. 

Of importance in the sequel will be tlio restriction of homologies to be on 
certain special subsets of the space; for example, compact subsets. Tho fol¬ 
lowing theorem, analogous to the “necessary” portion of Theorem 11.1, will 
bo found usoful: 

11.10 Theorem. If K and M are point sets in a locally compact {or nowiaV) 
space S, K C PI, and only a finite number, m, of nontrivial O-cycles on K are Urh 
(9.2) on compact subsets of P[, then K lies in at most m + 1 components of M. 
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Piioop. Suppose thoro arc points of K in m 2 compononts il/, of M, 
i ~ 0, I, • • • , m 4- 1- Let E. K r\ Mi , and let y? bo a nontrivial oyclc on 
Po W p, , z == 1, • • ■ , w 4 1. By hypothesis, tliore exists a relation 

tnA 1 

(U.lOa) E aVi 0, on C, 

whore C is some compact subset of M and not all a' ~ 0. 

Consider a covoi'ing U of S, no clement of which contains two of tho points 
Pi (U might consist, for example, of the set p. and of m 4 2 disjoint 

open sets containing the rospcctivo points p,). Then 

m+l in+l 

(n.iob) E aV;(U) = E b'u,, u, e u, 

»-I ,»0 

where h" == ~ if J > 0- Since = 0, at least two 

of the coeflicionts arc 0. It follows that at least two of the points p, are 
in C. And since C C. M and no two of the points pi lie in tho same compon(Mit 
of M, the same holds for C. Hence, by Corollary IV 1 /la, C = CL whoro 
( 1 ) k is the number of nonj^ero coeificionts in ( 11 . 10 b) as well as tho number 
of points p, in C; (2) each Cr contains one and only one point p,; and (3) tlio 
sets Cr arc pairwise soparatocl. 

Since by 8.11 we may confine chains and homologies to covering.s of C, and 
the sots Cr form a covering ll of tho typo discussed in tho preceding [)aragi'apli, 
relation (11.10b) holds. Bui by (11.10a) there exists a chain L‘(li) siioli (hat 
3L‘(U) — Sr-V yU, , whoro each U, is a . But tho set-s C, are disjoitU, 
and for fixed j > 0 this would imply a relation d(-~a'U,) =* b'U, , since tlio 
portion of I/‘(U) on C, is of the form —a'U{ . 'J'his is of course imp(Whlhl<\ 

J 1,11 CoiiOLiiAiiY. If pj q are points of a point set M and 7 ° is a nontrivial 
cycle on p"^ q which bounds on a compact set C of ill, then p a7id <j he in a con- 
tmuum of M. 

Pnoor Wo appb' Theorem 11.10 by taking p U ? and C to Ijc tho A' and 
il/, rospcctivoly, of that theorem. 

Corollary 11.11 has an interesting application to tho theory of local con- 
nectcnlncss in locally compact spaces. Analogous to B»e(inition II J.2 we have: 

11.12 Definition. A space aS is called strongly locally connected —abbre- 
vialod Ics—at x G *S if every neighborhood XJ of x contains a noigliliorliood V 
of .r which lies in some subcontinuum of U. 

Evidently in locally compact spaces the lew and Ics propertie.s are equivalent. 
Examples may be constructed to show that the Ics properly is weaker than 
the Ic property, at a point, oven in compact spaces. 

tl.l3 Theorem, In order that a locally compact space S should he Ics at 
X E S, it ts necessary and sufficient that if P is any open set containing x, then 
there exists an open set Q such that x E Q E P o-nd every augmented Qech cycle 
on Q hounds on a compact subset of P. 
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__ Proof of necessity. Lot P' be an open sel such ilmt a; E P' C P ai 
P' is compacL. Then since is a fortiori Icq at x tlioro exists by Theorem 11,8 
an open so^^? such tliat x S Q C. P' and ovoiy augmented 6ech cycle on Q 
bounds on P'. 

Proof op Sufficiioncy. With x, P and Q as in the statement of the theorem, 
let p bo any point of Q — x. Tlion a nontrivial cycle on pU x bounds on a 
compact sub.sot of P and consequently by Corollary 11,11, p U x lies in a sub- 
continuum of P. 'I’liua Q lies in one component of P, S is lew at x and hence, 
since S i.s locally compact, S is Ics at x. 

[As in the case of Thcoroma 11,8 and 11.9, “augmented Cecil 0-cycle on Q” 
may bo replaced by “nontrivial cycle on a pair of points of Q.”] 

12. Fundamental systems of cycles for a compact metric space. In 9.2, 
homology base for U il/, L\ O’) was defined. Evidently if from each element 
of such a homology base there is selected a C-cyclc Z’l, , then the collection 
{Zp] form.s a homology haso. of n-cyclcs of S on M mod L, with the projicrty that 
if Z"* is a C-cycIo on M mod L, then there exists a homology Z" a^Zp on 
M mod L, whore tho a'’'8 are olcmenls of iF, only a finite number being 0. 

In general, the Jiumbor of ch'incnts in a liomology !>a.so is not only infinite, 
but uneounUible: 

12.1 lOxAMiUiU. In tlio cartesian plane, for each iialural number k let 
= ((•■■.;;) I (.!■ -3/3*'’)' + / = V2“"l and.!/ = (0,0)UU3/.. Thou 

ill I.S a IVano oonliiiuum .-aich that O’) = «•. A homology base of 1- 

cyek's of il/ would contain an urx'oiintable number of 1-eyclos This is due to 
tli(‘ restrict Ion of homologies to fiiilLo .s(;t.s of elemenl.s. 

We shall s(}e later on, howevijr, Unit for c(‘i*tuin types of compact spaces a 
countahU' s( 2 t of (\yelc-.s, to be cjill(‘(l a futi(lum<‘ntal syatem, i\ill s(‘rve a.s a 
homology i)aH(‘, tlu'ough the extension of homologies to infiiutf! si'ciuences of 
cyel(*H. 'Phis must he reserved for later corisidc'rntlon however. For the present, 
if th<‘ space is compaet metric, we may show tho existence of a eounlahlo set 
of cycles liavmg a special jiroperty. 

12.2 If M is a compact metric space, then lime exists a cou7}lable 
set of finite covcruujs Ui , • • • , lU , • • • , of M such that for each k, every U E lU 
is of diameter <i/k, aiid lU+i is a normal refinement of U* • 

Proof. Let U, bo a covering of by a iinito numlicr of open sots of iliametor 
<i, and having defined Ih for any integer A: ^ 1, define lU^i as follows. By 
Theorem 10.7 tiioro exists a covering 35i which is a normal rolinoment of Ut . 
Let SSk be a finite covering of M by open sets of diameter <l/(fc -b 1). Let 
IUm - n . 

12.3 Definition. A sot of refinements of a compact metric space M such 
as that whoso existence is proved in Lemma 12.2 will be called a canonical 
sequence of refmemenis of M. 
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12.4 Theorem. If M is a compact metric space, then for r g 0 there exists 
a couniahh set of C-cycles, Zi , • • • , , ■ • • , ^n(2) j * ■' » ■ j 

a canonical sequence of refinements Ui, • • * , lU , ■ ■ * ) of M such that (1) for 
n{k) < i, Z'(IU) 0 OR Ukfor aU h ^ k, (2) if Z^ is any cycle of M, then 
Z'iUH) -EJiV a*Z:i]XH) on , a* G ff. 

Proof. Lot Ui , • • * > 'll*, ‘ • be a canonical soquonco of rofinomciiLs of 
M. For each k, those f-cyclos of tt* tliat aro coordinates of C'-cyclos of M 
form a vector si^ace 2^cj(Ui). Bvidontly if x e ZoiXM, na.ux e ^c(iu). 
Lot ^!(Ui), • • • , Znn)iXXii be elements of such that if ^'(Ui) fc: Zc{XXi), 

then Z\l\,) ^ i;:iV a'^Ktli) on Xl, , a' e fP- And for each ^ 1 ^ ^ ^ nCi), 
let be a C-cyclo of M whose coordinate on Ui is 2f(Ui). 

Similarly, wo lot TMU+idU), • • • , ‘yJi( 2 )(Ua) bo elements of ZcilU) such that 
if .Z''(Ua) G ZcdXi), thon theieexists a relation:2''(U3) flVn(i>+A(d 2 )) 

a'‘ G if; and choose (7-cyclos whoso respective coordinates on lU aro 

the cycles Wna)+*(Ua)- 

Now for any h, we have 7ru,n.7«(i>+*(ll2) G 2o(Ui), and thereforo 
»riuu,7n(u+*(U8) a*2;(U,) on Uij and since 7»(i)+*(Ui) ~7rn.u,Tn(i)*/. (^U), 

we have relations 


(12.4a) 7 b(j)+a(Ui) 


»(n 

^ ahZi{\Xi) 


on 


Ui 


A = 1, • ■' , r(2) - n(l). 


Denoting the cycles in the right-hand membci'S of (12.4a) by t*(Ui), and corro- 
spondingly2Z(lV al.ZJby7];,tet2^(i)+* =7^(1)+* — 7*- Note thatZf.o) w.(Ui) 

0 on Ui . Now if Z' is any C-eyclo of M, there exists a relation Z'iWf) 

c"7;a>.*(U2) = o\z:,.>.*(iu) + 71(112)) = e';^;(ud. 

Tlio extension to tlio general U* is carried out similarly. 


12.6 A special, Imt important case of compact metric space is the complex 
of II 6.2 of geometric typo. If K is such a complex, and S denotes the He(. of 
points 11 7v I j (sooll 6.0), then 2) «p’'(S;tF) whore is the field of iriLcgcii’s 

mod 2. jMorcovor, numbers p'(K; ff) am definable for any field fT—all that is 
needed is to inlroduco the orientibility concept in K in suitable fashion—and 
again p'(K'j ff) = p’(S; ff). The proofs of those statements, which may lie 
considered “justification tlieoi-oins” for the Ccch theory of homology, aro not 
included hero. They usually proceed via (1) tlio invariance of p'(K', ff) under 
“baryc(3ntric subdivisions” of K, and (2) the fact that the “baryccniric star.s” 
of a sequence of such subdivisions form a complete familj^ of coverings of S. 


13. Alternative definitions. The concept of C-oycle and the corresponding 
homology group can bo introduced in another manner which will bo found 
useful later on, and which we describe now. In the interests of brevity wo 
generally omit the phrase “mod L on iU” throughout, but it will bo understood 
that when we speak of cycle, we mean cycle mod L on il7, etc., unless explicit 
exception is made (such exception may be made by the use of the word “ab¬ 
solute” as above). 
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13.1 L)]'}r'iNiTiON. By a direcied system will bo meant a sot D and a binary 
(order) rcilation < of its elements such that (1), \f Xfy,z ^ I) and x < y,y < z, 
then < z, and (2) if a;, y G -O, then there exists z ^ D such that x < z and 

y < z- 

If wo lot D 1)0 the 2 above, and U < SJ moan 93 is a refinement of U, then 
2 and < foim a directed syslom. 

13.2 A sub.sct jy of a directed S 3 ^tcm D is called cofmal with D if .t G .D 
iinpli(‘8 the oxi.stenoe of x' G D' such that x < re'. Thus, in tho above example, 
any coinplolo family S' is cofinal with S. 

13.3 By tlio device of “indexing,” a directed system may be used to induce 
a “dirojiiion” in another sot. Suppose a directed system D is given with order 
relation <, and that E is a set and p : IS D a single-valued mapping of E 
into D with single-valued inverse. If c G d G and p(e) == d, lot us denote 
c by c,i . 'I'Ik'u if we let A, < in tho event d < d', the sot E clearly becomes 
a dire(:te<l sy.sL'm with tho now order relation <, and wo say that E has been 
indexed by J). For example, the cyclo groujjs .^"(U) above may be indexed by 2. 

13.4 ].('t a colh'ciion of vector spaces T'* , wliich has been given a 

“clii'ceLion” tlirougb the olemenls a of some directed system N, be related by 
a .sot of linear liomomoiphisiriH (r, y G x < y), where maps into 
Vr , and = p^, if x, y, z G A', x < y < z. Then Lho collection [1% , p,,} 
is calk'd an ineen^e syKlem of vector spares. For such a system \vc define a limit 
whi(!li AVe deiiole by liin- , or lim.- {T% , p,,} if we wish to specify the liomo- 
morphi.sin.s, as follows: fi'lte ('kanenls of lira.- Vj are (l»o coneetions {rj where 
Vx G , on<‘ (o eacli l\ , such that if .r < y in N, then p^Xf'u^ ~ ^'x . U will 
be noled lliat liin. lb could eonceh'al)ly consist of the single collection jOl, 
wli<‘i-(‘ for ('fieh .r, 0 is thi' 0 element of V, . In any ease lim- lb is nonempty 
and il- foi’ins a viiclor space according to llic following conventions: |;',j -h 
{efi -k/bj, and for any/G tT,/|rJ = l/''xl. It will be tins vector space 

that w(! deno((' lieri'ufti'r b}' iim- F, . 

(kmsider now the directed systems {.^"(U); ET), JF)} and {//"(U)) where 

!T) is the vector .space of cycles of U G ^ over O', 7i”(U; tr) that of the cyck’.s 
of U that bomul on ll, and //"(U) = Z\\X; O'), tho systems being 

indexed by U as dc'seribod above. The projections irua induce linear liomo- 
morphisms of into //"(U), which we denote by p«i, (cf. Lemma G.4 and 

its corollary), and the .s.ysiom {//“(U), Puol is an inverse system of vector spaces. 
The vocLor .space lim- //"(U) suggests a new definition of ir{S; ET). We show, 
however, that 

13.5 Titicouem. There is a natural isomorphism between the vector spaces 
IT‘{S', O') and Iwi,- //"(U). 

Proof. Let {FfU)} be an element of lim- H"(U). Then for 93 > U, 
PwiEi^)) = F(U). EvidoiiUy, then, if 2“(93) G F(i8), and s”(U) G F(U), 
wo have 7riuiiS"(93) 2 ''(U). Consoqucntly every collection {^"(U)}, such that 
2 "(U) G E{1\), is a C-oyclo. And if {aJfU)}, f 2 ^(U)) ai-e two such cycles, then 
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{2S(U)1 l^SCU)} inasmuch as i!?(U), ^adl) G -^(U) implies that 2 ?(U) 
22 ( 11 ) on U. We have therefore a means of defining a homomorphism of lim.- 
^"(11) into IT'iS; fF). This homomorphism is both “onto” and one-to-one, 
since each element of IF) is a class { 2 "} of homologous cycles 2 " such that 
2 ” E: ( 2 d implies 2 " = { 2 "(U)}, U G S, and the set of all cycles 2 ’‘(U) corre¬ 
sponding thus to { 2 "} is identical with an F(\X). 

13.6 Aliernalive defmilion of C-cycle. In view of Theorem 13.6 one can 
give an alternative definition of C-cyole: For any element {F(d)} of lim- 
//"(U), a collection { 2 ’'(tl)) whoro 2 "(U) G F(U) is a C-cycle. Evidently this 
definition is equivalent to that given in 7.3. 

14. Dual homomorphisms. Let G and H bo either (1) free abelian groups 
with finite bases, or (2) vector spaces of finite dimension over a field tF. Let 
p, , ' • ■ , Ok and hi , • • • , ft* be bases of G and II respectively. Then if (pj) is 
a matrix of k rows and m columns with intogor elements p\ , wo may, in ease 
(i), define a homomoi'phism p:G II such that 

w 

P J fiff —^ P'Jh 

i-i 

p : Z E a'p% ■ 

1-1 j-i 

In case (2), if the elements pi are in the field then (14.1a), (M.lb) (hifino a 
homomorphism of G into JZ which is linear: ap(v) = p{av) for a E 
Conversely, if p : (? —> Z/ is a homomorphism, then the matrix (pi) defining 
the homomorphism as above is obtained by merely setting down (Iks rolnlions 
(14.1 a) and selecting tlio rcquii’cd elements pi . 

14 1 By using the transpose of the matrix (pi) wc obtain a homomorphism 
p"^ : ZZ —> by the relations 

(14.1c) p* p\g, . 

•~i 

Wc call p* the dual of the homomorphism p. And p is in turn, then, the dual 
of p*. 

Suppose that in addition to G and ZZ we have a third free abelian group (or 
vector space over ?), K, mth finite base p, , ■ • • , Pr , and a homomorphism 
\p = (i/'l) of ZZ into K. Then the maU*ix of the resultant homomorphism of G 
into K is the product (pj) • (^j), and we write 

(14.Id) l^p:(?—>Zf. 

Since the transpose of the pixMluct of two matrices is the product of their tran¬ 
sposes taken in reverse order, the dual of i/p is (^J)*'(pl)*, where the asterisk 
denotes transposition. Thus, 


(14,1a) 
and for g — 
(14.1b) 
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(M.le) i^p)* = /.V*- 

Linear combinations of Iiomomorphisms are defined in tho usual manner: If 
pi and Pa are homomorphisms of G into H with matrices (pw) and (pa.) re¬ 
spectively, then for c and d any integers in case (1), or elements of in case (2), 
the homomorphism cpi + dpa has as matrix the sura c(pn) + d(pi{). For the 
dual, (cpi -h dpi)* = epf + dpt. 

Examples. Consider a finite complex K with cells a? , • • • , at . The 
boundary operation d effects a linear homomorphism of the groups C7"(7C; (?) into 
the groups (?) with matrix whose ith row contains the coefficients in 

da’l . The relations (14.1b) are obtainable in either of the cases wlioro the co¬ 
efficient group is an arbitrary abelian group or a fields since the elements of 
the above matrix are all 0, 1 or —X. The dual d* of d will be denoted by S and 
will be studied in detail below. 

Consider the case of a simplicial mapping ir of a complex K into a complex 
K\ Such a mapping induces (1) a homomorphism of C"(K; G) into C"(K'; G), 
whose dual, ir*, is of importance later, and (2) a homomorphism of C'‘(K; G) 
into G) (cf. §6). We found previousl 3 '- (Lemma O.J, 6.6) that for any 

chain c" E C"(K; G), 

cIttc" = Trdc", 33Jc" — xc" — c" — ©dc"; 

in terms of the corresponding homomorpliisms (which wc denote liy tlie same 
symbols as for the operators; 1 denotes the identity homomorpliism). these 
relations become 

(14.If) dir == ird, dSi = x — 1 — ©t). 

The duals of (14, If) become, after triinspo.sition, 

(14 Ig) 5x'^ = 5©-^ = x+- I - 

The P-fuiietion u.sed in Theorem 7.2 induces a liomoinori)t)ism of ('"('-d; (») into 
C''''‘(U; 0), and we found in (7.2b) that 

O-P = Xa — Xi — Pd. 

The dual of this relation, after transposition, is 
(14.1h) 8 P* = X? - xf - P*5. 

15. Cocycles; cohomology groups. Returning to Llie dual 5 of 0 (cf. 14.1); 
the operator 5 induces a linear homomorphism of (P(K; G) into (?), K 

being a complex. Wc call cocycle of K any chain c" such that 5c" = 0. Tliat is, 
the n-dimensional cocycles of K are the elements of the kernel of the above homo¬ 
morphism. Since = 0, we have 5® = 0, and consequently every chain 
that satisfies a coboundary relation 

(16a) 


5c"~‘ = z. 
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is a eocyclc. II will bo noticed that we have placed the dimcnsiontilily inde 
in tlio subscript position, a device to distinguish cocyclc from cycle, and (below 
to distinguish cohomology from homology. A oocyolo such as z„ in (15a) wil 
be called a cohoundary, or cohounding cocycle. The coboundaries form a sub 
group, B^iK] G), of the group of cocyclta, which is denoted by Z„{K] G). Thi 
factor group (?) == Z„(K; Cf)/Ba(.K] (?) is called the n-dimcnsiomil coho 

inology groxiy of K over the group G. 

As in the case of cycles, wo may have both absohilc and rclalive cocyclcs. Ii 
the case of the relative cycles, wo consider chains of the complex in (iiuistioi 
whoso boundaries arc chains of a certain subcomplex as cycles mod the laltoi 
(7.7). But in the case of rclativc cocyclcs, wo shall consider chains of the sub 
complex whoso coboundarics arc in its complement as relative cocyclo.s. Tin 
reason for this is that according to the fundamental conventions (§1), a complc: 
contains the faces of all its simploxes, hence contains the simplexes iJuit coitO' 
spond to the boundaries of its chains; thus a cycle of a subcomplex is a (!yc*l< 
of the containing complex. But a cocycle of a subcomplex will geiKs-ally noi 
be a cocyclc of the containing complex, since some of tlio cells involved raaj 
correspond to faces of simploxes of the eomplemont of the subcomplex. (louse 
quontly, if Ki is a suboomplex of a complex K, and z,, is a cocyclc of /C, , then 
from the point of view of K, we call 2 , a cocyclc of K mod K — 7\, . On (hr 
other hand, a cocyclo 7 « of K — Ki is a cocycle of K, since simph'xos in K — A'l 
arc face.s only of simplexes in K — Ki . If wo agree to think of a subeoinplc'x 
Ki of a complex K as closed in K (wc could define, for cxainiih'. a ^(‘t Ju ol 
simploxes of K as closed if Ki contains all faces of its simplexes), and a eolh'etiou 
K 2 of simplexes of K as open in X if K — JCa is closed, wc have an (ixact analogue 
of the spacial concepts of closed and open set. By an open .••.ubenmpb'x of ii 
complex K, then, wc shall mean such an open set of .simpk'xc's as K-j . 

The natural habitat of cocyclcs of a complex is the open subeomplcjx, just 
as the natural habitat of the cycles is the closed subcompksx. And w’o shall 
get the “dual theory,” or "co-thoory”, by replacing the closed subeompk'x and 
closed point set by the open subcomplex and open point sol, resp(‘(!(ively. M'hus, 
if /Cl and lU arc open subcomplexes of a complex K, A, D /vA , tlien a coeyclo 
of Ki mod As is a chain of Ai whose coboimdary is a chain of A^ . 

15.1 Let us go directly, howevci*, to the general situation of a eo]npa(!t sj)aco 
S and a field 3^. Let P bo an open subset of S. If tr" correspond.'! to a .'^imi^k'x of U 
whose nucleus (7.1) is in P, we say that <r'‘ is in P. And if c" = J). jyV" is a 
chain of U, whoso colls a” for which g* 7^ 0 are all in P, then c" is called a chain 
i7t P. It will be noted that the sot of all simploxes of U wliose nuclei arc subsets 
of P forms an open subcomplex of U. Now suppose Q is an open sul)sot of P. 
If c„ is a chain of U that is in P, but whoso coboundary 5c„ is in Q, then we 
call c„ a cocycle of U mod Q in P. The n-dimcnsional cocycles of U mod Q in 
P form a vector space which we denotoj by analogy with 7.7, by Z„{P, Q\ T, U). 
Evidently if U(P), U((3) are the collections of thoso simploxes of U that lie 
in P and Q, respectively, then Z„(P, Q] tF, U) is tho group of cocycles of U(P) 
mod U(Q). 


116] 


COCYCLES; COHOMOLOGY GROUPS 


161 


16.2 If is a cooyele of U mod Q in P, ilien wo say that Zn cobounds, or is 
cohomologous to zero on U mod Q in P if there oxisls a chain c„-i in P such that 
6c"~‘ = z„ + Zn , whore z'n is in Q; and we express this cohomology by the rolaUon 

(16.2a) 2 „ ^ 0 on ll mod Q in P, 

called a cohomology or cohomology relation. Two such cocyoles zl , 2,1 will bo 
called cohomologous on XI mod Q in P if z\ — zl 0 on U mod Q in P, and 
^ve write 

(16.2b) zl ^ zl on U mod Q in P. 

The sot of coeycles on U mod Q in P that are 0 on It mod Q in P form the 
subspace B„(P, Q; 11) of Z,XP, Q; ll), and we define //..(Pj Q] 11) as 
the factor group Z,XP, Q’, X[)/B„{P, Q; fF, ll). We call P„(P, Q; U) tho 

n-dimensional cohomology group of ll mod Q in P. 

16.3 In order to e.xtend those ideas from the individual covering of the 
space to the space, lot us again consider a directed system of vector spaces, 
{7«}, except that now -we suppose there is given a sot of linear liomomorphisins 
pj,, such that if x < y, then p„* is a liomomorphism of into 7„ , and if x < 
y < z, then p.^p^, = p^x • Wc call tho system { 7^=, p„a} a direct system of vector 
spaces. For such a system wc dofino a limit vector sp,a(!(3, lim.. V^, or lim.^ 
{Vx , Pvz] if wo wish to .specify tiio homomorphisms. as follows: If G 7^ , 

G 7u , and if there exists z such tiuit x, y < z and such that p,xV^ = p,„r„, 
then Avc call and equivalent. In this manner, llio totality of eloincnts in 
sets Vx of the collection {7^.} is,divided into ofiuivalenco ('[as.so.s {i’,!. That 
this equivalence is transitive is shown us follows: Let e,, and be (iqiiivalcnt 
as above, and suppose v„ equivalent to by virtue of z' such lluit Px‘„v„ = 

• Select ii > z, z', and notice that from the (Icfniition of (Iir'<H;L H 3 ’.‘^Lern 
the relations puXpxx^f) = p,..-{p.'^vf) = p.,^'(pewr„) imply p,j'x — 

Pt/it^u Pillar,u . 

The olemcnits of lim_ 7* are the ('quivalcnco classi's and liin- IL ia;- 

comos a vector space in natural fashion by ^drtue of tlie following convonLions: 
If (/ G 3”, tlim g\vx] — [gVx]', as tho liomomorphisins p„x are linear, p^xVx = 
implies tluiL p^xig^f) — gp^x^x = , and hence g\vx\ G hm-. IL . 'I'o ileline 

a .sum {r,} + {v'y], we select i>x G {^xj and v'„ G {K\, and z sucii that .r, y < z; 
then (y,) + {r^} == {pxx^x T- P*X}- That a unicpic element of lim.. IL is so 
-letermined is left to the reader. 

15.4 Cohomology groups. Now suppose U, 35 G 2, 53 > U. Since, by 
:M.lg), 7ru?j6c'‘(U) = 57r,leiC’‘(U), a dual projection Trffo maps coc^’-elos of U into 
locycles of 53, and cobounding cocycles of H into cobounding cooyclos of 5S. 
4nd if a" is a cell of U in an open set P, then ttSoct" is also in P. Accordingly 
rSiB induces a linear homomorphism of H„iP> Qi U) into /f„(P, Q] 5F, 58), 
vhich we also denote by rfa • That this homomorphism is independent of 
-he particular ttuo chosen follows from (14.1h). Hence the sysiom |7Ln(P, Ql 
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U); ttSo) is a direct system of vector spaces, and it is the lim.. of this sysLc 
tlmt we call the n-dtmensional cohomolosv group of S mod Q in P: 

P, Q:lF) = linx. Q; U); tvU] ■ 

Tlie meanings of P, 0; ff) and S, 0; T) should be clear from analoi 
with the corresponding homology groups. The group S, 0; T) is I 

cohomology group of S itself, and will hereafter bo denoted by II,XS). Ai 
analogously we may denote H^iS; JF) by IP()S); and /4,(»S; P, Q, T) 1 
P, (3) or IhiPj G) when no confusion would result. 

16.5 UBAtARKS. Definition of cocych of a space. There are some aspects 
the cohomology theory whidi, although not of thoorctical importance at fii 
sight, lead to a better intuitive undorstanding if roaliicetl. Tor oxnmp 
whereas in the case of the homology groups of a space, a oyvh 2 ’'(U) may 
may not give rise to a homology class of ir{S), the situation in the case 
cohomology is quite othenviso. Indeed, a cocyclo z„(U) dotermines a uni(] 
element of Consequently the necessity for proving such existei 

theorems as we did for the C-cycles in §10 docs not cxi.st in tlu; (loliemolo 
theory. 

Although in the case of homology we v^cre able to (kdiiu' lii-st llu' iiolion 
C-cycle and subsequently a homology group, pointing out only as an alLcrnaLi 
the possibility of first defining by moans of inverse sysU'ins, and (li 

defining the individual C-cycle in terms of IPiS), we Inn’c al)ovc (i(‘rm(Hl oi 
n„(S) and have not even eonsidoi-od the question: ir//n/ ns a rucyclc of S'! 
order to obtain an answer to this quc.stion, note tliat a single coc\’clc, z.,(] 
of a single covering U of S determines (1) a cohomology class ol 

0; U), and consequently (2) an element of II,.iS), i v., Hk' scl. of 

h„{^) G 14.(55) such thal/i,{93) is equivalent to tlic coliomologv class 4„(ll 
determined by 2 „(U) on U. It is natural, tliornforc, lo let any 2 „(ll) conslili 
a cocyclo of S; and more generally, any 2 „(ll) thal is a cocycle mod Q in P i 
cocyclo of S mod Q in P. However, given any siicli 2 ,.(U), and > 11. i 
cocyclo ■TTuiB^MCU) determines the same clement of II„(S) as z,.{ U), so dial \vl 
a cocyclo 2 „(U) is given, the elements equivalent to it are iinmedialcly olilaii 
on all refinements of U. Consequently, given a cocycle Z„({\) and > 
we shall sometimes in the sequel use the .symliol to m<‘an Tr*.nZ„{ 

And as a cocycle of S, 2 „(U) 0 on ^ if some 7rl{«2„(ll) 0 on ^5, 

15.6 Finally, we emphasize again the dual relation lietwccm cych' and 
cycle as regards the complexes or point sets in w'liich they are “iinbedde 
Cycles arc absolute if given on closed complexes or clo.scd sets, l)ut refill 
when given on open complexes or open sets; whereas cocycle.s are absolul,o w’l 
given in open complexes or sets and relative on closed complexes or sots. Tl: 
L being a closed subcoroplex of K, cocycles of L are really cocyeles of K n 
K — L when considered as chains of K, since as such they may have eoboii 
aries in K ~ L. And if Af is a closed subset of S, there can be defined a coj 
spending cohomology group of cocycles of S mod S - M; this is iho gn 
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S, S — M] O'), special (and most important) case of Hn(S; P, Q] fF) where 
P ^ S,Q == S - M. 


16. Chain products for a complex. In this section we introduce two binary 
operations for chains, or chain products as wo shall call thorn. The first, a “dot” 
product, is a scalar product defined for chains of equal dimensions as follows: 

(loa) = Ea'i'- 

\ X 1 

The second is a noncommutative bilinear product called “cap” product: 

(16b) (E ^ (E ?'Vr'') - E a'b'W - ’’T’) 

> I 111 

for all dimensions p and q\ if c”' and c" are chains such that m > n, then c"' 
c" = 0. Assuming a finite complex 7f, and for the present using only chains 
over the additive group of integers, we postulate for each pair of colls cr? , 
aV" of/f: 

I. a1 ^ ay^ is 0 if the simplex El to which cri corresponds is not a face of 
the simplex to which cr”*'® corresponds; otherwise, it is a p-chain of the 
complex consisting of and its faces. 

II. d(<ri ^ try) = ymso-:) - + <rt ^ 

Iff. There is a fixed inli'gcr a, such that for all j and q, aria”, ^ al) = a. 

A priori, it is possible tliai any number of din'erent cap iiroducis satisfying 
1—ITT maj" bo given; even the a.ssigning of a value for a does not noce.ssarily 
lix the cap product. The question as to wliether there exists anj/ clclinition 
of .—X satisfying the re([un‘emnnLs is settled bdow when we define explicitly 
the product we .shall use throiiglumt. Evidently II will have as a corollary 
tiiat the cap product of a cocycle and a cycle will be a cycle, and we shall see 
that the product is oxiendihle to a ])roduct between cohomology and homology 
classes. The ultimate invariaueo of the hitter will depend upon a uniciiuaiess 
theorem which we dispo.sn of before giving the special theory. 

16.1 TniooiiKM Let ^ he any product with o = 0 TJirn there is a bihiieur 
operahon A such that {using symbols as in f, II, III) 

V. a\ A i^y^ IS 0 if E] is not a face of and otherwise is a (p + \)~ehain 
ofK\ 

IV. ^ d{a1 A tr-'f). 

nr. tr'\^try‘ = d{a\Atry)^{-m5<)A<'‘^<^"A{0ay)forallv>Q. 

Proof. We can construct a-l A »o tiuit E holds for p = 0 and IP holds, 
as follows: 

Define « 7 < A == 0 if f j. For g - 0, <ri ^ cr? is a 0-chain on J2? , hence 
of form ntr” ; but as Ki((T? ^ tf?) = 0 by III (cf. Definition 2.1), so must n = 0 
and consequently o-? = 0. Therefore we may deflae^a-? A tr? == 0. For 

^ > 0, <r< ^ V? is a 0-cycle of the (augmented) complex El and by Corollary 
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C.2 there exists a 1-chain C* on J5J such that dC^ = o-® ^ cr? ; wo define o-? A 
to bo this (7‘. 

Suppose that all o'? A arc constructed for all q as well as for all r < 
fixed p. Wo shall construct a? A Wo let it be 0 if is not a face of E\ 
In the contrary case, wo first define the chain 

r - ^ (7?^* - A “ trj A daV\ 

33y II and IIP solved for d(ffj A 

ar - (-ir5er?^a;**-3-<r;^avr - (-lyTSvJ^vr*” - Sv? a Oar”] 

- [v? ^ A = 0 . 

Hence C is a cycle of and we may choose al A as a chain of E 
having C" as boundary. 

16.2 Linear combinations of cap products and .-va may bo formed 
defining 

(16.2a) rCa, ^.+03 ^ 3 ) 0 '"“ = + a,(C" '®). 

If we denote the a of III by a(/-'v), wo find by application of III, 

{16.2b} + flg .^a) — + a 2 ‘^C'^ 2 ). 

16.3 TnEORBM. For any iwo producla ^ and .-n', 

(lG.3a) «(^)(C'® ^ if 5(7® = dC"'® = 0. 

Piiooi'. Lot. Tlion a(^") - 0 , It tin 

follows from Theorem 16.1 that C* 0, and in terms of tlio givi 

and this gives (16.3a), 

16.4 TiiEonEM. If h is a closed sui>comj)lcx 0 / K, C” a cocyclc K - 

and a cycle inod L, Hienfor any iwo products relnlion (I (i.lhi) holds < 

K — L {the colleclim of all swnplexes not in L, iogclhcr with Ihcir faces). 

Pitoop. The proof is as for Tlioorcm 16.3, except that wo noiic<i that 
applying Thcer om 16.1 to gel C* C®'*’ = c)((7® A C"'®), each nonzero clia 
(T® A is on K - L. 

16.6 The special cap product. As our complexes have ])een defined in tl 
“simplicinr’ manner in terms of vortices, wo may show the existence of a Cf 
product as follows: Lot K bo tho complex as before, and lot y, , ^2 , • • • , 
denote its vortices (O-cells). In case <r® = v.(„>y.(pui, ••• and v”''® = 

* ■ * ViCj,y • ■ • »*(p+,) whoro i( 0 ) < ^’(I) < * • • < i{p -h (?), tlien wo 1 < 
0 -® ^ ff*"^® = (T*' = Wfjoj • ■ • vt(j,y . In every other case, o-® o-’'*'® = 0. Wil 

0 ; = 1, this cap product satisfies I and III. That II holds may be shown tliu 
Let v", tr® bo any two cells of K. If g > n, then a® .-x v” == 0, and similar! 
(So-®) ^ (t" and ( 7 ® ( 3 ( 7 '*) both *= 0. Honco wo consider only tho case whei 


[10] 


CHAIN PRODUCTS FOR A COMPLEX 


166 


q ^ n, and wo suppose that n = p + (?. If is not a faco of 2?", then has 
at least one vertex v not on E") and on Iho other hand v is also a vertex of the 
complex corresponding to in cose the latter is not 0. Honco in case E” is 
not a face of E'\ all terms of II arc zero. 

Tile only case, tlien, whore not all terms of II are zero is that where a" is of 
the form Wq • • • and a’* of the form (by 

wo indicate tliat the vortex v is to bo deleted), —1 ^ q. \{ — I < m ^ q, 

the left-hand momlier of II is zero, and in the right-hand member we get 
(,0 _ {d^) = (-!)’’■''X ... and (-l)W) -- . 

In case m = -1, ^ c") = d{Vf, - vj) = (-l)'wo • ■ ■ i). v^. 

And So-** ^ cr” = ^ <r" = so that (—l)’’5cr'’ ^ it'' = 

(- 1)’Vn • • • V„-, ; whereas c" ^ d<r" = • • • a,.,.,) ^ 23’’;^ (- l)’yo • • ■ D. • • • 

Vp • • • Wp+a = X]«-o (“l)‘i>o * • • . llolation II is therefore true in all 

cases. 

16.6 Wo now extend to an operation between chains with coefficients in 

fF. AVo lot a = 1 and consider this to bo the unit in. ff. Then III becomes mean¬ 
ingful in (F for all integers«. And if a, 6 g we let (ao-®) (b<T") =* ahia'‘ ^ a"), 

ah being the producl. in Extension to arbitrary chains is made in bilinear 
fashion, and relation TI again holds. Theorems 10.1, 16,3 and 16 4 continue 
to hold. As a con.scquencc, if ^ and arc two cap products with a = 1, 
and Zg , z" are a coiiyclo and cycle of K respectively, tii(*n Zg ^ z" ~ z, z". 
Consequently, so far as iiomology class is concerned, the result of “muK-iplying” 
a cocycio and a cycle is independent of any ordering of tlic voriico.s, fur mstanco; 
and a similar statement holds r(‘gar<ling a cocycio of K — L anil a cycle mofl L. 

AVo next extend the cap product to an opiTation on homolog}' and cohomology 
olassoR. 

10.7 I’liMOUKM. If zl and zj are coojcles, z], zl , and z" is a cycle, Ihen 
(zl ^ z") (zl ^ z"). 

PiiooF Lot = zl — . Application of 11 to z") gives the 

latter ocuuil to (-1)’’"®' ‘(4 z"). 

If K is a complex, and L a closed siibcomplox of K, then Theorem 16,7 con¬ 
tinues to hold if the cocycles arc cohomologous in K ~ L and z" is a cycle mod 
L. I'lxplicitly, 

16 7a Theoiiem. If L is a closed subcovipkx of a complex K, ami z] z, 
in K — L, then for any cycle z" mod L, (zj z") (z* ^ z") on K — L. 

(The proof is a consequence of the fact that a simplex of /f — L cannot be 
a face of a simplex of L.) 

In like manner we can prove that 

16.7b Theorem. If L and K are as in Tlieorem 16.7a, and z\ , zl are co¬ 
cycles mod K — L of K, and z" is an absolute cycle of L, and z\ zl mod K — L, 
then (zjz”) (z* z") on L. 
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Proof. As a chain of K, zi (i - 1, 2) may have coboundary on /C - 7 
Aa a cycle of a closed suboomplex, L, Uie chain z" is also a cycle of K so llin 
= 0. Honco by II, d(sf* ^ jf) = ^ z” 0. Thus tho chain 

2 " are absolute cycles of IC 

By liypothosis, Ihore exists a cobounding relation 

5c''"* “ 4 - 2? + «* on L, 2 , in K ~ h) 

Applying ri, 

^ 2 ^ = (--ir'"(2^ - 2^ + O - 2 " 

16.8 Theobem, If zt , «5 are cycles of 7C, 2 „ a cocyclc of K, and z” Zj , 
then ^zl ^ zl on K. 

For the proof, apply II to 3(«, ^ c"'^*), whero 3c"'’* = 2 !' — z'i ■ 

The ''relative'* forms of Theorem 16.8 arc as follows: 

16.8a Theorem. If L is a closed suheomplex of a complex K, 2 , a covyck 
in K “ L, 2 i , Z 2 cycles mod L such that z" z'z mod L, then ( 2 , --n 2 ',') ~ 
{Zg zf) o?i K ~ It. 

Note that the Zg ^ Zt {i ^ 2) arc absolute cycles on K L. sin(‘(! 2 , ^ 

dz'! — 0 (tho chains dz* being on L). Like considerations ('iilcu- in(o tlie pi'oof 
of Theorem 16.8a, whidi is obtained by applying 11 to 3(2, ^ c'"'), wlioro 
3 c’‘^* - 2? - 2S + 2" (2" Oil L). 

16.8b Theorem. WiikK and L as before, if 2 , is a cocijck mod K ~ L of 
K, Zi , 2 s cycles of L such dial zl ^on L, then 2 , .-s 2 " ^ 2 , 22 on L. 

Wo are now in a position to stale the main theorem of this soclioii: 

16.9 TTieorem. For any complex K and closed subcomplex L, and or = 1, 
the y-~. products exist, and tmiquely define ^ products as follows: 

(1) {cohomology class) ^ {homology class) = {homology class). 

(2) {co homology class of K — L) {Jioniology class mod L) = {homology class 
of K - L. 

(3) {cohomology class of K mod/f — L) y-. (homology class of L) = {homology 
class of L), 

17. Extension to topological spaces. In extending tho .-n product to (7-cyclos 
and cocyclos of a space S we shall have need of the following theorem. 

17.1 Theorem. Let K, 1C be complexes, f a stmplicial mapping of K into 
1C, and /* the dual of f. Then 2 S , a" are a cocycle of IC and a cycle of re¬ 
spectively, 

(17.1a) 
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Proof. Using Lhc special cap product defined above, wo may assume that 
the vortices of K' are first ordei'ed, and then the vertices of K are so ordered 
that if /(y,) == v'^-, , thon/(i) < /(j) implies that i < j. Denoting the special 
cap product defined in terms of these orderings by wo prove first that 

(17.1b) fifX 2“) = z' 

Consider colls a-'*' = • • • uUm , tr” = • • • y.tD ' • • , p = n - q. 

Then since /’•'tr'" is a sum of cells , the special product /V'® a" 

will bo dilTcront from zero, and =* w.^o) * •• » if and only if for one of the 

cells y,„(„) • • • , wo have ?n(p) = i(p), • • • , m(n) — i{n). In this case, 

the left-hand member of (17.1b), in terms of individual o-’s, is /(y,( 0 ) • • • y,(p>), 
and the right-hand member is 

iS(ptm) ' ' ■ /(yi{p-l))*'Itp) * ‘ ' ^((n)) 

“ ‘ ' * /(l'i(p)) = ’ ' ' Vtlpi)- 

I'lcnco (17.lb) is certainly valid, in^mueh as it is valid for arbitrary cells and 
chains. 

Py virtue of Theorem IG.S, /■'z^, f*z' ^'z''mdzi fiz"), 

and consequently (17.1a) holds. 

In the api)licaLions of Theorem 17.1, K and K' will be coverings, one of which 
is a refinement of the other, and / will bo a projection. For the most important 
relative case wo shall have need of the following: 

17.1a Tiii.’.oni'^M. Let Q be an open subset of S, 2 ,(IV) a cocyclc in Q and 
{z" (U)! a cycle of H mod iS' — Q. Then > U', 

(17 lb') xu-47r^-«’.(ir) -2,(uo on ir A Q, 

where U' A Q m the subcomplex of ll' on Q (7 C). 

Proof. In tlie j)roof of Thoorem 17.1 wo showed that for arbitrary chains 
~A(ii'},2'‘(a5), 

(iT.ic) 

Py Tlienroin 1(5.p 

(17.Id) 7rS.„2,(U') ^'2"(9J) -ttS, 4,2,(110 on 5B A 0, 

and since the projection of a coll on Q is also on Q, 

(17.1 e) ~- 2"(53)] on U' A 

And again by Thoorem 1G.4 

(17.If) 3„(U0 7ru.«2"(a5) 3,(U0 - on U' A Q- 

The theorem now follows from relations (17.1c)-(17.1f). 

17.2 Products of cocycles and C-cycles. Returning to the case of the compact 
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space iS, let 2 ii(U) bo a cocyclo, U G S, and let be a C'-cyclo. Jlion, 

letting ?) 4- (Z = n, the chain s^U) - 2 ,(U) -- 2 "CU) is a cycle of U. Let 
denote the set of all rofmemonts of U. Then S' is a coraplcto system of covoriiigs 
of S. And for 95 G S', let s^O^) == 7ri!;«2,(U) ^ z^OQ), Then the collection 
is a C-cyclQ relative to S'. For lot iB 6 S', wlvero Sffl > 93. Wo 
must show that 7riBfflj2!^(9B) 2’'(93), where ^ I®), ole. 

This follows from tho relations 

= ir^^brU^oOX) -/( 913 )] 

3"(9B)J (Theorem lfi.7) 

^ ^ 7rea03"(9B) (Theorem 17.1) 

~ ira;^3,(U) ^ s"(^) (Theorem 1G.8) 

= /(23). 

Now suppose that y,(U' 1 is a cocycle in tho same olcmcnl of IhiS) as 2 <,(U). 
Lot SB > (U, UO such that 4fflS.dU). Then by Theorem 10.7, 

ttS 2"(95) irJaS.dl)3’’(93) = 2’’(95). As tho common rofmomcnis 
of U and IT form a complete family, it follows that cocyclcs in tho same clomont 
of B^{S) will detormino the same homology class of ir{S), since as wo have 
previously shown, a cyelo on a complete family of covcring.s deiormines a unique 
Iiomology class. Thus wo have sho^vn how, in terms of tho ^ pi-oducL on 
coverings, to assign to any element of Tlg{B) n unique element of 7r'(jS). And 
evidently this relationship is reciprocal, since to start above witli a ly'(U')} 
{ 2 ”(U')} is to generate a cycle | 7 ’’(U)} 

17.3 The above process of obtaining a cap product of absoUilo (lyelos and 
cocyclcs may be extended to the variou.s relative eases. Wo mention some of 
the cases which aro most useful in the sequel. For example, suppose M i.s a 
closed .subset of S, and that IT denotes, for 11 G S, tho collection of all simplexes 
of U that aro on M, and S' = {IT}. We found previously ('riujorem 10.9) 
that ^ extends to a product of the cohomology classes of lil mod .S - vl/ on 
U and homology classes of M on U by products that may bo delincd as above 
while restricting our comploxcs to tho IT coverings. Thus we obtain a prodiud 
of elements of IIg{S; S, S — M; ff) and ir{S; M, 0; T). 

Another important case is that of the product of cocyclcs in an open set Q 
and the cycles mod »S — Q; i.e., between tho elements of IlgiS; Q, 0; and 
77"(S'; S, S - (3; O'). Tliis case is the analogue_of (2), Theorem J0.9, tho re¬ 
sulting products here being elements of 77’’(S; Q, 0; JF). Tlicy are obtained 
as above for the absolute case ^’’{U) = 2 ,( 11 ) ^ ^’'(U) whero 2 ,( 11 ) is in Q and 
{ 2 "(U)} a cycle mod S ~ Q. Theorem 17.1a replaces 17.1 in the proof that 
{ 2 ’’{ 23 )} (as above) defines a C-cycle. 

Actually, it will be noted, both of tho above "relative” eases aro only 
special cases of a product between elements of the groups 77,(8; P, Q; O’) and 
77''(»S; CQ, CP; ff), where as before P and Q are open subsets of S such that 
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P Z) Q, and where CQ, CP denote the complements in S of the sets Q, P re- 
spootivoly. This general case, where both the cocycics and cycles involved are 
relative, will not be needed in. the sequel, so that we do not give the detaijs of 
its verification. (Note that the above products yield eloments of P r\ 

CQ, 0;ff).) 

18. Scalar products and dual pairings. Wo have already used above (of. 
(16a) and 16 III) a scalar product of n-clmins in the definition of the ^ product: 
Tor any two n-chains, * (Z). = Tit 

If C" = aV? is any 0-chain, then (cf. Definition 2.1) the Kroneckcr index 
of the chain, Ki(C“), is a'. Willi a = 1 in the cap product (the value which 
we assume used throughout from now on), it will be noted that if C" and CS 
are ?i-chains of a complex K, then 

(ISa) C1-Cn = 

The dot product is both commutative and distributive. If L", Q" are any 
two groups of n-chains, and .^4 is a fixed olomont of L", then for any element 
B of Q” wc may define/^(ii) — A-B. The mapping /a : (3" T is a homo¬ 
morphism of the additive group Q" into 5F. And similarly if ffu(A) — A-B for 
fixed B G Q", A G L", then gn : D" —* U is a homomorphism. Using the notation 
introduced by Pontrjagin [a] we let (Z/", (?") denote the sot of all elements A 
of L" such that /a : Q" —» 0; such elements A am called annihilators of Q" in 
Tj’\ The set (L", Q") is a vector suhspace of If. 

fi'ho following lemma is fundamental* 

18 1 Lkmma. If .4" G fT), G fj), then = 

Proof. If A" = D, aV? , ir"* = E. fhen ah'r,\ 

(whore t}] is the incidence nuinJicr: ic., On llie olher liaiid, 

= E,.. 

Tn the next few theorems, ivhorc no mention is made of the complex utuk'r 
eonsuloiation, wc assume that we are working with a complex K, and that Ijy 
C", Z'‘, B'\ • ■ • we denote C"{K; £F), Z"{/x; £F), O'), ■ ■ • . 

18.2 ^riiicoRFjr. For every dimcn.*tiou n, 

(18.2a) Z" = (C", S„) and Z„ = (CT, T?"). 

Proof. "We give the proof of only the first relation, that of the second being 
similar. 

Lei z" G Z'\ Then dz" — 0, and hence for anj'^ G C''~\ 2'‘-5c"“‘ = 
(dz") -c""^ — 0 by Lemma 18,1. Consequently Z" C (C", Bn). 

To show that Z" D (C", Bn), suppose that A" = 2^, a'ff" is an annihilator 
of B„ . Then for every A”-5c”‘'* = 0, and hence by Lemma 18.1, (flA") • 
c”“* — 0. In particular, for any chain (dA’‘)*<r/“‘ = X), a'l}] = 0; that 
is, the coofiieient of o-”"' in dA" is 0 and A" is a cycle. 
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The following ai-o '^i-elativc” forms of Theorem. 18.2. 

18.2a Tiiboeem. Relations (lS.2a) continue to hold if Z" is the group oj 
cj/cles mod L{L a closed suheomplex of K), R" the elements of Z" that hound mod L, 
Z,; the group of cocycles of K — and B„ the elements of Z„ that cobound in K — L. 

Proof. The first inclusion in the proof of Theorem 18.2 holds since 
(S^") ■ = 0 if Qz” is a chain of L and is a chain of K — L. 

The second part of the proof of Theorem 18.2 may bo adapted likewise, 
keeping in mind that the coboundaiy of a chain in 7C — L is in K — L. 

18.2b TriEOREM, Rehliom (18.2a) coniimie to hold if Z" is the group of 
cycles on L, B" of cycles that bound on L, Z„ the group of cocycles of K mod K ~ L 
and Bn the elements of Zn 0iat cobound mod K -- L. 

18.3 Theorem, For eocry dimension n, 

(18.3a) = (C", Z„) and B„ = (C", Z"). 

Proof of first equation. That B" Q (C", Z „) follows from Llic fat*(. that 
the product of a cocycle by a bounding cycle is zero (Lemma 18.1). To show 
that B’' D (C", Zn ), let c" = aV" and c^-z^ — 0 for all coeycilos z„ . De¬ 
noting z„ generally by hV", this implies that 

k(n) tfii) 

(18,3b) 2 « 0 if for A: * 1, 2, • • • , k(?t + 1), £ b'v'l = 0, 

1.1 

■where is the incidonce mimber. 

Wo have to show that there exists c"*' = such tliat dc’" ‘ « r". 

In other u'ords, we have to find a solution j/‘| for the S 5 'slem of ('{iiuilions 

(18.3c) £ = a', i = ], 2, ■ ■' , k{n), 

under the condition that (18.3b) holds. Inasmuch as (18.3b) is pr(!ci8(*]y (ho 
condition which guarantees tho consistency of the system (18 3c), the recniirod 
elements of exist. 

18,3a Theorem. Relations (18.3a) continue to hold for the meanings assigned 
to Z”, B", etc., in Theorem 18.2a. 

18.3b Theorem, Relations (18.3a) continue to hold for the meanings assigned 
to Z”, B”, etc., in Theorem 18.2b. 

18.4 Theorem. In order Oiat a cycle z" should bound on K, it is necessary 
and sufficient that for every cocyclez^ of K, z^-z’' = 0. And in order that a cocycle 
z„ should cobound on K, it is necessary and sufficient that for every cycle z" of K, 

= 0 . 

Theorem 18.4 is a eorollaiy of Theoi'era 18.3. 

The relative forms of Theorem 18,4; corollaries of Theorems 18.3a, 18.3b, are; 
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18.4a Theorem. In order that a cycle mod L should hound mod L , it is 
necessary and sufficient that for every cocycle of K — L, = 0. And in 
order that a cocycle of II — L ahemld cohound in K — L, it is necessary and 
sufficient that for every cycle z” mod L, = 0. 

IS.4b '’rifEOREM. In order that a cycle 2 “ of L should bound on L, it is necessary 
and sufficient that for every cocycle of K mod K — L, 2 „* 2 ” = 0. And in order 
that a cocycle z„ of IC mod K — L should cohound mod K — L, it is necessary 
and sufficient that for every cycle 2 ” of L, 2 „* 2 " = 0. 

18.6 Corollary. The dot product between n-chains induces a dot product 
between homology and cohomology classes of K; also between homology classes mod 
L and cohomology classes of K — L, etc. 

18.6 Theorem. Bases 2 f", • ■ * , z?" for ir(K; ff) and z*\ • , z*’‘ for 

II„{K\ £F) exist such that for z7 G z?") K G = 3] (Kronecker delta). 

Proof. By Corollary 18.5, the dot product may be extended to a dot 
product between homology and cohomology classes of K. Since bases for 
Ii"{K\ ff) and ff) exist, let us suppose that 'yf*, • • • , yV and 7 .?', ■' • j 

yff are bases, where k > r. Consider tlic matrix 

os.Ga) li7r*7r II 

of k columns and r rows, whose element in the ilh column and jth row isTr-Tif’• 
As li > r, there exist elements s, of (F such that == 0 for J = 

1,2, • • • , ?•. Hut this implies a relation 2t-i(s,7?’7i) = 0 wiioro 7 ? G 7f") 
7 i G yV) which in turn implies that the cycle 2 " = 8 , 7 " ~ 0 l)y virtue 

of Tlioorom 18.4 But then ^'7*" == violating the indoj^endonce of tho 
yt". Honeo k ^ r. In like maiuicr it may he shown that k S r, so that k = r. 
Finally, tlic elementary transformations on tho matrix (18.6a) which produce 
tho identity matrix induce, when earried out ou the cycle and cocycle cewets 
conusponding to the respective rows and columns, tlio basc.s ilo.-Jired. 

18.(ia, 18.0b Theorems. (These arc the theorems corresponding lo Theorem 

18.6 when the cohomology and homology classes corrospond to the eycks and 
cocyclcs in Theorems 18.4a and I8.4b.) 

In order to pass to the case of a space S, we need the following lemma: 

18.7 Lemma. If z° is a boimding 0-chain, then Kifz®) = 0. 

For tho proof, see §3. 

18.8 Lemma. Under the hypothesis of Theorem 17.1, with q == n, 

(18.8a) irzO-z” = zUm. 

Lemma 18.8 follows from (ISa), Theorem 17.1, Lemma 18.7 and the fact that 
simplicial mappings preserve the Kronecker index. 
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18.9 Definition. If z„ and z" are a cocycle and cycle of S, rospoctively, 
then by z„'z’' will be meant that element of fF obtained from the product 
iS'tvCU)' 2 :"(U), where U is a covering of S for which is defined. In the next 
two lemmas wc furnish the basis for extending this product to a product between 
homology and cohomology classes of S. 

18.10 Lemma. If 2„(U0 is a eocycle of S, and {^"(U)} is a C'Cycle, then for 
all coverings U on which there is a cocych 2 :„(U) in the same element of 11,fS) as 

Proof. Consider any SB > (U, IV), such that 
(18.10a) iriMXX) -'vrS.ai«„(U0; 

such a covering as SB exists since s„(U) and Zn{XV) arc in tlio same element of 
By Lemma 18,8, 

(IS.10b) - 2,.(U0-^u-^sW 

- z.XXV)'Z^(XV). 

Similarly, 

(18.10c) - s.(U)-^’'(ll). 

But (IS.10a) implies that 

(18.10cl) 7rS«,2„(U)-2'’(SB) = nfy^z^m 

Relations (IS.lOb-cl) imply that 2 „(U) ■z"(ll) = 2„(ll')-s'XUO- 

18.11 Lemma. If 0„(1I) is a cocycle of S and z",, zl are homologous (l-r.ijdrs 
of S, then z„iX\)-Zi = z,fll)-Z 2 . 

Since by definition z„{l\)'z''i = 3„(U) i = h 2, Lemma 18.11 is an 

immediate consequence of Theorom 18.2. 

18.12 I'heohem. The dot product between cycles and cocycles induces a product 
between the dements of //„(*S) and ir{S). 

18.13 Definition. Two vector spaces F, V over tF are culled a dual pair, 
and said to be dually paired to {F if there is defined a multiplication • botwoen 
the elements of V and the elements of V such that (denoting clomonts of V and 
F"' by x’b and y’s, respectively): (1) x-y G 3^ for all x, y, (2) the dislributivo 
laws x-ii/i 4- 2 / 2 ) = x-y, d- and (.x‘t + x^j-y = xry -\- x.yy liold; (3) the 
multiplication is linear in the sense that for a, h (E. (ax)-y = a{x-y) and 
X‘(by) == b(x-y). It follows from (1) and (2) that ai-0 = 0 and 0-y = 0. If 
(V, V') ~ (7', F) = 0, then the pairing is called orthogonal. 

An immediate consequence of the theorems on K and L above is: 

18.14 Theorem. The dot product effects an orthogonal dual painng to 3^ 
between the vector spaces I-r{K; {F) and II„(K; tF). A^id similar stalomenls hold 
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for the group pairs constituted hy the homology groups mod L and cohomology 
groups of K — L, and the group pairs conmiing of the homology groups of L and 
the cohomology groups of K mod K — L. 

Wc now prove the analogous theorem for 

18.15 TriEoxiEM. The dot product effects an orthogonal dual pairing to {F 
hctween the vector spaces ir(S) and 

Proof. Supposo 3 '" G ir{S), z* 0, and lot {^"(U)} G Then {/(U)} 

0, and accordingly there exists a covering 18 of ^ such that 2"(18) o*-- 0 on 33. 
Then by Theorem 18.4, there exists a cocyclo 3 „(®) such that • 2 "( 33 ) 5 ^ 0. 
Then if is the element of H„(S) determined by 2„(18), wo have 2 ^- 2 * 9 ^ 0 
by Theorem 18.12. 

Suppose G BniS), z^ 9 ^ 0. Lot 2 „(U) S 2 * . Then z„ 0. This 
means (see 15.6) that for every roiinemont 35 of U, ir*c 2 »(U) ^ 0. In particular, 
let 23 bo a normal refinement (Theorem 10.7) of U. By Theorem 18.4 there 
exists a oyele 2 ''( 33 ) such that 7 r^® 2 „(U) •z"(S5) 0. By Lemma 18.8, 2 „(U)- 

7ruiij2"(23) 9 ^ 0. Now by Theorem 10.8 the cycle 7 "(U) = 7r,ia2''(23) is the co¬ 
ordinate on U of a C-cyclo (y'XU)}. By definition, 117 “ is the element of ?r(S) 
determined by {t"(U)1, 2 ^ 7 '' 0- 

18 1(5 Lbmjia. If the vector spaces V and V' form an orlhogonnl dual pair 
relative to a muUiplicalion ■ , a«d the dimension of either or V' is finite, then 
the spaces V, V' have the same dimension. 

Pi{ooF. Suppose (limen.sion F = ?r < dimon.sion V'. Lot .r, , • • • . av, 
constil.ule a base foi‘ V, and let ?/i , • • • , ?/» , where m < n, be Imeai-l}’’ ind<v 
pendent elements of V. The system of equations 

n 

(IS.JOa) HafUx-x,) = 0, j = 1, 2, ••• , m, 

has a nonti'ivial solution (a, , • • , «„) in O' 'J’lxui // — «,//, • + a,.i/„ is an 

element of V' wiiicli is not mro, and .such that //-.r, = 0 toe j — 1, 2, - • , m. 
But Llu’ii ij rr = 0 f<u' all .r (E V and \' jiml V' cannot Ix' orihogoual. 

18.17 Definition. By the n-dimensional lietli number of N over ST will here¬ 
after be meant tlie dimension of //"(N); it will be denoted by p’fS) Similai'ly, 
the n-dimcnsional co~BcUi number p„{S) is the dimension of //,(N). (Cf. 0.2,15.-J.) 

In view of Theorem J8.15 and Lemma 18.IG, we have 

18.18 I'liEoiiEM. If either the Belli number ^"(* 8 ), or the co-Belli number 
p„(S) is Jimle, then they are equal. 

Wc remarked in 17.3 that the groups ir(S; M, 0; ff), Il^iS; 8,8 — M] ff) 
are obtainable from the coverings of M which are obtained by selecting from 
each U E S the collection of all simplcxes of U on M. Consequently the dot 
product may be defined for those groups by the above process, and wo have: 
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18.19 Theorem. If M is a dosed subset of Sy Ihcn the dot product effects an 
orthogonal dual painng to between the vector spaces ir{S; M, 0; JI) and 
IlfS-y S,S~ M; £F). 

And if we define numbors as above for those groups, wc have, 

18.20 Theorem. If either of the nwd)ersp’'(S; p^iS; S, S — M;^) 

is finite, then they are equal. 

For llie case of the cohomology groups of an open subset Q of S and Liio 
homology groups of S mod S ^ Q, the I’eodcr may verify the following analogue 
of Lemma 18.8: 

18.21 Lemma. Under the hypoOiem of Theorem 17.1a, loith q ~ n, 

(The proof follows from (18a), Th.eoi'cm 17.1a and Lemma 18.7.) 

18.22 Definition. If «,(U0 is a coi^cle in Q and {^'‘(U)} a cycle mod 
S ~ Q, then by ■ {^"Cll)} womoanz,(U0’2'‘CU0- 

The reader may verify lemmas analogous to Lemmas 18.10 and 18.11 for the 
case of cocyelcs in Q and cycles mod S ~ Q. (Relation (18.10a), for example, 
will be “in Q", and Lemma 18.21 replaces 18.8 in the proof of Lemma 18.10.) 
And finally we may stato the following thoorom: 

18.23 TnEOREM. The dot product between cocycles in Q and cycles mod A' — Q 
induces a product between the elements of //„(»S; Q, 0; fF) and //"(*8; S, *S' — (J; f?), 
relative to which these vector spaces form an orUioffonal dual pair. Accordingly, if 
either of the associated Clumbers p„(iS; Q, 0; ff), p''(S; jS, S — Q; J) zs Jinilc, then 
they are equal. 

Among the “working” corollaries of the theorems on orthogonality of co¬ 
homology and homology groups, one of the most important is typified by tlie 
following: 

18.24 Corollary. In order that a C-cycle z"* mod S - Q should bound 
mod S — Q, it is necessary and sufficient that for every cocyele z„ in Q, z„'z" = 0. 
Conversely, in order that a cocycle in Q should cobound in Q, it is necessary and 
sufficient that for every cycle ^ woi S — Q, 2 ^* 0 ” = 0. 

It is necessary, for later purposes, to recognize that in the infinite case, partial 
“dual bases” may be seleeted in a manner explained in the next theorem: 

18.25 Theorem. Let Y, V' be vector spaces which form an orthogonal dual 
pair relative to a multiplication • to a field if, and lei Xi , • • • , x„ he linearly indc' 
pendent elements of V. Then ffiere exist in V' linearly independent elements 
Vi, ' iVr, -suc/i that Zi 'y, ~ {Kronecker delta) . 

Prooe. Let 7i be the subspaco of V generated by a;, , • • • , x„ , and lob 
V{ ~ {V', Vi). If 7' - V^/Vi , the multiplication • induces a multiplication 
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X botwcon iho vector spaces as follows: For x E: Vi , ^ V'^ , we 

let a: X 2 /* ~ X'y whore y Gy<i, • I\irthermore, Fi and V'^ form an orthogonal 
pair relative to X. For if a; X = 0 for all a; G Vi , then x-y = 0 for all 
a: E Fi and y a fixed element of , implying y E Vi. And if a: X = 0 
for all 2 /^, E F* , then x-y — 0 for all y E V' so that a: = 0, inasmuch as V 
and V' are orthogonal. 

By Lemma 18.16, it follows that dimension F' = n. If 2/* j *' * j 2/* 
independent elements of V'^ , then the rank of the matrix \\ x, X 2/* II n, 
else a contradiction of the orthogonality will result (see proof of Theorem 18.6). 
If yf ^ vi ) then |( X, X 2/i 11 — II ll> elementary matrix transforma¬ 
tions yield the desired result. 

The application of Theorem 18.26 to the various sets of cohomology and 
homology groups over CF which are dually paired and orthogonal, as shown 
in the theorems above, should be obvious. For example, if z" , • • • , zl are 
C-cycles of S which are linearly independent with respect to homology, then 
there exist cocyclcs zl , • ■ ■ , such that zrzl ~ . Furthermore, since if a 

zi is given on a covering U, Trjfu^i (ll) is a cocycle of 18 that is in the same element 
of II„(S) as 2 ,' if 55 > U, we may therefore always assume that the cocyclcs 
zh , • • • , 2 * above are on the same covering of S. Conversely, if the z’„ above 
are given linearly independent with rc.spect to cohomology (= lircoh), then 
cycles z’i “dual” to them exist. 

Of course similar remarks apply to the various relative cases. In view of 
Tlioerem 18.15), for inslanco, if tlie 2 ? above arc given as linearly independent 
with respect to homology on a closed set M, then the ci are cocyclc.s mod >S — M; 
this is a situation wiiicli wc froquontly encounter later on. Or if the z'„ are 
given as cocycle.s in an ojjcn set Q, and are linearly iurlopendent with r(‘><ppcfc to 
cohomology in Q, then the z'i are cycles mod S — Q. 

Other cases will lie handled a.s they are encountered in the s(‘(|Uol 

Again, partial diial basc-s may be augmented; this will follow from tlio next 
two lemmtis. 

18.2(5 TjKMMA. If V IS a vector space of at least (Iimeimo7i n and .r, , • • • , 
x„, , m < n, arc liucaiiy independent elements of V, then liicrr exist , ■ • • , 

■I'n E V such that Xi , • • • , x,„ , , • • • , x* are linearly independent. 

18.27 Lkmm.v. Let V be a vector space which forms, mih the V of Lemma 
18.2(), an orlhocjonal dual pair relative to a multiplication • lo a field (F, and lei 
Vi Vm be linearly independent elements of V‘ such that x,’y, == 5! for i, 

j g m. Then there exist E F and , * * • » 2 /n E V' such that 

Xi, • • ■ , x„ and y\, • • ■ ,Vn respectively linearly independent sets and, moreover, 
x,-y, = h\foralli,j. 

Proof. By Lemma 18.26, therc exist , • • • , xl E F such that Xi, • • • , 
, x'„^i , , x'n are linearly independent. By Lemma 18,25, there exist 

linearly independent elements yi ^ • ■ • , , Vm^i , • • • , Vn of V' such that 
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XiU, = for all i, j, neglecting pnmes. Then the olcraonls Vi , • ■ • , Vm , Vm+i , 
■ • • ,y„ are linearly independent. For suppose there wore a relation 

(i) E + E ^ 0. 

• -t f-n-i-l 

Then not all the could bo zero in (i), since the elements Vi ,j > m, are linearly 
independent. Lot us suppose, for instance, that a, ^ 0. Jiiit then xi- 
(E "-1 + E/-'«+> ^iVf) - ai 9 ^ 0 , since = Oforj > 1. 

Again by Lemma 18.25, there exists a sot of linearly inclopondent elements 
of F, say • , z„, such that Zi-y, »= . Then a*, , , x„,, 2 ,„+i , • • • , 

z„ aro linearly independent, by the same sort of argument as used above and if 
^vc let a*„,K - , * • • , , tho two sots a-’i , • • • , a;„ and y,, • • • , y„ 

satisfy the required conditions. 

In concluding this section we define two now types of homology and co¬ 
homology groups, which include those heretofore given as special Otas('s, and 
give corresponding duality theorems. 

18.28 Definition. By Af'(iS: Jlif, L; A, B), where M, L, A, B are closed 
sols such that M D B, A 3 B, will bo denoted the vector space of C'-cycih's of 

on M mod L, reduced modulo the subspace of these cycles that bouml on 
A mod B. An important and fi'oquently used case in the sequel is tliat where 
L = B = 0. The corresponding dimension wo denote by p'(S'. df, L; A, B). 

18.29 Definition. By IIr{S\ P, Q\ U, V), where P, Q, V, V arc open sots 

such that P D Q, Cl D F, will bo denoted the vector space of cocyclcs of S in 
P mod Q, reduced modulo the subspaco of these cocyclcs tiuiL ('.obound in 
mod V. TIig ease usually employed in the sequel will bo that where Q ~ ~ 0 . 

18.30 Theorem. If A, B are compact subsets of a space S such lhal ,1 3 B, 
then the vector spaces ir(S: B, 0; A, 0) aiid IIXS: B, S — .1; S, B — B) form 
an. orthogonal dual pair relative to the dot product. Conscqiicnth/ if cither is of 
finite dirnension, they are isomoiphic. 

Proof. We have already obsei-vcd in Theorem 18.19 tlui( for any cyeki y'' 
on B that fails to bound on A, there exists a cocyelo mod S — A such that 
Zr • 7 *' 0. Conversely, if n cocycio Zr mod S — A fails to colmund mod B — B, 

then Zr is a cocycio mod S ~ B that fails to cobouml mod B ~ B, and Lher<i 
must exist a c^'cle 7 ' on B such that • 7 ’’ 9 ^ 0. 

18.31 Theorem. If P and Q are open subsets of a space B such lhal P is 
compact and P D Q, the?i IIr{S: Q, Oj P, 0) and Jr{S: *S, jS — P; 8, B — Q) form 
an orthogonal dual pair. Hence if the dimension of either of them is finite, they 
are isomorphic. 

Remark. The inequality of dimensions of orthogonal dual pairs of infinite- 
dimensional spaces is exemplified as follows: In the cartesian piano, let Sk — 
{{x, y)\(x~ l/ky + l/mk + 1)"}, = 1, 2, 3, • •. . With p = (0, 0), 
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lei ^ = U Sk p. As wo shall see later, ?)'(/S) = c, the carclinalit}^ of the 
real niimboi's, while pi(S) = Ko • 

19. Applications to homology properties of spaces. The remark following 
Ihcorcm 18.26 concerning the ability lo assume of a given finite sot of cocycles 
that they are on the game covering loads to the following important theorems. 

19.1 Theorem. If > ■ * • t oxe cocycles that are linearly independent 

relative lo cohomology on S, then there exists a covenng U such that for all SI > U, 

• • • , are linearly hidependent relative lo cohomology on 

Thcorom 19.1 is a direct consequence of the definition of cohomology on S. 

19.2 Theorem. If Zi , • • • , are C-cycles that are lirli on S, then there 

exists a covenng U such that for oli 58 > U, • • • , Zl{^) arc lirh on 58. 

Proof. As shown above, thei'e e.\’ist cocyclcs , • • • , Zi such that Z”, ■ Zl = 

, and wo may assume tlmfc It is such that the Zn are all on U. Let 58 > ll. 

» Then the Z’l{^) are lirh on 58. For suppose there exists a relation c‘Z"(58) ~ 0 
on 58. Tlion by Theorem 18.4, [JZ == 0 for all j. Since not all 

coeflicionts c' aro zero, wo may suppose c' 0. Hut then wc have f2^c’2’"f58)]- 
Zlm - c'zm-z:i(^) = c* 0. 

10.3 '[■'iiEOiii'Ai, If p’‘{S; fF) IS finite, then there exists a covering ll of S such 
that if Ij is a dosed subset of U Q i\ and 7/' is an augmented C-cyde on L, then 
Z" 0 on A'. If S IS regular, a U exists such that every C-cycle on an dement of 
U hounds on S. 

Proof. Since p"(d; O') is finite, tliero oxisLs a finite .‘id of ('-cycles, .say 

Z’l , • • • , Z'k) which arc In-h on K ami .suc4i that c\'cry Oech n-eyclc ]■< vclalcd fo a 

linear coinbinalion of these by a liomology on S. Hy 'Pheoiein 19 2 there is a 
covering U such that the coor(linnto.s of Hkso oyel(‘.s on U tuv lirli on all iv'linc- 
men(H of U. Suppose L and Z" are as m the statement of du' tlKaircm, Lei 
58 > 11 such dial every element of 58 that iu(‘('ls L lies in V 

Now wo may clioose Tug in siieli a way that Tusj maps all elonK'nl^ of 58 that 
mei’l, Ij into V, and consequently iru!BX’'(58) 0 on U Hut there (‘Xists a rela¬ 
tion Z" ~ X) parliculur, Z'\\\) X dZ'',{\\). Hut by liefiaiiion 

of (''“C 3 'clt', 7ru.g^''(58), wliicli as .‘shown above is liomologous lo zim-o 

on U- It follow.s that X dZ’',{\\) ~ 0 on ll. lint there cannot exist any .such 
relation by virtue of tlie choice of U above unless all c‘ = 0. Hence Z" ~ 0 on S. 

The concluding statement of the thcorom follo\ra from Lemma 8.2. 

19.4 I^EFiNiTiON. A space S is called semi-n-connccled at x £ >S if there 
exist,s a neighborhood U of x such that all Cech n-cyoles on closed subsets of 
U bound oil >5; S is called semi-n-connecied if it is scmi-n-connectcd at every 
point. (If S is regular, the words “on closed subsets of” may be replaced by 
“on”, of course.) In particular, if ;8 is compact, then S is semi-n-connected if 
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and only if there exists a foes U of S such that every Cech n-cyclo that is on an 
element of It bounds on S. A space S such that p^iS) = 0 is somolimes called 
simply n-connecled. 

As a corollary of Theorem 19.3 we can state: 

19.6 CoiiOLLARY. For any space S, p^iS', ?F) fmile implies that S is semi-n~ 
connected. 

That a compact space which is somi-O-connectecl must also have a finite 0- 
dimensional Betti number is easily showiij since such a space can have only a 
finite number of components. That semi-n-connectedness does not imply a 
finite n-diraensional Betti number when n > 0, however, may bo soon from the 
following example: 

19.6 Example. In the cartesian plane lot S consist of (1) all points on 
the unit square having-vertices at ( 1 , 0 ), ( 1 , 1 ), ( 0 , 1 ), but no points inside 
this square except such as (2) lie on lines x = 1/n, n a natural number. Then 
for any covering XX of »S all of who.se elements are of diameter less than 1/2, it « 
will be true that a Coch- 1 -cyclo of S lying in an element of U will bound on S, 
so that S is semi-l-connected. However, the number p‘(5; J) is infinite. 

19.7 Theorem. If M is a compact subset of a locally compact space S, and 
y1, i == 1, ' •' ,h, arc a finite number cif C-cycles that are lirh on M, Ikon there 
exists an open set Q containing M such that the cycles 7 '^ are lirh on Q. 

Proof. By Theorem 19.2, them exists a covering U such that for all > U, 
the 7“(93) are lirh on liL Let © > U and Q bo as in Lemma 8.7. 'i'hon a liornology 
2 '“’ 7 " 0 on (9 would imply 2 0 on <3 and hence on M. 

20. Homologies in noncompact spaces. Up to this point, wc have been 
using only finite coverings of space. This restriction, while of no consociuciico 
when the space is compact, may cause difficulty in dealing witli noncompact 
spaces, inasmuch as the fcos do not form a complete family of covoriiig.-i tiu'rein. 
For this reason another typo of homology theory, needed in the upplicatioas 
later on, may logically be inserted at this point. It is especially useful in the 
case of a space which is the union of a countable colhJcUon of open sets that have 
compact closures, as for instance an open subset of a perfectly normal, compact 
space: 

20.1 Definition. A subset of a space S is called an F, in <S if it is the union 
of a countable collection of closed subsets of S. Then a space S i.s called perfectly 
normal if (1) S is normal, and (2) every open subset of S is an F,, in S. 

Remark. A subset of a space S is called a Gs in S if it is the intersection of 
a countable collection of open subsets of S. Condition (2) of 20.1 may be re¬ 
placed by “every closed subset of iS is a Gs 

20.2 Definition. If S is any space, then by an unrestricted covering of S 
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we shall mean any covering of tlie space by open sets without restriction as to 
the number of elements in the covering; wo abbreviate the term by the symbol 
uGOs. If (Si is a subset of a space T, then an ucos of S by subsets of S that are 
open rel. S will be called an internal ucos of S. 

20.3 Definition. If S is any space, then by the tmreslricted Cecil homology 
theory of S we shall mean a homology theory set up in the following fashion: 
If U is an ucos of S, then a cycle of U is a finite cj^cle (cf. §2). Such a cycle 
bounds on U if it bounds a finite chain of U. In terms of finite cycles as co¬ 
ordinates, and with homology meaning the bounding of finite chains by the 
coordinates, Cech cycles and homology groups are defined as before. Using 
these Cech cycles and homologies, the theorems of §7 offer no difficult}^—their 
proofs are virtually the same as before In the unrestricted Cech theory, we 
indicate that a Cech cycle boimds by the expression Z'' « 0, and the 
numbers analogous to p'‘(»S) wll be denoted by the S 3 mbols =). And 
if P is a subset of S, “Z'' ~ 0 in P" expresses a homology in terms of internal 
ucos of P. 

We shall prove a theorem of fimdaraental importance for the later applica¬ 
tions. We need tlie following lemmas: 

20.4. Lemma. If a space S is the umo7i of a countable coUeclion of open seta 
mth compact closures^then S == P„, where P„ is an open set with compact 

closure and for all n, P„ C Pn+i • 

Proof. Let S = Ur., U, , where U, is open and U, is compact Lot 
P, = Ui . Having defined P„_j_ w ^ 1, let U.d, , • • • , be ii finite collection 
of elements of {C7,} covering P„. Let P„^.l = P„^-i U • 

20 5 LEifMA. If S ts a perfectly separable, locally compact space, then S has 
a countable basis (III 1.8) of open sets mth compact closures. 

Proof. If is a countable basis for S, lot {Unc.,] be the collection of 
all elements of {U„} that have compact closures Then |P,c,)} is basis of 
the lequired type 

20 0 Coroll VRY. If S ts a perfectly separable, lucnlly compact space, then 
S = Ur., P„ , iclieie P„ is ati ojjeti set with compact closure and for every n, 
Pn C P„., 

20.7 Theorem Lei S be a space that is the union of a countable collection of 
open sets that have compact closures. Then the countable, slar~finile coverings of 
S form a complete family of ucos of S. 

[An ucos is a countable, star-finite covering of 5 if it has only a countable col¬ 
lection of elements and no element meets more than a finite number of other 
elements of the collection.] 

_ Proof. By Lemma 20.4, S = Pn j such that for every n, P„ is open and 
P„ is a compact subset of P„+i . Let U be an uc(» of S. 
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Since P„ is compacl, there oxisls_a finite number of elomouts of U, sny 
j •t wMch cover P„ . Lot Pq - 0. Lot V„.i = f/„.( H 
(P„+, — P„-i)) ^ = 1> • “ j w(n). Then the colloction {7„.i) is the required 
countable stav-finilo refinemont of U. 

(It will be noted that this proof incidentally shows that the olcinonts of tho 
coverings may bo so chosen as to have compact closures.) 

20.8 CoBOLLAUY. If S is a perfectly separable, locally compact space, then 
ihe cQuniahlG, siar-finite coverings of S form a complete family of ucos of S. 

20.9 Corollary. Jf a space S is homeomorpMc with an open, Fg subset of 
a compact space, then tho countable, slar-fmile couenngs of Sform a complete family 
of ^icos of S', hence if S is an open subset of a perfectly normal, compact space, the 
same conclusion follows. 

20.10 Tiiisorem. Lot M be a topological space that is homeomorphic with a 
subset of a perfectly 7wrmal, compacl space S. Then the counlahle, star-finite 
coverings of M form a complete family of ucos of M. 

Proof. Wg may suppose M C S. Lot U be an internal lUios of iM. For 
each E U, lot U', bo an open subset of S such that Ui H j\t - . 'riicn 

P = KJy U'y is nil open .subset of S and IF = { Ui] is an ucos of P. Hy C^orolUiry 
20.9, tho countable, star-finite coverings of P form a coinpleio family of ucos 
of P. Hence there exists a countable, slar-finito mnnemont 5b' == {Fi} of U' 
which covers P. For eaeh i, let V\ H M = V, . 

Then 5J5 == {F.i is a star-finite covering of M that is a relhKjim'iil. of ll. 

Since every porfoctly separable, normal space is horaeoinoriiliic with a subsiM' 
of the Hilbort fundamental parallolopipcd, by Tiieorcm III 1. 11, we iiavc .as a 
corollary of Theorem 20.10, 

20.11 Corollary. The countable, star-finite coverings form a r.ompirir famih/ 
of ucos for a perfectly separable, normal space. 

Wo conclude this section with some lemmas u.sefiil in later applications of 
the aboi'o: 

20.12 Lemma. Let M be a subset of a completely normal spare /S' and let 
Ui , ■ ■ • , U„ he subsets of il/ open rel. M. Then if U, = 0, there cast 
sets V, open in S such that ZD U,, i = 1, " • , n, and CX-i ~ 

Proof, Tho lemma being trivial for k = 1, wo use a mathematical induction 
argumont. Lot k denote an inlegor for wliich the lemma hold.s, and let U, , ■ ■ • , 
Ui , J/a+i be /«: + 1 open subsets of M with empty intersection, Then U == 
n;- U{ and 17 a+i are separated sets (unless 17 = 0, in whicli case sots V, , 
i — 1, ‘ k, exist as in the lemma and we may lot Fa+i D Uk^-i), and since 
S is completely normal, them exist sots V, Vt^■l open in S such that V ZD U, 
Fa +1 ZD Ui+i, and V TT+i — 0. For i ^ k, let t/J = f/f — U. By tho in¬ 
duction assumption (applied ioM — U) there exist sets V[ open in S such that 
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Vi D Ui and r\Vi 0. Let F, = F{ U F. Tlie sets F, , • • • , F*, V,,, 
satisfy the required conditions. 

20.13 Definition. If M is a subset of a space ;S/and P is an open set 
containing M, then an internal uoos U of P will be called a neighborhood covering 
of M. If 33 is another neighborhood covenuig of M such that each F £ 33 is 
contained in some 17 g U, then S3 is called a refinement of U, symbolized 
33 > U as before. Note that 25 > U implies that the open set covered by 33 
is a subset of P. 

20.14 Lemma. Let M be a subset of a completely normal space S, and U = 
[Ui] a countable star-finite internal ucos of M. Then there exists a neighborhood 
coveting ll' = [Vi] of M such that Ui C\ M = U, and the complex U is iso¬ 
morphic (cf. Ill 4.8, footnote) with Oie complex U' under the correspondence 

Proof. For each f, U, and u, U, y where j runs through those indices 
such that 17, n 17, = 0, are separated sets. Hence there exist disjoint open 
sets and P, containing Ui and U, V, respectively; we may select A. so 
that A, r\ M = 17, . 

Let {ff*} be the set of all finite subsets of the set of natural nurabors 
such that: If (?* is the set A(l), • • • , h{m), then (1) each I/ao meets all the 
other sets 17 a(,) , j = 1, * ■ • , f, • • ■ , w; (2) sots 0^ are 

countable in number and each natural number n occurs in only a finite number 
of them. And by Lemma 20.12 there exist for each Gh sets 1 Fa<,> , ^ = I, • • ■ , 
«i, open in P, such that Tr5(,> D 17*,,) and *= T^et 17; = 

A, 1^ TF? r\ r), B, , wlicre h runs through tlie values of h for which i £ 
Gi,, and 3 runs through the natural numbers < i for winch l\ H 1^ = 0 Then 
P = Ui is a neighborhood of il/ and U' = {1/;) a noigliboiOiood covei'ing 
of d/ having the desired properties. 

20.15 Lemma.. If S is pcifeclly normal, then S is compldi bj notmal. 

Proof Let A, B be separated subsets of S Since S is perfocLly normal, 
S_ — B ~ \Jl.i sSl_, , whore d/, is closed in S. Let .1 H J/. = A, . Then 
A, C d/, C *S —__P, and as S is normal, there exists an open .sot P, such that 
.4, C P, C B. In a simihy manner wc obtain sets B, rel. B and open .sets 
Q. such that P,_C Q. G P “ A, 

_Now i4, n P, =0, and there exist disjoint open sets UV, Vi' containing 
A. , P. respectively. Let Ui = P^r\ U'f, Vi = Q, H Vi'. Thra 17;, F; are 
^sjoint opei^scts containing i-l, , P, respectively, and such that 17; C P — P, 

f; C P - _ _ 

Define Uo = Vo = 0, and for i > OlctU, = Ui - UjlS F, , F. = F; - 
KJl-l U, . Finally, let 17 = KJT-i U, , V — KJT-i F. . Then U and V are 
disjoint open sets containing A and B respectively. 
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20.16 CoHOLiARY. Every subset of a perfectly normal space is itself a perfectly 
nomal space. 

21. Approximate homologies. A notion somoiiines useful is that of a C-cyclc 
approximately on a given sot. It arisos from the fact that a C-oycle may bo 
on each element of a clecreasing sequence of compact point sots and yet not bo on 
their interseotion—a circuinstanco whicli rules out tho po,ssibility of a “smallest” 
carrier of the oyolo, for instance (fico VII 2, howovor). Wo assume throughout 
this section that all covering are finite. 

21.1 Definition. A (7-cycle y' "will bo said to bo approximately on a sot 
M if for arbitrary open set P D M thow cxiste a covering U such that if > 
23 > lb then TTmiroY'fS) ~ y^(^) on P. Such a covering U will bo said to govern 
7 *' on P. (U governs y' on P, then, if y”, in terras of tho complete family of all 
refinements of U, is on P.) 

21.2 TriEoiiEar. If M C S, then Uie deck r-cycles approximately on M form 
a vector space Zp{M, (F). 

21.3 Definition. If y' is a C-cyclo approximately on M, then y' will ho 
said to hound approximately on M, or to be homologous to zero approximately on 
M, if for arbitrary open sot P D11/ there exists a covering U sucli that if 23 > U, 
then 7'’(23) ~ 0 on P. Such a covering U wll be said to govern hounding of, 
or homologies of, y on P. 

21.1 Theorem. If M C S, Qien the Ccch r~cyclcs approximalclij on iM that 
hound approximately on M form a vector space Bp(i]I, g^). 

21.5 The space ZlfM, 9") will be ctUlod tho r-dimensional homology 

group approximately on M, and will bo denoted by tho symbol ///.{d/, fT). 

[It would bo preferable to include the "jS” inUiose new symbols-Z/K aS’; M, fF), 
for instance—since tho now cycles make little sense witliout S] but wo omit 
the S for brevity.] 

In tho cose where ill is a comimct subset of a locally compact space S (instead 
of local compactnes-s, wo could impose normality on /S; it is the former hy¬ 
pothesis that is needed in later applications), wo shall establisli an isomorpliism 
between ir{M; 9) and IIpiM, ff). Since, as is easily seen, the group IfpiM, (F) 
is not changed by rc-striction to a cwnplcto family of covering.s, wo shall as.surac 
throughout the proof that all coverings employed have the properly that if all 
vertices of a cell meet ilf, then the ceU is on M] under tho given conditions, the set 
of all such coverings forms a complete family (Lemma 8.8). 

21.0 Definition. Let il/ bo a subset of a space S, and U a covering of S. 
Let G = St(il/, U) and let P be an open set such that M C. P G. Then 
the covering 23 which consists of the elements of U O M (7.6) and of the sets 
17 — P for all 17 G U — U M will bo called a refinement of U adjusted to M. 
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If we wish lo fix SS more exactly, we call it a refinement of U adjusted to M by 
means of P, 

21.7 Lemma. If M is a closed subset of a normal space S and U is a covering 
of S, then there exists a refinement of U adjusted lo M, 

21.8 Lemma. If 55 is a refinement of U adjusted to M by means of P, then 
53 n p = ii n M, 

Now suppose 7 ’’ is a (7-cyclo approximately on M C and lot U be any 
covering of S. Lot 0 = St(i¥, U), and let P be an open sot such that M C 
P C Lot 53' = 53'(ll, P) be a refinement of U adjusted to M by means of 
P, and let IV = IV(P) govern 7 ' on P. Finally, let U" == IV'(U, P) > 
(IV, 53'). Lot 7/{l\) - T„a' 7 r«,,u" 7 ^(U") = 7 ru,r' 7 ’‘(lV') (cf. Lemma 21.8). 
Although .^'(U) is not uniquo, this is of no importance for our purposes. 

21.9 Remark. If y' is actually on M, thou we may take ^'(U) = 

For if a cycle is on If it is approximately on M, and any covering governs it 
on P. Hence we may lot IV(P) = U and take U" = 53' > (U, 53'). Then 
= 7ruu..7'(tV0 = ^..«-7X53') - 7r,n.7'(U) - 7 (U). 

21.10 Lemma. The colkclion ) is a C~cyclc on M. 

pROOE. Lct53>U. Lot .Z'(U) and (53) 1)0 defined as above. Wo denote 
tho sots of typo P used in the clofinition of Z'{\\) and Z'(53) by P and P', re¬ 
spectively. When wo wish to distinguish, for insLaneo, the sots U" used in tlie 
definitions, we attach tho respective ai’giimont.s—thus, ll"(U, P), IV'(^, P'), 
although wo shall omit tho arguments unless needed. Let 5B > (lV'(tl, P), 
U"(S3, P')). Tlicn tho following relations liold: 

7 r.,..^ 7 W~ 7 ^(U") onP, 

( 21 . 10 a) 7 riui"Tru"«D 7 ''(® 3 ) 7 riui" 7 ’'(U") == ^'(U) on il/. 

And similarly we have tho relations. 

onP', 

5 r^ui" 7 rii"sB 7 X 5 B) 7 rj)i,- 7 '(U") ~ 2'(55) on 7l/, 

( 21 . 10 b) 7 rii,j, 7 roii.- 7 ri,..ifli 7 X® 3 j ^ 7 riisiZ'( 53 ) on il/. 

Now wo consider tlic two cj'clcs on the extreme left of relations (21,10a) and 
(21.10b). Tho projections involved in tiie above relations may be considered 
as projections (i) from 5B to U"(P) U U"(P'), ( 2 ) from U"(P) U IV'(P') to 
(U n P) W (53 n P') = (U r\ M) U (55 n ¥), and (3) from (U Pi il/) U 
(53 P M) to tl P il/. Thus, the cycle on tho left in (21,10a) may be expressed 
as 7 ri!uuo 7 rinjsiu"(i'>uu"{P')^ir'CJ’)uu"(i’')«i 7 ’^(^). Now in the proof which we 
gave earlier to show that different projections map a cycle into the same ho¬ 
mology class of a covering (Theorem 7.2), we employed a chain-mapping “P" 
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such that if a-'' = xoq Wf, then P(wa • •• — S ‘ *' , 

where w, D w,, v. D u>f, etc. If a(r" is on a sot tlionP(cr'') is on F, Evidontly 
applied to the two cyclos of (2Lt0a) and (21.10b) in quosiion, is on 
U A M (7.G), and since as a consequence these cycles are homologous on i¥, we 
have ^^(U) on M. 

21.11 Lemma, If y''<^0 approximately on M, IhenZ'' = {Z'{\X)] ~0oail/. 

Proof. Wg are to show that given a covering U, Z'iW) 0 on U A M. 
Let F, IV = IV(P), SB' = SiS'(P)i U" = U"(U, F) have the same meanings ns 
above. In addition, lot ® = (S(P) bo a covering governing homologies of y'' 
on P. Let SD — ®(P) > (U", ®). Then t"( 35) ^ 0 on P. And since from 
5D > U" wo have Trii-*a,7’'(3)) ^^''(IVO on P, it follows that 7'(U'0 ~ 0 on P. 
Then the projection ?r„iB.7r«.u" = iruu" from U" to U A ¥ gives tiiu" 7'(U'0 = 
2'(U) ^0 on¥. 

In view of 21.9 and Lemma 21,11 wo have; 

21.12 CoRonnAuy. If M is a compact set and y' is a C-cycle on J\l such that 
for arbitrary open set P containing M, there exists l\ such that for iQ > 11,7’’(SB) ~0 
on P, then y" ~ 0 on M. 

Remark. One can now state Theorem 10.7 for any normal space: 

Theorem. If M is a closed set in a normal space S and y", i = 1, ■ • • , h, 
are C'cycles lirh on M, then there exists an open set U C07itaining M such that the 
cycles y< are lirh on U. 

Proof. Suppose no such U exists. Lot Ui be an open sot containing M, 
and L a linear form in the y’s such that L 0 on f/, . Since all ('()(i(Iici(‘nLs 
lie in ff, Llioru exist only a finite number, say m((7i), of such linear forin.s as 
L that are linearly independent in the algisbraic sonso, Ti(5t m denolc I ho 
minimum value of m{Ux) for all open sets Vi contiiining M. 

Let U be an op<‘n sol such that m(t/) = w, and let L be a linear form in the 
y’s that bounds on U. Since L oo 0 on M, by Corollary 21.12 Lhero is an op(‘n 
set V containing M such that h oo () on TA Lot IP == U r\ TA Thtm L ^ 0 
on 11^, and )n(W) = m. Let L, , • • • , L* be independent linear forms in llio 
y’s tliat bound on IP (hence on U). Thom exists a relation L = X] • 
But each L, 0 on IP, hence L 0 on IP. 

As a consequence of the two lemmas just proved, and Iho remark precodiug 
them, the mapping <p : y' Z' Induces a homomorphi.sm 'h : il) —> 

ir{U) tF). We show d> is an isomorphism. 

21.13 Lemma. Let P, be an open set containing M. Then there exists U such 

that if^> U, then y’'(58) ¥>y'(iB) on P, . 

Proof. Let ll'(Pi) bo a covering governing y’’ on Pi , and let U > U'(Pi) 
such that St(ilf, U) C Pi . By definition, ^'(U) = irun"(P)y"(U"(P)) whore 
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P C St(i¥. U). SinCG l\" > ir(P,), 7r«u.Y(lV0 ~ t'(U) on P, . Hence 
^^(U)-/(U) on Pi. 

If ilS > U, then J8 > U'(Pi) and St(¥, SB) C St(¥, 11) C Pi . Hence as 
jusl shown, Z"0&) ^ 7 ’'(55) on Pi . 

21.14 CoROLLAiiY. The cycles 7 ’’ and Z' ~ determine the same element 

oJBKM) ff). 

Obviously if Z'{\X) ~ 0 on ¥, then Z\\X) 0 on any open sot Pi wliich con¬ 

tains M. 

Wo luivo, then, 

2L.16 TiiisonEM, The groups JlriM, IF) and H'{M] 5) are isomorphic. 
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LOCAL CONNECTEDNESS AND LOCAL CO-CONNECTEDNES>S 

As a preliminary to defining manifolds and discussing their proporlics, ^vo 
establish in this chapter some properties of local connectedness as defined in 
terms of C-cycIes and oocycles. Throughout only augmented cycles and chains 
are employed, 

1. Local connectedness in n dimensions. If U is any covering and P a 
point set, then (V 7.6) by U A P is denoted the subcomplox of U consisting of 
simplexes of U on P\ hence for a chain C"(U) to lie on P is oquivalont to l)oing 
a chain of U A P. By U A P is denoted the collection of all elements of U 
that meet P. 

1.1 Definition. S is ?i-lc (= locally connected in dimension n) at x ^ S 
if given an open set P containing x tlicro must exist an open sot Q such that 
•'T ^ Q C P and such that every n-dimensional 6-cyclc on Q bounds on V. 

This form of the definition, although having the advantage of simplicity, is 
not the best for some purposes, inasmuch as wo shall sometimes bo concoriu'd 
with an individual covering, and Definition 1.1, phrased as it i.s in l.emis of 
C'-cyelcs, involves at least a complete family of covoihigs. 

1.2 Definition. S is n-lc at r G N if given an open sot P coiitaiiung ,r 
and a covering U of S, there must exist an open sot Q (ch'peiKh'iit only on P) 
such that T G (3 C P as well as a covering 33 > U such that if ~'(33) is a cyclo 
of 33 A Q, then 7rus)3"(35) ~ 0 on U A P. 

An alternative form of Definition 1.2 is as follow.s: 

1.2' Definition (Cecii). S is «-lc at a; G A' if, given an opem .s('(, P con¬ 
taining .T and a covering U of jS^, there exists an open sot Q .such Lliat .r G Q C. P 
as well as a covering 33 > 11, such that if 0"(33) is a cycle of 33 A Q, theu2"(33} ~ 0 
on (UW33) A P. 

(By U U 33 we indicate the covering of S that is obtained from the ehMnc'nts 
of U and 33 combined; specifically, {TK| (W G 11) V (IT G ^)1-) 

To see, first, that Definitions 1.2 and 1.2' are equivalent, note that if Definition 
1.2 is satisfied, there exists for given U a chain c’^^U) of U A P sucli that 
3c"^*(U) = 7riio2''(S3). As shown previously [Lemma V C.5], there exists on 
i; U 33 a chain 2)2"(33) such that asDz"(33) == ■3ri,o2'‘(33) - 2 " (33); and from the 
definition, it is clear that a)2'*(33) is on Q since 3'‘(33) is on Q. Hence d[c"^ '(U) -- 
© 2 " (33)] = 2"(33). Thus z"(35) ~ 0 on (U U 33) A P. And conversely, Defini¬ 
tion 1.2' implies Definition 1.2. For U VJ 35 is a rofinoraont of U, and lionco 
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0 "( 93 ) 0 on (U W 35) A P implies that XimuB 2 "(S 3 ) ~ 0 on U A P, which in 

turn implioH that 7 ruiu 2 ’'( 33 ) ~ 0 on U A P. 

Wo shall sliow that Definitions 1.1 and 1.2 are also equivalent. First, 1.1 
implies 1.2. Given P and U as in Definition 1^, we select Q as in Definition 
1.1, and lot 35 bo a normal refinement of tl (rcl. Q) [Theorem V 10.7]. 

Suppose z" a cycle of 35 A Q. _Thon is a cycle of U A (3 and as such is 
a coordinate of a C-cycle 7 " of Q. Hence 7 * 0 on P. In particular, then, 

TTii^g'' ~ 0 on U A P. 

Definition J.2 implies Definition 1.1. Given P as in Definition 1.1, select Q 
as in Definition 1.2, and suppose z” is a (7-cycIo on Q. Then if U G S, and 
33 > U as in Definition 1 . 2 , we have that TuBis”(93) 0 on U A P. By hy¬ 
pothesis z" is a C-cyclc on Q, so that iru« 2 "( 35 ) 2 "(ll) on Q. Hence 2 "(lt) 0 

on U A P. Thus every coordinate of 2 " bounds on P and Definition 1.1 is 
satisfied. 

2. Chain-reaUzations. As wc see later, spaces with sufficient local connect¬ 
edness properties resemble a finite complex homologically. Of fundamental 
importance in the demonstration of this fact is the notion of “chain-rcalizaiion". 

2.1 DjiFiNiTiON. Lot K and L bo complexes. Tiien by a chain-realization 
of K on L we moan a function, or chain-mapping t, whicli assigns to each 
0 " G C"{K-, iT), n = 0, I, 2, • • • , an n-clmm rc" of L such that 

(1) r{acl -h hc 2 ) ~ arc" -i- 6 tc" , a, fc G SI. 

(2) tOc" ~ efre". 

(3) Ki(Tc‘’) = Ki(c‘^) for every 0-chain o'". 

For oxamido, a simplicial mapping of K into L induces a eluvin-niapping sucli 
as T, houce a chain-realimtion of K on L. 

2.2 Definition. If K' is a siibcomplcx of K that contains all ilic vertices 
of K, then a cluun-roulizaLion of K' on L is called a partial chain-reahzalion of 
K on L. Thu.s, when we defined for each 35 > ll that the projection of a F G 35 
should be a U G U such that XJ D V, we also set up a partial chain-realization 
of 35, as a complex, on U as a complex, whem the set analogous to IC was tlie 
set of all vortices V of il5. 

2.3 Definition. If t is a partial elmin-malization of K on L, llieii a cliain- 
rcalizatiou r of K on L is called an exlemion of r' if t agrees with t wlicrover 
the latter is defined. Wo also say that “r' can l>c extended to the realization t.” 

In the application of the notions just defined we shall oncounLor two types of 
theorems. One of these is concerned with wliat avc might call realizations in 
the large, meaning thereby that the whole space S is involved; the other is 
concerned with realizations in the small, in that only a portion of the space is 
involved. We consider the former type first, and as a preliminary we introduce 
a type of uniform local connectedness which we denote by the symbol Culc, in 
analogy with Ic. 
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2.4 DEFiNi'noN. If (S is an avbilraiy eovcring, and c”(U) is a chain of 
some covering 11, then c'‘(U) will bo said to bo of diameter < (S—symbolically, 
diameter c"CU) < S—if there exists B such that c'‘(U) is on E. 

2.5 Definition. A space is called n-Cidc (n-dimensionalh/ uniformly 
locally connected m Ihc sense of deck) if given any Xl, S3 £ E, there exist’ lU = 
lUCXl) »incl 25^ — 33^(lt, S5) such that if 3"(930 is of diameter < U' , then 
7 rsDiU'„2"(930 bounds a chain of iQ of diameter < 11. 

2.6 By Ic" we denote the property of being r-lo for all r n; and .similarly 
the symbol Ciilc" denotes the property of being j’-Culc for all r ^ n. 

2.7 As in the case of Definition 1.2, thoro is an altornativc form of Definition 
2.5 in which the phrase ^'then • • •'’ is replaced by "then 2"(53n) bounds a chain 
on 33 U 58^ of diameter < U.” 

By way of justification of the phraso "uniformly locally connected" above, 
wo prove: 

2.8 TnEouBM, If the compact space S is n-lc at every poinl^ then S is n-Cuh, 

pROOin. Let U, IS S S bo given. For each S B select U{x) £ U such 
that a; € Then with U{x) as the P of Definition 1.2, and 93 in place of 

its U, there exists by the n-lc assumption an open sot (3(.r) siuili that x E Q{x) C 
lj{x) and a covering 9SG'r) such that if z" is a cycle of HSCr) on f3(.r), then 
frojK.ia" ~ 0 on 95 A U{x), 

Lob a;i T, E *Sf such that tlio .sot U' consisting of the seds 

forms a covering of »S. Let SB' > [tl, 95(.t’i), • ■ ■ , 93 (.t:0) " ‘ j 93(.r,„)]. Then con¬ 
sider any 2"(93') of diameter < IV. Thooyclo2"(;C')isonsomG(3iHny<3(a;,). Then 
7 r«„o«'2"(93') is also on Q(x,) and thorofoio 7riu«j(„)7riB(*()W'«''‘(^0 0 on 

95 A U{x,). I-IcncG 7r«iD.s"(93) bounds a chain on 23 of diariKdor < 11. 

Remark. It should be noticed that as a consociuonco of (lie aliovo proof, if 
3"(930 is any cycle on U' =* (3(a\), then there exists C/ == U{x\) E ll sucli tliat 
(1) U Z) and (2) 2’‘(230 0 on (95' U 25) A U> The reader may prove the 

converse of Theorem 2.8. 

2.9 Definition. If © is a covering and t is a partial cliain-rcalizaiion of 
a complex K on some covering 11, then r is said to be of norm < (S if for each 
simplex B" of K there exists -/? E ® such that for every chain c'" of E", for which 
TO* is defined, the chain rc^ is on E. 

2.10 Theorem. A necessary and sufficient condition for a compact space S 

to he Zc" is that for every pair It, 23 E 2 there exist covermgs tl,T := U^dl) ajid 
93? = 23?(ll, 23) such that if K is a complex of dimension ^ -f- 1 and r' is a 


’Whenever a symbol U(lh , •'', lU) is employed, it will bo understood that U > Ui, ■ • • , 
lU ■ 
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'partial chain-realization of K on S3*, or a refinement thereofi of norm < U*, Ihen 
t' can he extended to a chain-realization of K on^U S3* of norm < U. 

Proof of the necessity. Given coverings U and S3, define consecutively 
the coverings (of. Lemma V 8 . 6 ): 

lL>*Um S3„> 35), U„J, 

IL-i >* U;-.(IU, > {S3^-,(IU , S5„), 


Ita >*IUCIU 33o > mOXi, 330, tlo}, 

where the U"s and 93"s are as in the proof of Theorem 2.8. Let llf(U) = 
Uo and S3*CU, «) = S5o. 

For any € Uo, there exists a sequence 

(2.10a) Uo C St (Uo ,l\o)CU'oCU,C‘- - CUUCU.C-- - CU, 

where U, ^ U, , C/J G U( , for f = 0, 1, • • • , n; t/ G P; and such that any 

2 -cycle of a refinement of 33( on Ui bounds a chain on U, + i if f < n, and any 

n-cycle of a refinement of 93;i on U'^ bounds a chain on U (see Remark following 
proof of Theorem 2.8). 

Now let t' be a partial chain-realization of a complex K of dimension ^ 
n -f 1 on 93,t of norm < It*. If K' is the subcomplex of K of winch t' is a chain- 
realization (Definition 2.2), then for any a‘ of K' we let r(o-'‘) = t'(o-^). The 
definition of r on K — K' will be given inductively. 

Suppose is a cell of K but not of K'. There exi.sts Uq such that is 
on Uq . Hence r'dcr^ is on the Uq of (2,10a) and there exists a chain of 

93o U 93, on th of (2 10a) such that dC^ = r'dah We lot rtr’ — C' . Note 

that 2.1 (2) is satisfied. 

Suppose T has been defined on all f-cells of K not in K' for i S h — \ and 
let <T^ be a coll corresponding to an E'' of K not in K'. There exists a Uq such 
that for each 0 -“ corresponding to a vertex of E’’, is on Uq , as is also each 
given tV‘ for a' corresponding to a face of 7/. Suppose cr'""' corresponds to 
a face of E'’ and the was not given. Then was defined by the 
induction by first selecting a Uq which we denote by Uq'\ subsequent to which 
ra^~^ was defined as a chain of 33o W 93, W ■ ■ ■ L7 93i-i on 771" , clement of 
the sequence of type (2.10a) associated with Uq\ Wc now have two sequences, 
(2.10a) and the sequence of type (2.10a) in which 77,“’ replaces U, . 

Now we took 93o > Uo . and if all corresponding to vertices of E’'~^ lie 
on both Uq and 77o“, then 77i and 77"’ meet and consequently Uu-i and 771-1 
meet. It follows that all lie on elements of Ih-i that meet , and 
hence rda'' is a cycle of 93o 97 • • • U 93*-! on Ui-i . Hence there exists a chain 
C" of 93o W .. ■ 97 93*-i U 93^ on 77* such that dC" = rd/. We let r/ = C\ 
If we denote 77 by 77„+i, 93 by 93„+i, etc., the induction is now complete. 
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Finally, having defined t for all colls of K not in IC, all chains may be “pro- 
jecLed” onto 33W23o = i 8 USS? 8 oasto obtain the desired chain-realization 
of /C on 25 U m. 

Proof of the Sufficiency. Let x E. S, open set containing x, and 
U G S be given. Let Q, be an open set such that .t; € Qi C P, ancl U, V be 
disjoint open sets containing F(P), F(Qi) respectively. Then S — P, U, P — 
Qi, V, Qi constitute a covorii^ of jS. Then there exist U*CU')j S3,T(U', U), 
etc. Let Q be an open set containing x and common to Q, and the elements of 
UJ that contain a:. Suppose js’’, r ^ n, is a cycle of 35^ on (3- If I ■z’' [ denoios 
the smallest complex of ^if of which 2 ' is a cycle, let Y be a vortex of | z' [, and 
let denote the conc-oomplex (V 6 ) formed by the join of | g" | and Y. Then 
on the complex | z' | con be defined an obYiou.s partial chain-realization t' of 
I' on of norm < UJ, and this is extendible to a chain-realization of I" on 
U U iSJ of norm < U'. Evidently, since r'z'" is on Q, the extension r must bo 
on P, and since, by Lemma V 6.1,0 on i', we have ~ 0 on (U 53,f) P. 

3. Complex-Uke character of compact Ic" spaces. 

3.1 Theorem. If tlie compact space S is Ic", then there exists a complex K 
such that the homology groups Hl{S\ JF), r ^ n, are isomorphic mlh subgroups of 
the corresponding groups IK(K; fF). (Compare Theorem 4.5 below.) 

Proof. Let U be a covering of S, and let Ito >’*' IU(U) (lit as dofinoci in 
the statement of Theorem 2.10). For each C-cyclG z’', let <p{z') = 2 '’(U(,). 
Then <p induces a homomorphism, which we also denote by <p, of II', 3^) into 
//fl(Uo ; S'). Wc shall show that if the cycle 3''(llo) 0 on ll,, then 2''(93) 0 

for every refinement 55 of lU ; and since the rofiiicmonts of llo form a complete' 
.system of coverings, it will follow that z' 0, and that <p is an isomorphism 
into a subgroup of IlliVio ; JF). 

Suppose, then, 2’'(Uo) ^ 0 on Uo » 2 ’’ being a C-cyclc. For 55 > Un , let 
55,t(U , 55) bo the covering defined in the statement of Tlioorom 2.10. Asso¬ 
ciated with the projections ith.c.* arc the homomorplii.sms D (see V (i) inl.o 
m*, such that a 3 D 2 '( 55 „*) = ir„.,a„* 2 '(Si 5 *) - 2 '( 55 ;'') {Lemma V (10). J.('t 

er’(Uo), cr'(Uo) be chains such that 3cr‘(llo) = ^^dU), ‘(ll,) = 2 "(lli) - 

7ru.g„.2X53?)- Then = cV\%) - cd’dlo) - 3 D 2 ^(S 3 ,t) is a chain of 55,* U ll, 
such that dc'*^ = zd55*). 

Let [ c'*' I denote the minimal subcomplex of 53? U Uo of which c"‘ is a 
chain. Let v, , i = 1, 2, ••• , m, be the vortices of 1 c’’^* | on IL , and for each i 
lot yf be a vertex of 55,? such that v, D v*. Define a partial cliain-roalization 
t" of j I on 55? as follows: For each cell ^ of | z''(55?) j, tV == tr; and 
t'i’, = of. Then norm t' < Sl(Uo, Uo) > U?(U). Hence by the definition of 
55?(U, 55), t' can be extended to a ohain-realization t of [ c’'^‘ | on 53? U 53 
(of norm < U). Then dre'*^ — rdc '*^ = t 2 ''( 53 ?) — z'(S3?). Consequently 
the chain is bounded by «r80B*2'(53?), and since the latter is ho¬ 
mologous to 2 *^(55) on 53, we liave that 2 ’'(S) 0 on 55. 
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3.2 Corollary. If a compact space S is Ic", then the numbers pKS; tF), 
r = 0 , 1 , • • • , n, are all finite. 

3.3 Lkmma. Let Cq , Ci , ♦ • • , c„ any set o/ ?i + 1 nonnegative integers. 
Then there exists an at most n-dimensional {geometric as in II 6.2) complex K 
such that pl{K’, 3^) = c, , r = 0 , 1 , • • • , n. 

Proof. Tho lemma is true for n = 0; since the number of components in 
K is to bo Co -H 1 (Theorem V 11.3), we lot K consist of Co -f- 1 vertices. 

Suppose tho lemma is true for n — 1. Then there exists an at most {n — 1)- 
dimcnsional (geometric) complex K' such that Pa{K') ~ Cr for r = 0 , 1 , • • • , 
n — 1. Now let L be a complex consisting of c„ n-spheres, SI, • • • ,52, where 
k ~ c„ , such that S'l , S’} , i < j, have exactly one vertex in common if j = 
i 1, and otherwise have nothing in common. Let K' be augmented by the 
addition of the complex L in such a manner that K' and L have just one vertex 
in common, say a vortex of S’l not on *32 . The rc.sulting complex K is at most 
n-dimensional, and since it.s 7 i-dimcn.sional .simplexes lie entirely in L, satisfies 
the condition jliiK) == c„ since p"(L) == c„. 

That pa{K) ~ p’a{K') = Cr for 1 < r < follows readily from tho fact that 
(1) pl{S'‘) = 0 (see V J2.5and Corollary H 5.11) and (2) every r-cycle z’ of K 
can bo expressed in tlie form 

(3.2a) z’ — z’ -jr Zi -h ■ ■ • + Za , 

where' z’ ,J = 1,2, • • • , c„ , is an absolute cycle of -S'". And sinec tlio miinhcr 
of comj)onenis of K is the .same as that of K', 7 j "(/0 = Cq . 

Jn order to se(! that ]>'(/(), in ease 1 < n, is the same as p\K'), we can again 
g<!(. a (Ic'eoinpiisilion like (3.2a), with r = 1, except that here it is not so obvious 
that the individual terms on the right represent eyeles. However, consider 
zl , for ('xainple, Sin(‘(' 

(3.21)) c' =5’ + ■■■ + 4, 

and dz' = 0, it follows iliiit t).:! = —Oz' ~ d-i — ■ ■ —(■),! Now if 9 ^ 0, 
then must — (fl), 0 <E where cr? corresponds to K' H L, a’l coire¬ 
sponds to -S’" ,S '2 and a 5 ^ 0. For tho presenee of any otiicr O-cclI of -Sj in 

dz\ would imj)ly its presence in dz'; and in adililion, dz\ being a bounding cycle 
it must satisfy the condition Ki(d 0 ]) = 0 (Lemma A' 18.7). But then 

~dz' ~ dzl ~ — dzl = a{al ~ cr?), 

implying that ~dz' == aai , which is impossible since Ki(a£r?) = a 5 ^ 0. We 
must conclude then that dz\ = 0. Similar arguments apply in the case of the 
other terms of the right-hand member of (3.2b), with a slight variation in the 
case of z' and zl • 

In view of Corollary 3.2 and the fact that two vector spaces of the same 
finite dimension are isomorphic, we have 
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3.4 Theorem. If the compact space S -is Zc", then there exists nn at most n- 

dimensional {geometric) complex K such that IK{S; Jl) ajid 11 are iso¬ 

morphic, r — 0 , 1 , "■ ,n. 

The reader will recognize that Theorem 3.4 is Iho extension of the tlKiorem 
that a compact space which is Ic in the sense of Chapior I hiw an at ino.st fmite 
number of components. 

For the situation “in the small”, we give below analogues of TheoreniH 2,10 
and 3.1. It will be useful, for later purposes, to state the theorems with ojily 
local compactness assumed. 

3.5 Theorem. Let S be locally compact and ld\ M a compact suhscl of /S' and 
P an open set containing M. Then for any coverings U and 93, there exist coverings 
U; = U;(U; M, P) and = 93:(U, M, P) such that ifz^im, r S n, is a 
cycle ofW„ A M of diameter < XV „, then 2 ''( 93,0 hounds a chain of (93,' \J iQ) A P 
of diameter < U. 


The proof is analogous to that of Theorem 2.8; the differences in proof lire duo 
only to the fact that we have hero a uniformity with regard to il I rather tliiui to /S'. 

Remark. Any refinement of 93^ will serve as well as 95,', . In partioulur, 
93i may be assumed to bo a refinement of lU . 

3.6 Theorem. Under the hypothesis of Theorem 3.5, if U and 93 are coverings, 
there exist coverings 11* = U*(U; M, P) and 93* = 93*(U, 93; M, P) such that if 
K is a complex of dimension ^ + 1 and r' is a partial chain-realization of K 
on 93? A il/ of norm < U? , then t' can he extended to a clmin-rvalizalion t of 
7C on (93? U 93) APofnQrm<\\. 


Proof. Let Pi 


P„ be open sets such that (0 il/ C /h C • ■ • C 


^ ^ compact. Lot > U 1 )(» h (!ov(‘i'iiifi; hiu'li 

n"; «; 

Pn,P), U„j (Iheorem 3.5). 

Next let ®,> u. be a covering such that Sl(P..., ®„.,) C /’„, aiul so.. 

L”; lot SB. > n. bo a oov,..■!„« sucl. II,at 

|t(P, , SB,) c , and select U, >‘ U!(!iB, ; P, , PJ, SB, > js)i;(s)B, , sy, ; 

‘ i 1 ' > Ui be a covering such that Si(il/, 92,,) C /h ! 

and select U. >* US(Sffi. ; M. P,) and SB. > (S8«SIB., SB. ; ill, P.), U.|, 

^^e then proceed as in the proof of Theorem 2 . 10 , Let r' bo a partial chaiii- 
i^hmtion of a complex K of dimension S « + 1 on SB. A ilP of norm < U. . 

(/. such that r 0 . IS on U„ and hence on a « D U. as before; lionoe by doriiiition 
of Uo there exists a oham C' of SB. W SB. on a fF, 6 SHS. such that 3C' = r'3a\ 

^ a tt 01 on P ”; “ ^ C C/, ; then C' 

IS a loitioii on Ui . Let tv ~ C' as before. 
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liaving r (IcfinGcl on all z-colls of K iox i ^ k ^ 1, loL bo as before. This 
Umo Tc?/ is a oycic of 25o ^ > on Pl-i H 1/£_, where Ub~\ G UiE-i 

and accordingly bounds a chain of 58o W • • ■ U 35* on a ITT-i 6 SQa-i • 
Since C I\ > O' is on P* . 

If we denote 11 by U„+i , 93 by 93„+i, etc., we ultimately arrive at definitions 
of all TO-"' ‘ on P, otc. 

3.7 CiouoLLAUY. If the locally compacl space S is Ic", M is a compact subset 

of aS' and P is an open set containing M, Uten Qiere is a covenng Uo of S such that 
if z', Y) oycles on M such that z'CUo) on Uo A iU, then 

~ Y on P, 

The proof is simihir to that of Theomm 3.1. 

3.8 Corollary. If the locally compacl space S is Ic”, M is a compact subset 
of N and P is an open set containing M, then at most a finite number of n-cycles on 
M are independent with respect to homology on P. 

3.9 CoRCJLLAUA'. // ^1/ is a compact sublet of a locally compacl, Ic” spa^ S, 

and P is an open set containing M such that P is compact, then ir{S‘. M, 0; P, 0) 
and H, .S — P; #S', P — M) have the same, finite, dimension. And they 

have rvspecfivo sets of generators {T?), such that H-r" = 5! . 

Proof. I’ho i)roof is a conseciiionce of C^oroIIary 3.8 an<I 'rhcoroin V 18.30. 

‘1. Noncompact cases, ^^'e shall give in litis section ctn-tain Iheoreins that 
are of fundameiilal importunee in (he npplicalions lalor on, especially in the 
(lualily tlu'ory. W(‘ Ix'gin with a tlu'onon winch oslahlislios an aiinlogiK* of 
the ulc properly First uc note the following lemmu. 

•1.1 If U Ls a star-finite ucos of a space N, and M is a eompncl subset 

of S, then only a Jinilc number of elements of U meet M. 

Tin* ])roof is left (o tlui reader. 

■1,2 'I'ni'ioRiCM. Let P he an open subset of a perfeclly noimul, compact, Ic" 
space »S’, and LI, 93 slnr-finitc internal ucos of P.“ Then there exist cvunlablc, 
slar-finile internal ucos U,". = IU(U; P) and 9.ii = 93;{U, 93, P) of P such that 
if ^F(93»), ^ Ji^^de cycle of diameter < iV„ , then ^"(93.') bounds a finite 

chain on 93f, 95 of diameter < U. 

Proof. Let {QJ l)c a collection of open sets such that Q.n Q, and 
P = ^ Q, , each Q, being compact (Lemma V 20.4L Let Qo = Q-i = 0. 

By Lemma *1,1, .so far as any particular set Q, is concerned, U and 93 may bo 
coasidored as fcos. Hence by Theorem 3.5, there exist, for each i, fcos Ui.. = 


’Evidently the hypothesis in this form is more general that if it ivcre assumed that U and 25 
arc countnlile, star-finito ucos of S. 
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IU..(U; - Qi-y , - Qi- 2 ) and 33',.- - 33:,.(U, 33; Q... - , 

“ Qtrs) of ^ such that 35:., > U:., , and if ^^33:,.), r ^ n, is a cycle of 
33:,< A (Q,n ” (3i-i) of diameter < U:., , then ,^''(33:,,) bounds a chain of 
(33:,, 33) A (Q ,+2 ” Qt-i) of diameter < U. Wo may assuino that for each 

i, 35:,..i > 33 :,,. 

For each — [U r\ ((9,+, — Q,-i) | U G lU .], and 3'«.< == 

{vn{Q, -Q.-o IyG35:..}. Letu: = U®,.,.= Ua,... 

Consider a cycle :2"(33:), r ^ n, of diameter < U: . Then ] ^'’(33:) | lies on 
at least one clement of U: ; lei i be the smallest integer such that | ^”(33:) | 
lies on a f7 G • Then U meets no vertices of O'...*-! ) or of any such 
that j < i; indeed, | 2"(330 1 hes on 33:., U 33:.,+, W 33:., ^ 2 , and is on Q ,~ 
Q,_, as well as of diameter < U:.,. Consequently ^:''(33:) l)ound8 a chain of 
33: 33 of diameter < U. 

4.3 Theorem. Under the hypoPiesis of Theorem L2, there exist countable, 

star-finite internal ucos U? = HJ^U; P) and 33* = 33*(U, S3; P) of P such that 
if K is a complex (Jinitc or infinite) of dimension ^ + I and P is a partial 

realization of K on 33? of norm < U?, Qien P can he extended to a realization of 
K on ^\J 33? of norm < U. 

The proof is practically n repetition of the proof of Theorem 2.10, of wliieh 
Theorem 4.3 is the analogue, except that Theorem 4.2 is used in.stead of 'rheor(>m 
2 . 8 . 

4.4 Theorem. Lei P he an open subset of a perfectly normal, eomparl, Ic" 
space S, and let M be a compact subset of F and Z’, r ^ n, a ('-cycle on M such 
that Z' = 0 in Pf Then Z' <^0 on a compact subset of P. 

Proof. The set P may be l■cplx?.sented ns U:., (f wlu’iH* llu' (f are open 
sets such that Q\ Z) Q.-n ^ Qt • I^t It he tlie (^)Voruig of P wlio.sc' (‘leirieiils 
are the set fA = Q 3 and thoscls (7,+i = (L *2 — Q. , f = I, 2, 3, • . Then 

let do >* U?(U), whore U? is as defined in Theorem -1,3. 

By hypothasis, ^^'’(Uo) 0 on do . For any 33 > U<, , whei-e 33 is a slnr- 

finilo, internal ucos of P, let 33?(U, S3) be as defined in Theoi’em l.-S. Re¬ 
ferring to the proof of Thcomm 3.1, there exist chains P", c['‘, cf', ;0Z''{33,t) 
as defined therein, where the last two are on t]f. Let l\ be iJu* (‘Icmeal of 
U with greatest subscript k such that t/i H [ c'"’ ’ 1 0 , and let V — u;., 

Then, following the proof as given in thejatter part of the jiroof of Theorem 
3.1, it is shown that 2^(35) 0 on 35 A U. And since, by Corollary V 2(U), 

covci-ings such as 33 form a complete family for P, wc conclude that Z' ~ 0 on IJ. 

Note that by the same type of ai'gumcnt, wo have: 

4.5 Theorem. Let P be an open subset of a perfectly normal, compact, Ic" 
space S. Then there exists a countable, slar-fmite complex K such lhal the homology 


3Cf. Definition V 20.3. 
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groups K(P] ff), r S n, determined hy C-cydes and homologies on compact subsets 
of P, are isomorphic mtk subgroups of the corresponding homology groups of K 
as determined by finite chains of Kf 

We shall conclude this section with, a theorem that is of fundamental im¬ 
portance for the duality theory of Chapter VIII. 

4.0 Theorem. If M is an arbitrary subset of a peifectly normal, compact, 
Ic” space S, and Z\ r g n, is a C-cyde on a compact subset of M, then a necessary 
and sufficient condition that Z' ^ in M. is that for every open subset P of S con¬ 
taining M, Z' 0 on a compact subset of P. 

Proof op necessity. Every internal ucos U of P gives, by the intersections 
of its elements with M, an internal ueos U' of M, and by hypothesis Z' 0 
on U' and hence on U. Therefore = 0 in P, and by Theorem 4.4 must there¬ 
fore bound on a compact subset of P. 

Proof of Sufficiency. By Theorem V 20.10, it is sufficient to show that 
Z' bounds on all countable, star-finite coverings of M. Let U — {t/.j be any 
such covering. By Lemmas V 20.14, 20.15, tliere exists a neighborhood covering 
U' = of M such that U{ r\ M — U, and the complex U is isomorphic 
with the complex U' under the correspondence U, ^ U' . Let P = U u:. 
Then P is an open set and by hypothesis there exists a compact subset F of 
P such that Z" 0 on F. 

Now by Lemma 4 1, only a finite number of elements of U' meet F, and these 
form a fco.s 23' of F. Hence Z'(^') ~ 0 on 93' n P. But this implies that 
Z^iU') bounds a finite chain on It'. This in turn implies, because of the iso¬ 
morphism between U and U', that Z'^(U) ~ 0 on U. 

For purposes of an application in Chapter XII, we note here that Theorem 
4.4 can be generalized as follows (the proof being not essentially different from 
that of Theorem 4.4). 

4.4a Theorem Lei P be an open subset of a perfectly normal, compact, Ic" 
space S, and let Z', r ^ n, be a C-cycle on a compact subset jSI of P such that 
Z' «= 0 mod K in P, where K is also a compact subset of P Then Z’ 0 mod 
K on a compact subset of P. 

And Theorem 4.6 geneiahzcs as follows* 

4.6a Theorem If M is an arbitrary subset of a perfectly normal, compact, Ic" 
space S, and Z’, r ^ n, is a C-cycle on a compact subset of M, then a necessary 
and sufficient condition that Z’’ = 0 mod K tn M, where K is a compact subset of 
M, IS that for every open subset P of S that contains M, Z’' Q mod K on a com¬ 
pact subset of P. 

6 . Fundamental systems of cycles. In this section we shall show that for 
compact Gs subsets of an Ic" space them exist countable sets of cycles analogous 


^Compare Theorem 3.1 above. 
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to homology bases. The I'cadcr may wish lo compare llio material heroin w 
that of §V 12. 

5.1 TiiEoiiKftr. Suppose tfiai S is Jc' for some nonnvgalivcjfnUHjvr r, and I, 

Vi Ut. is a sequence of open sets such llial ( 1 ) is compact, 

r/.D £/,*.; =n . Then there exists a sequence of C-cycles 7 I , • • 

Yn<i) , ■ • • , 7n(i>, • • • , on M such that for each k, y[ , • • • f<»‘m a ht 

for r-cyctes on M relative to homologies on Uk , and y\ ~ 0 on for i > n{k). 

Proof^ By Corollary 3.8 only a (inito mimbor of Ceeh r-ciycilos on M j 
lirli on Ui . Let 7 I , • • • , y!1(i> bo a base for anch eycle.s. 'Tlum by Lcmn 
V 18.26 ilicre exists a base for r-cyclos of M relative to lioinologioa on (1.^ 
tho form y\ , • • • , , • • • , (if the 7 ’s alone foi'in .such a hi 

wo would of course proccetl to a Uk whore tho Z'^ form a nonempty sy.sLen 
Now wc liavQ 

»(i) _ 

= on Ui, j = h(I)-I- I, • • • , n(: 

Let 7 ^ = rj - . Then 7 f, , 7 «(i) + i > ••• . 7 n( 2 > form a l)ase i 

cycles of M relative to homology on Ui . For suppose ilieri' ('xisls a relati 
TXilvv. ~ 0 on Ui . Then suhstituling for 11107 ! for i > /i(l), tlu' cycl 
r! — Z!, WG get 

n(t) r nlS) ■] »{2) 

T, t>' + T, i'a', t: - E ~ 0 on (/, . 

t»l L (-nCD + l J l~n(l) f 1 

If some fyjs not zero, a oontimliction of the lirh of Llu' origiiml .sol, of cycl 
7 ! , Z! on Ui results. And if all h’ are va'.vo, then a relation () ( 

Ui results. As the 7 !, i = 1, • • • , n(2), then, are lirh on Ui and ?i(2) in numlH 
tlicy form a liaso of the rociuircd sort. 

5.2 Corollary. If S is a locally compact and Ic space, and /!/ ts a eompt 
Gi in S, then there exist open sets Uk as in the hypothesis of Theorem 5 . 1 , a. 
consequently C-cycles of type 7 I , • ■ • , 7 ;(i) , • ■ ■ ■ In pnrlieidar, if 7 ' ;,s' a, 
C-cycle. on i\[ and P is an open set containing M, then 7 ' is homologous on P to 
finite linear coinbinaiion of the cycles 7 !. 

5.3 Definition. A set of cyclc.s such as tho collection 7 ! whose existen 
is proved above will bo called a fundamental system of r-eycles of /!/. T1 
justification for this terminology will appear in tho sequel. In the meantin 
we record tho following obvious corollaries: 

6.4 Corollary. Every conipacl subset of euclidean space has a counlal 
fundamental system of (5ech r-cyclesfor every dimension r. 

For instance, reverting to the Pcano continuum M of V 12.1, it may bo shov 
that M has a fundamental system { 7 ^} such that 7 ^ is a cycle on il/* . 
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6.6 CouoLLAUY. Every compact subset of a locally coinpaci, metric, W space 
has a couninhlo fundamental system of dedt r-cycles. 


The r-climcnaional homology group of a compact set M having a countable 
fundiimontal syHiom of Gcch r-cycics as above will bear further analysis. Lot 
the (:y(!lo.s 7 I , • • • , Tiifi) , • • • bo determined as before (Theorem 5.1) relative 
to the open sets , • • ■ , , • • • . Let [Z'i], {Z 2 ] 1)0 elements of H'iM; fF), 

with Z[ E: [Zl], Z’i E [Zl], Then wo define a distance function 
{Z’ 2 ]) — \/k, wlicKi k is the largc^positive integer such that Z[ Z^ on (7*, 
if Ruoliji k exists. Tf Zj\ 'i-' 7/^ on Ui , we let p({Zt]} (Z5}) = J, and if Z[ ^Zl 
on all Ih , we lot p({Z:\, = 0. By Corollary V21.12, pi{Z[\, {Z;\) = 0 

implies that Z'l Z^ on M, hence \Zi} = {Z^}. We leave to the reader the 
rest of the details of the proof that in this manner ir(M; fF) becomes a metric 


space. 

The metric space so denned is complete. Consider a Cauchy sequence (13.2) 
of homology classes , 1 = 1,2,3, , and Z^, E ByLcmmaV8.7 

there (ixista a (iomploto family S' of covcring.H such that if U E there exists 
an open sot P containing M such that if 1/ € U meets P, then U meets M. 
For each such U let us cihooso the Ui with smallest suliscript /i.(U) > I such 
that. can h(‘I'vo as a sot “P” for U. Ixjt i(ll) lie the smallest natural 

number sucii tliiit p(\Z',i,\i)\, < l/k(\X) for all s: tliat is. Zbu, 


Pkiw) fo*‘ all «s. 


l.el ^'(U) = ^^bindl). Then Z' is a C’-cycle on 


III. For supixi.sc U, '4.1 G ^ > 11 Wo must show that 


^:on(U) imM. 

'riu'i'o are two cases: (I) If A*(i8) g k(i\), then z('4i) S f(U) and ^bu)(U) 

O') and iu'iice on M. Since on M, the 

rcciiiirixl homology follows. (2) If A()8) < A'(Ll), then li'B) ^ f(U) and 
00 and hciico on M. (lonscxjuenlly Tiis^^hjvdil) 
7ritiii^biij('4.1) on /!/, and from fl-iut^bii)!®) ~ .!?l(U){U) on i\f the rctjuiicd re¬ 


lation again follows 

To see (hat lim, .,0 77, = jj^'l.j^loctuny (Lund let AA, l»e the Kmalle^t natural 
number sueli tliat Z\ 77, on fA for all i, j ^ Nl • i.-ct In: the M't of all 
elements of i)' that, art' refinements of the covering con.stitul(*il l)y (lie open 
sets P, , .S' - Af. If U E i:". then k{ U) ^ A, henec i(U) S AT . C’otisequciUly 
^liindl) ~ Z'^il) on Lh for all t ^ Nk . 

If, now, we define aY, = lim™-., are the 

elemenls of tlie fundamental system of ?--eyclos of M, we see that eveiy such 
sum exists .since the partial sums ^ 7-1 o’ 7 t fonn a Cauchy sequence. Con- 
vensehy, every cycle y' of Al satisfies a udkiuc homology of the form 7 ~ 
XlT-i u'y’’, . The latter may be obtained as follows: Let y' ~ a' 7 . on 

V, and 7 ^ on U 2 . Tlien a* = 6 ' for i = I, - ■ ■ , a(l), since other¬ 
wise there would exist a homology 5]]"iV (o' “ 0 on 7, . In other 

words, the coefRcicnt of y\ , for n(k) < i ^ n(k + 1), is the same as in the 

homology y'' ^ L-V*’ a’ 7 ' • Then y' ^ Z' = XI"-* , by application of 


Corollary V 21.12. 
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Viewed from tlic standpoint of the Cauchy-Canior-Moray-ITausdorlT co 
struction for completing a metric space, the space jr{M ; ff) is Uic “complotioi 
of the space ir[{M ; ff) which consists of all finite linear formvS 2 ^^-1 a' 7i, a’ ^ 
and whoso metric is dolormincd as above. We have proved, then: 

5.6 Tiieoubm. 2/ S i» a locally com-pacl, Ic" space and M is a coinpacl 

in S, ikon the aroup forms a complete mclric space havmo a counlal 

subset rj , • • • , , • • • such that PI = 0 and every V' ^ ir{M ; fF) 

uniquely expressible in ike form W *= aTJ , a' G In pnrlicular, l 
Doctor suhspace ff) gencraled hy the base elements r' is dense in fr{M; 

and uniquely determines Ihe latter. 

I'inally, wo observe thM tho.8paco Il/iM; fp) above—and honeo //'(M;fp) 
is of a unique typo. This is trivial for tho linite-dimensioiuil ease, of eoin-; 
If Ml , Mi arc compact spaces of tyi>c ilf—i.c., each is a (fi in some; loe.a' 
compact Ic" space—and y', , i = \, 2, •••, , i - 1, 2, • • • an! res)){!eU 

fundamental systems of r-cyolcs, then for each 23'"-i ciMtH G ; fT) 

correspond the clement Xlr-i a*\Z',] of IffiMj ; ff). 'I'liis is not only nn h 
morphism between those spaces as vector spaces, but a liomc'oinorplustn Ijct we 
tho complete motric siwccs. This is a direct result of the fiiel- lluit a i^divli 
cMt'} 0 on C/* implies that c' * 0 for i g ni . lienee if lim, 
I 2 V -1 al{7'} * 2--) then ultimately al = a' for i = I, 2, ■ • ■ , /i ti 

al for i > A is nonzero only for greater and greater values of i. 

Another way of looking at the matter is to ol)s(‘i've limt (lie l{)|)olog^' 
n'iM; iJ) as set up above turns out to he the same us that of the product spj 
(I 12) formed by a countable collection of sets fF, , wlu're eaeii sy, is isomorpl 
with tho field We leave the details of the proof of (his fact lo tlu* readfU'. 

6.7 'niicoiiicM. The groups ir{M ; ff) of compart f/j siihsris of locally compt 
Ic' spaces are completely determined as lo lopologictil slnictmr by the Jicid iT o 
Ihc Betti numbers p'{M;ify,for p'(M; IF) iiijhiilc, this Hlntcliiic is aheoys ihat 
the product space of a (leitumerahk collection of sets iF, each of loltich is isomorp 
with the field fF. 

Rkmauk. Theorem 5.6 i.s a generalization of a l.lieoiviu of V’lidoiis )a) 
the effect that the r-dimonskmal IJcUi group of any eoinpael melrie s])a(‘e I 
a fuiiclaracntal system of cycles r; such as that of 'riu'orem 5 li, [^or h\\\cv 
in a compact metric space the homology theory in terms of tlu' N'leloi-is (ivc 
and C-cycles arc equivalent, and (2) (wory compact mc'lrie s))ae(> eHii be j 
bedded in tho fimdamontnl parallclopiped of Hilbert spa(’(‘ ('I’lieorem HI l.J 
it follows that every compact motric space satisfies the hypothesis and c( 
elusion of Theorem 5.6. 

The significance of the above tUeoiems for tlie cohomology groups of com])i 
spaces i'mbcddahlo as Gt subsets of locally counocLed spaces is brought ( 
by the following theorem; 
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5.8 'l■^IEOR^!J^r. If the compact space M is ind)eddable as a Gs in a locally 
compact, W space S, then there exist a fundamental system { 7 ^} of r-cycles of M ■ 
and a countable base { 7 r} for cocycles of M relative to coho 7 nologies on M such 
lhaly\ • 7 ^ = . In particular, ///(ilf) = 

Proof. Identify M with the of Theoi*eni 6.1. Having selected. 7 i , ' * • , 
7 n{u as in the proof of that theorem, IctyJ, • • • , 7 II*’* be cocycles mod S — U, 
such that 7 l- 7 J = d', ;i,j ^ r( 1). This is po^iblo by Theorem V 18.30. The 
cocyclos 7 r form a base for cocycles mod S — Ui relative to cohomologies mod 
S - M. 

By Lemma V 18.27, a base for cycles of M I'clative to homologies on U 2 may 
be formed by the addition of cycles 7^,1 = tt(l) J- 1, ■ • • , 11 ( 2 ) to the set 
7 i ) ■ ■ ■ ) 7 n(u ( and a btisc for cocyclos mod S — U 2 relative to cohomologies 
mod S — M caii_l)e formed l)y the addition of cocycles 7 J, j = 7^1) + !.•••, 
?i(2), mod — f/a, to the sol yi, • • • , 7 "^'’, in such a way that y\-y'r = K for 
all i, j g 7 i{2). 

Continuing in thi.s manner, there aiv generated two (finite or infinite) sequences 
ITi!) ItM wueh that (J) lor cacii , the 7 I for i ^ »(»i) form a base for cycles 
of M relative to Immologios on U„ , ( 2 ) the yl for j S n(m) form a base for 
cocycles mod S — U,„ relative to cohomologies mod S — M, and ( 3 ) yryl — 

5l for all i, J. 

Now we assert that tlie cocyclos 7 ^ , as cocyclos mod N ~ M, form a base 
for c()lu)mol()gi<'s mod S — iM. In tlic first place, they arc hreoh mod »S — M. 
I'or a relalion ^ 0 mod H — M would impl}' for some j (siudi that 

b, ^ 0) Uial 7;‘7i = b (tile cycles 7 ^ being on M). And in the .second place, 
if 7 r is any cocyele mod .S' — M, given on some covering U of .S', let 35 > U 
such that if llie closure ol a simplex of meets M, then the simplex is on . 1 / 
(bi'inina \' 8 7). Then is m »S' — U„ for some m, and Ihmh'o there 

exists S3T > 3.^ such that a,yi mod ,S' - M. 

That lh(‘ .set (yj) forms a liase for cocyeUxs of .17 ivlativc to coliomologv 011 
d/ follows from V 8 11. 

(). Local co-connectedness; local connectivity numbers and local dualities. 
As in the ease of local (a)nne('tedncs.s, the concept of locaUco-coniiocLedness may 
ho formulatcal in various ways The strict analogue of Definition l.l above is 
as follows: 

().l Dfpinition. The space .S' is n-colc {locally co-connected in dimension n) 
at the point ;i: if for each open set P containing x there exists an open set Q 
such that X ^ Q C. P and such that if z„ is a cocycle in Q, then z„ ^ 0 in P. 

It will bo recalled that if is defined as 3 „(U), then for any 93 > U, 'ir*UJ)2r.(U) 
is in Q if 3 „(U) is in Q. And by ^ 0 in P is meant that for some 93 > U, 
there is a chain c’‘"‘(93) in P such that 5c"”‘(93) = t*u!b 2 „(U). Consequently 
the above definition may be stated in the following equivalent form: 



190 


lOCAL CONNECTEDNESS AND LOCAL C0-C0NNE(;TEDN]':SS (VII 


6.2 Definition. S is w-colc at a; 6 ^ if for each open sot P containing x 
•there exists an open sot Q such that x E: Q G P, unci for each (iovoiung U there 
exists a covering 55 > U such that if «„(U) is a cocycle in Q, then T^l^a^„(U)0 
in P. 

To see that Dofmitions 6.1 and 0,2 are equivalent, .suppose x, P, Q are given 
as in Definition 6.1. Then, given U, there exists a finite base of cocyclos of 
U in Q, say 2 ',(U), 2 = 1, ,Jc, relative to cohomologies on U in P. For each 
z,'.(U) there exists a S3, > U such that Tr’'‘iit!.St'CU) 0 on 55, in P. (.et S5 > 
(55,, ,93.). Then 

(a) 7r?;oS;(U) '^0 on S3 in P, 

Then if 2 j„(U) is any cocyolo of U in Q, wo have 

(b) 4.(11) - E c'4;,(ii), 

1-1 

Relation (b) implies that 

Ti-U^rXll) 2 on 55 in P, 

i-i 

and relations (a) and (b) imply that 7r’^iijj2„(U) 0 on 55 in /^ 

The convorao, namely that if the conditions of Do/initlon (1.2 aiv sjUishi'd, 
then thoso of Definition 6.1 follow, is immodiatc. 

In Definition 6.2, given Q and S3 satisfjdng the stated reciiiinunenls, ('videnllv 
any open sot Q' such that .r 6 C Q) und covering S33 > 55, will s('rv(‘ in place 
of Q and 83 reapeotivoly. 

The definition of uniform n-colc (* n-couh) may be given as follows' 

6.3 Definition. ,S is a-coidc if given U, S3 £ IS, there exist Ul' = Ui(ll) 
and S3'i = S31'(lt, 85) such that if z„(83) is in an clpineiit of U", then 7ri;„i,->j„(55j co- 
boimcls a chain of 837 which lies in some element of U. 

O.-l TiiEOiiEM. Iflhe compacl space N is ii-r,olc al vvvry poiiil, (hen i( is n-nnilc. 

The proof is virtually a paraphrase of tlie proof of Theorem 2,H, with I IcfinilJon 
6.2 replacing Definition 1,2, ir* replacing tt, etc. 

0.5 Definition. If a .space is r-colc for r = k, k ~\- I, • • ■ , m, we may 
indicate tliis by the symbol colcr; cole,? is abbreviated to cole"'. 

0.6 Local connectivily numbers. Let .r E and let P and Q be open .sots 
such that X E Q G P‘ Lot Z''{x; P, Q) bo the vector space formed by the Cecil 
n-cycles of S mod S — P (that is, given P as defined above, Z''ix; P, Q) i.s the 
group Z'‘(S; Sy S — P; T) of V 7.10), and P, Q) the subspace formed by 
thoso cycles of Z"{x; P, Q) that bound mod S - Q, Let P, Q) ~ 
Z"{x\ P, Q)/B"(x; P, Q)y made into a vector space in the usual way, and let 
p"(.t; P, Q) be the dimension of Ji''(x; P, Q) . Evidently p''{x\ P, Q) i.s the maxi- 


i — I, • • • , /c. 

<E (5, nn U ill P. 
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mum number of Cecil 7i-cycles of S mod S ~ P that are linearly independent 
with respect to homologies mod S ~ Q. 

If f?' is an open set such that C Q, then p^ix; P, Q') ^ p^ix] P, Q), and 
consequently there is a greatest cai*dinal number p”{x] P) ^ p"(.'r; P, Q) for 
all open sots Q which lie in P and contain x. For an open sot P' such that 
P D P' D Q> v"{x\ P, Q) ^ p"(a5j P', Q), so them is a least cardinal number 
v"ix) ^ p"(.r; P) for all open sets P that contain x. The number p'‘(a;) may be 
called the n~dimcnsional local Belli number {over ff) of S at the point x. (In case 
it is necessary in order to avoid confusion, the space S ivill be indicated in the 
symbol for p’‘{x) —thus, qf{S, . 1 ;). This will be particularly convenient in case 
jS is a sul)spacc of another space.) We shall not attempt to distinguish between 
the cardinalities of infinite values of p"(a;), as a rule. However, in case p'‘(x; P) 
is finite for alt P, but has no finite upper bound, wc write p''(x) — w. And in 
case p"{x', P) is infinite for some P, we shall write simply p'\x) = co. We shall 
find those distinctions of value later on. 

Denote by Z„{x; P, Q) the vector space formed by the set of all 7i-cocycles 
in Q and by B„{x; P, Q) the .suhspace formed by tho.se elements of Z,Xx; P, Q) 
that are cohomologoiis to zero in P. Let II„{x; P, Q) = Z„(x] P, Q)/B„(x-, P, Q), 
made into a vector space, and denote the dimension of //„(x; P, Q) by p„(.r; P, Q). 
In analogy to the above, we may define a number p„(x; P) ^ p„(.r; P, Q) and 
a number p„(.r) ^ p„(.r; P). The number p„(a’) may be called the n-dimcnsional 
local eo-BcUi numher of B at .r. (The symbol p„{S, x) will be used when it is 
advisable' to indicate' the; space (h'termiuing the number p,.{x).) Regarding its 
infinite values we make the' same convenlioiLs as in the case of p"{x). 

(),7 TiiKoieiCM ff nlher of the numbers p„(x; P, Q), ;/(.r; P, Q) ts finite, 
then tlicij are cfiaal. 

Piie)e)F. 11 is only nce-e'ssary to notice that the two vector .spaces //„(.(', P, Q), 
//"(.r; P, Q) foi’in an en'lheigenuil dual pair relative to the usual multiplie'iUion 
hct.wce'ii ceieiye'kis and re'lahve cycles as defincil in C’hapler \’ Ifis a ('-e'ycle 
moel .S' — P wdiie-h fails (0 bound mod .S' — Q, then a fortiori z" is a c'S'i-lc moel 
S — Q which fails (o lioiinel mod »S — Q. Hence by Corollary V 18.2-1, ihcre 
exists a coi'ych' in Q .siie'li liial. Zn'Z" ^ 0 Conver.stdy, if a cocyclc c„ in Q 
fails to e'oliouiiel in P, again by Corollary V 18 21 there exists a C-cye‘le z" mod 
)S — P siie'h that. z„-z" 0 Hence Ifjx; P, Q) and //"(x; P, Q) form an orlliog- 

onal dual pair. 

(5.8 CoROLL.uiY. For each x G S, p„{x) = p"(x). 

The reader may prove the following thcomm: 

6.9. TiiEonEM. In any topological apace 8, if x G 8, idien p°{x) is always 0, 
1 0 ?' CO. The value 1 occurs if and only if x is not a limit point of S — x. And if 
for some neighborhood P of x, every guaai'^omponent of 8 meets 8 — P, then 
p°{x) = 0. 
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It has probably already ocmiri'ed to the reader that tlio case p„(x) = 0 con 
spends precisely to the case wherc S is w-colc at x. And in oomhination wi 
Corollary 6.8 we have, 

6.10 TiiEoiiEM. In order that S should he n-colc ai .r G it is necessary a', 
siifficient that either pj^x) — Qor p'^ix) — 0. 

6.11 In arriving at the conclusion just made, it was nccossaiy to ohsor 
that if is finite, then any open set which contains .r will also (ioiUain ()p< 
sots Panel (3 such that a: G <3 C P and p"(a:; P, Q) = p"{x) ~ p„(.r) = p„(a’; P, Q 
Such a pair of neighborhoods P and Q Avill bo called a canonical pair of neighhe 
hoods ofx (relative to n and the local Betti number). 

0.12 ConoLLARY. If the space S has only a fuiile nimiher of components, Ihi 
it is 0-co^c ai all poinls. 

Exactly as the numlwi's p„{x) and p"(a:) were defined, I here may lx- dedinc 
numbers g^ix) and ff„{x) by interchanging the I’oles of eyelo and eocyele 
is, g^ix) is defined in terms of absolute cycles and i 7 „(.i') in (erms of l•(!IalJv'e (■( 
cycles. Starting with x, P and Q as before, g"(x; P, Q) will 1)(‘ (lie niimlxT ( 
C'-cyclcs on Q that are linearly independent witli respec't to liomologi(‘s on I 
For Q D Q', g"ix; P, Q) ^ f(x; P, Q"), so that P) can he as (li 

greatest cardinal number such that fir"(.r; P) g (/'{x; P, (3) for all Q. If P Z 
P" D Q, g"(x; P, Q) ^ j/"Cr; P', 0), so that (/"(x) can he defiiwxl as tla- lea;- 
cardinal numhor ^ g^ix; P) for all P. As in (ho ease' of p''i\), if P) i 
infinite for some P, then we write g^ix) = <». It will he unnecc'ssaiA’ to inak 
any further conventions for the ease of {/"(j:), ho\v'ov(!r, hecausc' of I he tollowiii 
theorem. 

6.13 I'liEOiiKU. The only two possible values of g''(.v) are 0 and <x> 

Proof. Suppose that g''(x; P) is finite for all P. Then, given /', llien' cm.sI, 
Q such Lhat/(a’; P, Q) — !7"(r; P); denote this common valiK' hy /. and .siippos 
k > 0. On Q tiicre are exactly k C-vyeha, say z't , • • • , z',‘ , lba( ar<‘ Imeail.’ 
independent with respect to homologies on P. 'I'liere (sxi.sls II G - such ilia 
for all 33 > 11 , ••• , «*(®) aiv linearly indepeiuk'nl, wilh re.sjx'ct li 

homologies on 33 A P (Theorem V 19.2). 

Denote tho.sG elements of U that meet Q by (/, , • • ■ , (J„,. Suppose' .r G (P 
Let V ho an open .set such that x ^ V and V C Q- her i > \, let 1''. = 

U, — V. Then the covering 95 obtained hy replacing U, hy P, , i > 1, in I 
is a refinement of U in which only one element, f/j , meets V. 

Let 7 i be a C-cyclc on V that is 0 on P. Then 7 " ~ c'z', on P, wher( 

each c‘ G If and not all c”s are aero. In pai-ticuiar, 

y'm ~ Ec'aXS) 

>>1 


(6.13a) 

But 7?(S3) == 0. 


on 33 A P 
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Hcnco ~ 0 on 33 A P, contradicting the fact that 

2.(33) are linearly indopendont with i*cspect to homologies on 33 A P 
bo conoluded, then, that Jc — Oj i.o., g^ix) =» 0. 

The proof of (5.13 also establishes the following thcorom which will be found 
very useful later on. 

0. M TirisoiuoM. In order that S should be n~lc at x ^ S, ii is necessary and 
sufficient that each open set which contains x also contain a pair of open sets P, Q 
such that X G. Q C. P and such that g"{x; P, Q) is finite. 

(5.15 CouoLLAUY, In order that S should be n-lc at x G S, ii is necessary 
and sufficient that either g"{x) = 0 or g„{x) = 0. 

(The dualities ff’‘(.r; P> Q) = i?„(.Y; P, Q), and hence /(.-r) = j 7 „(.r), arc proved 
as in the ease of (be numbers '*p**.) 

As a corollary of 3.8 and Theorem 6.M we may state: 

0. J (5 'I'^iicouKM. If S is a locaUy compact space, then a necessary and sufficient 
condition that A’ be Ic" is that for every compact subset M and open set P containing 
il/, the number of r-cyclcs on M that are hrh on P is finite, r g n. 

7. Property {P, Q)„ . The varioiis typos of local connectivity defined in the 
pixivious Hecti(jn may 1 k‘ extended so lus to he special cases of what wo might 
call connviiivUy numbers (dnnd (i set Tlu' sole change, to acoomplisli tliis, is to 
rophuto the point ,r by u 8ul>s(‘t of «S' which is not necessarily a single point. 
Allhough we hIuiII not have oeeiusion to pm*sue tins i(l(‘a further in Ihe present 
chapter, \V(‘ sluill find il u.s(*ful later on (see VII 8). For the ))resent we propose 
to inveshgnlo a related notion. 

7.1 Dkfinition, a locally compacl space A' will he said lo luive property 

(/^ . » a non-n('gal,ive inl(‘Rer, if for every pair of open s(‘l.s Q such that 

Q is compact and Q C tlui vector space //„{iS': Q, 0, P, 0) is ol liiiili* dimi'iision. 

We shall prove (lie following theorem: 

7.2 'rnKouioM. If the Iwalhj compact space S has property {P, Q)nn , and 
pjx) iH finite or u for all .r G *h’, then A' has properly {P, Q)u ■ 

Thoof. riviilently if P D P’ 3 (f 3 Q, and the number 7 j„(A’. ()', 0: P', D) 
is linite, then yj^A'; Q, 0; 7*, 0) is linite For each .r G A' and open set 0 con¬ 
taining .r, there exist 7T-r) antt ('.?(jr) such that 0 D Pix) 3 Qix) 3 x and 
p„(A': Q(.r), 0; Pix), 0) is finite. Then any open set Q'i.v) such that .x G Q'{x) 
and Q'(x) C QG) yields a pair of sets Q'(a:) which wc call a special canonical 

pair for X. _ 

Suppose now that P and Q are given. Since Q is compact, wc may replace 
P by a smaller open set whoso closure is compact, so that we may as well assume 
that P is compact. If x G Q, 've may select a special canonical pair P(.c), Q'Cx) 
such that P{x) C P, and since <3 is compact we may cover Q by a finite number 
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Q'(a;i), • ■ • , Q'M of thoselsQ'Ci:). Theiiif 0; Uj-i -P(a:,),' 

is finite, the proof is compIoLo in view of the opening remarks of tho proc 
Hence wc may confine our attention to the ease where (3 is a sot of ty] 

UU, Q'M. 

Evidently if A: = 1 above, tho theorem is proved, Suppose it has boon prove 
for the case where Q is the union of at most m sots S 1, and lot P(x, 

Q'(x,), ^ « 1, • • ■ , m -h 1, be a sot of special canonical pairs. Lot 1\ = Ur 
PM, Qi = UJ-i Q'(a:.-)- If 3 Qi.fl , tho proof is complete. Othorwis 
let Q"(xi) bo chosen such that P(a:,) D Q(a'.) S’ Q"{x,) 2) for eacli 

tho pair P(x,), Q''(x,) is again a special canonical pair and tho induction a: 
sumption applies. Wo may therefore assume that the set Q'„', = U-i Q"(x 
does not contain Q''(a:,„^i). Let P = Pi f3"(a:™+i). Then 

(7.2a) CG"(a!„M) - R) H iQ'„ - = 0. 

For if this set contained a point p, then mnee Qi! D Qi,. , p would be a poin 
of the boundary of Q'^(a:,„+i) inQi! andp £ C Q"(x,), i S m; but all point 
of Q"(.r,„n) in Q"ix,) arc in B by definition and have tlicrel'ore I kkmi removo i 
from Q^^(a \,i-n) whon li ha s been deleted from tliis sol. Hence0: Q"(.r,„, i) — A 
Let Y = Q"{xM — B, T = Qi,. ~ Q"(a‘„.+ i); 1'and T are tlisjoinl coiupac 
sets by virtue of (7.2a). 

Since 3(js comptmL, tlicro exisl^ an open sot 0 O Y f^uch lhat 0 r\ T — (1 
Let F ~ QLi n (0_“ 0). As 0 doe.s noj, meet Qi„ — i), a imint of I 

must be a point of Q'„ in Q"(a’,nHi), or of Q'(a'„,H i) in Qi! , hciua' a point of U 
That is, F C B- Also, Qi„n - F = A\J B separate, wIk'iv B = Qi,,, 0 
Let G be an open set such that G D F. 

Since S has property {P, Q)„,\ , there exists an iiit(’g<'r p such evi'r.i 
p (n 1)--cocycies of G .satisfy a coliomology rolution in B. Also, by llx' in 
duotion assumption, thoi'C exists an integer a such thal. every a //'Oicycles o 
QY satisfy a cohomology relation in P,„ . And tliere <;.xi.sts an iiitegi'i- (S suel 
that every ^ ?i-cocyclGs of Q"(a;,nn) satisfy a cohomology n'ladon in ,). 

Now suppose there exist a-0-p eocydes zl, , • • • , zH of Qi,,, that an 
independent \\ith respect to coliomology in P. W(j may seli'ct a (uivxn'iiig ll ol 
S such that to each zi , i = I, ■ - • , a-0-p, corresponds a eocyeh' of U m tin 
same cohomology class with zi ; with no loss of gonei’alily wi’ may siipposi; Ibese 
to be the z'„ themselves. And wo may suppose that ll is .s('I('('te(l so lhat Si 
(F, ll) C G. We split oacli zi into chains zi, , z '„2 , wliere zi, consists of tho 
portion of zi that is in A. Evidently cadi cocyclo zi,, = 5zi, i.s in G. Hence 
each p of them satisfy a cohomology relation 

.“/‘p 

(7.2b) X) cXfi^O in R; g = I, 2, 

.-(M-l)p.l 

Consider the cocyclcs 

'"pp 

(7.2c) r; = E o.ii, M = 1, 2, ■ ■ ■ , a/3. 

i-Cp-1)P + 1 
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As tliosc aro linear combinations of tlie , they must be lircoh in P. Howovor, 
the cohomologies (7.2b) imply that for each n there exists a chain in R siicli 
that, if 

n. = E , r;, = - E , 

• -(|i-l)p+l t-Cx-l)pl-t 

then 

(7.2d) r:: = r::, - r::. = ^ c^) + (cr„- v:,), 

where the chains in the parentheses are cocycles of QU and respectively. 

Letting 7 l!i = Fi;, — C',\, 7”2 = Ct — Ha, and incalling that every a cocyclos 
of Q'^ satisfy a cohomology relation in P„ , we got mlations 


(7.2o) E a,y', -'0 in P„ ; , = 1, 2, ■ ■ ■ ,/}. 

wij-Oft + l 

Lot T.;, = E;:.- -i)nHiap7n, ,j= 1, 2. The j3n-cocycIcs 7^2 satisfy a cohomology 
(7-2f) I]&.7n2^0 mP(x,„,i). 

r-l 

But by (7.2e), 

0 ra 

K 2 ^ 0 in P,„ , 

»“1 jJ-ic-Dnr I I 

and afiding tlics<! relations to (7.2f) we get 


ft 


E K E 0 

»“1 ii-(r-l)aM 


in P 


Thus the eoeyck’s Ff. arc not iiidopondont in P, coiitradicling liu! fact lliai., 
l)eing liiKsar comljimilions ol' Llu' cocyclos z'„, they must not any colituno!- 

ogy rchil.ion m P. 

'I'his completes tiie proof 

In the material that follows, wo have not'd of the concopi of dimension of a 
space The one most convenient for our purpoaoa is defined in terms of <'ovorings 
as follows: 


7.3 Dicpinition. The order of a covering U is the largest, integer n such 
that there aro n + L elements of U that have a nonempty intoi’seet ion. Wo may 
appropriately use the term dimension of U instead of order, if wo consider U 
as a complex. 

7.4 Definition. A compact space S is said to be n-dimetisional, or to bo 
of dimension n, if ?i is the smallest integer such that every covering has a re¬ 
finement of order n. If no such n exists, S is said to be infimle-dimensional. 

Definition 7.4 may be adapted to tlie case of locally compact spaces if we 
make use of the notion of coverings finite relative to a subset: A covering B 
is called finite relative to a set ilf if St(ikf, U) is finite. 
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7.6 Definition. A locally compact space S is said Lo bo 7i~dimensional if 
n is the smallest integer such that for every covering U and compact subset 
F of S, U has a refinement of order n finite relative to F. 

Examples. The oidinary circle, iSi', has the property that giv(m any covering 
U, there exists a refinement of U consisting of a sot of open intervals /„ , 7, , 
such that 7, n Jy 0 only if j t — j | = 1 mod /c — J. 

If iS is the cartesian plane, lot A? bo a fixed inlegcr and consider the “lattice’' 
formed by the linos x = m/k, y = in/k, for all integers m. Eacli lattice point 
p is a vertex of I squares, but a slight translation in the x direction of the lower 
two squares will place p on only 3 of tlio squares. Then if each s(iuaro is en¬ 
closed in an open set which is not too large, a covering of *S results whicii luis 
order 2. 

In general, the euclidean jj-sphero, jS", may bo shown to ho ?Mlim(!nsi()nal 
according to the definition 7,4 by using a device similar to that of tlui pre¬ 
ceding paragraph. (See Lobesguo [aj.) 

For later purposes wc note tlic following two theorems: 

7.6 Theorem, ff the ampacl space S is n-dimcnaionnl, llicn - {)/»?• 

all r > n. 

(If 2r is a cocycio of /S, thou therc exists a covering U of orths' n on whicili z, 
has a coordinate. Evidently z,(U) —0.) 

Remark. The same typo of argument allows that nil (■/-cyi'fi'H on compact 
subsets of an n-dimonsional, locally compact space which are of dinumsioa 
greater than n, bound on those siiliscLs. 

7.7 Theorem. 7/ the locally compact space S is n-dinicnstonal, Ihoi for errry 

X G S and r > n, p"{x) = p,(.t) = = (jr{x) = 0; henre -S' is i-lr and r-role. 

Wo can now state the following corollary of Theorem 7 2: 

7.8 Theorem. If the locally compad space S is of dimension ii, and p„(.}') is 
finile or « for all a: G S, then S has property (F, Q)„ . 

Proof. Given P and Q as in Dcfinilion 7.1, sinci! every I’oviM-ing has a r(!- 
finoment of order n finite relative Lo Q, every (n -|- l)-eocych‘ in Q is ('qiiivnh'iit 
to 0 and it is theroforo trivial that S has property (P, Q )„,, . 

7.9 d’riEOREM, If lh£ locaUy compact space S is of dimension n, and Pr{x) is 
finite or u for all x E: S and r ^ n, then S is le”. 

Proof. S is n-lc. By hypothesis, if a; G >8 and P is an open sot containing 

a:,thcntlieroexistsQsuehthata5GQCPftndsuchthatp„(a‘;P,ri)) = p„{xiP) = 

a finite number /c. Let R be an open set such that x G. H C Q- Then at most 
Jc Cech ^-cycles on R arc linearly indopendont with respect Lo homologies on P. 
For suppose there exist & + 1 C-cyclcs 2 " on U that are linearly independent 
with respect to homologies on P. Then (see the closing remarks on V 18) there 
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exist cocycics z’ mod S - P such that = «; . We moY assume that the 
cocycles z,\ all lie on a covering U of order n such that Sl(E, U) C Q- Then 
the portion zi{l\) of z'„ on is a cocycle in Q, since 51^(11) = 0. But inasmuch 
as p„{x; P, Q) = k, there must exist a chain c„_i(lt) in P such that 5c„_i = 
a% . Then since a% is a cobounding cocycle, its product with 
every n-cycle mod S ~ P must be zero. Now not all the a' are zero; suppose 
in particular that a' 0. But since K is the entire portion of z'„ on R, and 
z’i is on R, z^Zl = = 0 if i 5 ^ 1 and =1 if i = 1. Hence a'z,’)- 2 ? = 

a%-Zi — a\ As a result of this contradiction wc must conclude that B, B) 

is finite, and that »S is a-lc at x follows from Theorem 6.14. 

S is r-lc, r <_n. Given ,r £ S and P as before, we select Q so that Pr(x; P, Q) = 
pr{x; P), and Q is compact. Let U and T-^be open sets such that x 6 1-^ C 
U ^ Q, and kt R denote the open set Q — V, Let W bo an open set such that 
D If D (H - U ), 

By Theorem 7.8, S has property {P, Q\ . Hence by successive applications 
of Theorem 7.2, S has property {P, Q),*i . Therefoi-e there exists an integer 
m such that every m {r + l)-cocycles of IF are related by a cohomology relation 
in R Let k — P, Q) -}- 1 ] Then we assert that there are not as many 

as k r-cyclos on V that are linearly independent with re.spect to homologies 
on P. For suppose that z\, • • • , zl are cycles on V that arc linearly indej)endont 
with respect Jo homologies on P. Then there exist cocyclos zl , j = ], ■ ■ , 
k, mod .S’ — P .such that z'-zl = S', . Denote by z' llie portion of zj on P. Now 
we may assume that oacii z, is on n^covoiing U sucli that St(L, U) Q U U IF. 
Then zf, = Sz', is bolli in N — P and U W IF, hence in IF. C’on.sequenlly 
in groups of m cocyele.s each, tlie cocycics zL, are related by cohomologies in 
R, and following methods similar to those used in the prool of Theorem 7.2 
we show Llie existence of k;m = p,Cc; P, Q)'+ I cocycics Tl which lie in Q. 
Some linear cumhination 7 , = of these cocyclos must col^ound in P, 

so thaty.-zl = 0 for z = 1, • • • , A-. But the cycles z[ all lie on I' and a contra¬ 
diction is obtained as in tho proof of a-lc above 

It IS interesting to observe, perhap.s, that if we denote by le" the jjroperty of 
being ?--lc for r = k, /j + 1 . ■ , «, then the above ai-gument also proves: 

7 10 Thicohicm. If Ihe iocaJhj compart apace S is of dimension u and p,{.i) ^ 
w for all .r G N anil all r such that 0 ^ k ^ r ^ n, then .S' is Ic'l 

7.11 Remark, As will be seen later, Thcoi'cra 7 9 has a converse in that 
every ? 2 -dimensional, locally compact, Ic" space has p,(a’) ^ w for all x G S 
and r g n. 

For use in the sequel, we record the following consequence of Theorems 7.2 
and 7.8: 

7.12 Theorem. If S is an n-dimensional, locally compact space such that 
Pr{x) g w for allx E. S and all r ^ n, then S has properly (P, Q), for all r ^ n. 
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8 . Other types of higher dimensional local connectedness. Althoiigli the 
Ic“ spaces form tho .special case, « = 0, of the Ic" spacc.s, tlicro exists at least one 
notable i)ropei'ty of the lc“ spaces that fails to undergo a corrcsi)onding .strength¬ 
ening as tho degree of local connectedness is raised. From Thooreiiis III 3.3, 
III 3.10 and V 11.9 it follows that if a locally compact space As 0-lc, then x G S 
and U an ope7i set containing x imply the existence of a strongly connected (of. 
VII 0.1) open subset V of S such that a: G V C U; in brief, the group = 0, 
(The group h\S) is discussed in full in VIII2.1. For present purpo.ses it sudiees 
to say that h'iU) = k implies that there exist k and only k j-cyeles on (^ompuet 
subsets of U that are lirh on compact subsets of U.) Tho quo.stion arises, if a 
locally compact space is 1-lc, or oven lc‘, do there cxi.st for oaeli p(hnt ai’hitrarily 
small neighborhoods that have/d(r/) = 0? 

Simple examples show tho answer to bo negative. Such oxampUss may be 
constructed from cither of the configurations of type Ti or in tlie accompany¬ 
ing figure. Each is obtained by an "identification’' of two points of a clo.sc'd 




2-ceil (II 5); in type Ti , p was formerly {before ideniineatioii) two <li^-tiiiet 
interior points of the 2 -ceU, while in , p was formerly a boundary point and 
an interior point. In each ca.so, T, is an irreducible m(‘ml)rfin(' (\’II 2 2 ()j 
relative 7 ! , where 7 ! i.s tho fundamental 1-cyelo of tlie *S’'- .Z, in (he ligiire 
forming the boundaiy of the original 2 -(k;I 1. Ihit each configni'ation contains 
a set, J 2 , also an S\ whose fundamental I-cyel(‘, yl , fails to hound on T, 

If two figures of typo T, arc joined in such u way UuU (h(! of the lir^f. Ix'- 
comos the ./i of tho second, then all 1 -eycles of the formi'i- hound 011 (lie new 
eonliguralion, but the 7 J of tho latter is still nonbounding, And if s{‘V(‘ral 
figure.s of type T, am joined serially'- in this fashion, always (lu‘ yl of llu' last 
remains nonbounding, while each 7 ^ of tho preceding bounds onl.y on its suc¬ 
cessor. Sueh a conligumtian as the latter can be used to form a circular ordcu'ing 
of sots of type T, , by allowing the ^2 of tho last to become (h(> ./, of tlu' first, 
.such a configuration may be called a T,-cycle of order n, where n is the immher 
of sot.s of type T, involved. 

In a sufficiently high-dimensional Euclidean .space (dimension -I is certainly 
high enough in tho case of , since a ?’ 2 -cycIc may be represented in a 3-Hpaco), 
let r be a circle—an »S«*—and let 7’,-cycles of order ih , /r = I, 2,3, • • • , in parallel 
hypcrplanes, converge on T. If this is done in such a way tliat —> co, each 
of the Mi sots of typo T, in tho kth y,-cycle having diameter < 5k wlici-o lim 6k ~ 
0 , etc., the resulting configuration will bo l-Ic, but small neighborhoods U of 
points of T will necessarily have h'{U) = ®. 
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To obiain an example that is Ic', one may introduce 2-dimcnsional sets ji 
tlie T.-oyeloa of the above configurations to make the set 0 -lc, without dosti’' 
the i-Ic property. It might also bo lomarked tliat these configurations arc 
locally l-connoctod in the sense of homotopy—indeed, LC"; cf. Lefehetz [Li]. 

Evidently the above suggests a definition of local connectedness of a stronger 
typo than the r-le property—i.c., one which i-oquiros the cxistenec for the point 
in (luostion of arbitrarily small simply r-connected neighborhoods; or, in the 
case of locally compact spaces, of arbitrai’ily small neighborhoods U such that 
/i’’((/) == 0. And inasmuch as by Theorem ITT 3.3, the Ic property induces 
ulc neighborhoods, possibly an oven stronger typo of local connectedness in 
case r > 0 is obtained by the requirement of arbitrarily small ?-ulc neighborhoods 
(in the sense of compact cycles for the locally compact spaces), 

It might bo of interest to .study the implications of such types of local con¬ 
nectedness—in the homotopy sense as well as in the homolog.y sense. 

For further discussion of these matters the reader is referred to IX 7.8; also 
to Begle [c]. 


BiDLioQiuPnif'AL Notes 

§1. Definition i,l wa.s undoubtedly generally known soon after the inlro- 
ductioii of tlie \'i('tori.s hoinologj’’ theory; sec for example the comment in foot¬ 
note ()3 of Alexandrol'f [(ij; also Wilder [n], Cecil [d] Apparenlly Definition 1.2 
appeared fir.st in Cecil |(lj. 

§2. The explicit forimilafiou of Definitions 2.1, 22, 23 given here was slated 
by Hcglc |a]; bowovci', it is to be found, ni ossimico, in hefsehclz [d] An analogous 
nofioii, although radically dilTeixmt in one particular, will be found in Wildiu- 
[o] 'riicori'in 2.10 appeals in Begle (aj; the proof indicaled twithoui explicit 
sla(cmciil) iliere seems to run into a difliculty, which Ls avoided in the prool 
giv(>n lu'i'c (due (c; Miss K. E. llulclier) 

§3. 1’iicoi'cin .'hi; .sec Lefsclielz [d, Th. VIllI; AlexaiidrolT [c]; Begle [a, Th 
5.5]. 'Flu' coiiclu.sioii of 'riu'oreiii 3-I still holds if instead of assuming “Ic"” 
only “Ic" ' and scmi-n-comiecled” ai'C assumed; ef. Wilder (oj. Coiollary 3 8 
may b(‘ found, for (he metric ease, in Wilder [o], and for the nonmolric case in 
Begle [bj. 

§-I Theorems I.-I and -l.ti are extensions to nonmelnc spaces of thoorcaiis givim 
by S. Kaplan [a], 

§5, The principal results of this section wore ab.straeted in Wilder [A 3 ] 

§{). Imeal connectivity nuinhci-s were firet defined by AlexandrolY [f] and 
Ccch [f]. For an e.sRenlially cliffei-ont type of local number sec Vaughan [a] 
a'heoroms 0.7 and 0.8 are identical with Thooi-cms 6.1 and 0.2 of Begle [a]. 
The first part of Theorem G.9 was staled by Cech [f; §1, 3] m a theorem whose 
latter part appears to be inaccurate. 

§7. The principal results of this section wem abstracted in Wilder [A,]. 
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CHAPTER VII 


APPLICATION OF HOMOLOGY AND COHOMOLOGY THEORY ^’0 
THE THEORY OF CONTINUA 

The extension of the notion of cycle from the classical ease of tlio goomoLric 
complex to the ease of tho general space aceomplislios, as ^\'e liavo aeon in 
Chapter V, what may have boon considered its primary purpose; viz, to attach 
to the space the invariant It becomes apparent, however, that the 

theory of homology and cohomology, as extended to the general sj)a(!(‘, provides 
a most useful tool for the attack on problems of a sot-thooretic chamcior that 
were not heretofore even considemd — that in many cases could not oven bo 
formulated because of the lack of the language of cycles and lioinology in which 
to express them. 

We have seen in Chapter VI in tho case of local ?i-connoctc(lnesH an instance 
of the use of homology in extending a familiar point set notion to a mon; gemu-al 
setting—the local connectedness of the Peano space, for instance!, Ix'coniing 
tho 0-dimcnsional case of a goncrol theory of local connoctodness, In the 
present chapter we prepare the ground for further applications. First, wo shall 
set forth a number of lemmas which constitute part of what one might call Ibc 
"mechanics" of, or “rules of operations" with cycles and cocyclos. 

1. Fundamental lemmas. Throughout this section, K ami M will donoto 
closed subsets of the space S such that K C ilA Ccch cydos will ho donoloii 
by single symbols, as Z',y' j • • • , their cooidinatc.s on a covoi'ing U 1)V Z'{ ID, 

7^(U), ■■■. 

1 L Lkmm.v. If y' (r > 0 ) is a cycle mod K on M, then the coUirlion |fV7GU)| 
is an (r — \)-ci/cle on K, which m denote by dy^. Evidently dy' ~ 0 on .1/. 

Proof. That y’’ is a cycle mod K implies not only that rly'dl) is on K, but 
also that for every imir 95 > U there exists a chain such that 

(l.la) dC'^'iiX) - 7 'Cll) - na/(^) - /Fdl), 

where A’'(U) is on K. Applying d to (1.1a) and transposing, we got 

dYilX) ~ 7ru,3y(9i) = M^dl). 

Hence {d 7 ’‘(lt)} is a cycle on K which we may denote by dy\ 

1.2 Lemma. If 7I and 72 are cycles mod K on M, then 7[ ~ 72 mod K 
implies that d7l ~ dyl on K. 

An important special case of Lemma 1.2 is: 
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1.3 Lemma. If y' is a cycle mod K on M such that ■y’’ ~ 0 mod K then 
Qy’’ r-u Q on K, 

l.d Lemma. If y’’ is a cycle of K such that y*" 0 on M, then there exists a 

cycle y"' ^ mod K on M such that dy'*^ ~ y*" on K. 

PnooF. If 33 > U, then 

(l.da) 7ru»7'^(®) ~ 7 ^(U) on/C 

And by hypolhosiH, foi- ouch covoring 35 them cxints a relation 5C"''’‘(33) = 
y’'(i8) on M. C'onsoqiiently wo have 

(1.4b) - 7r„«y'(<8). 

IlolatioiiH (1,4a) and (1.4b) imply that 5irueC''^^'(95) G h''^(U)]‘'j where [y’'(U)]* 
denotes the eo-sel of II'iK, 0; U) (V 7.7) determined by y’’(ll). Note, too, that 
the “==" in (I.-lb) may he replaced by on K” and the statement just made 
still iioUls. Let <p 1)0 the homomorphism of Z'(K, 0; tT. U) into IViK, 0; U) 
mapping iy{K, 0; fF, U) into the caset 0. Con.sider the homomorphism 

<pd : K] n=. ID /r(A', 0; fF, U). 

Lvid(‘ntly (y'’(U)]‘' is the image of some eoset of K\ $F, U) under this 

homomorphism, and wo denote this (•o.s(*( by {r’'“(U)}—.since it contains (ho 
given chain ('”"(11). 

We liav(', (hen, for each U, a lliiL |f”"(Ll)| in the .'<pac(' K; fF, U), 

.such that for each 3.^ > U, 7r,i«{fC K"”(ID}- Couseiiuenlly, by 
'I’heorem \' 10 2, thm-i* (•vist.s a cycle y"' mod A' on M suidi llial y"'(U) G 
U)} and thei'efore dy" '(U) y'^(U) on A'. 

1.5 Li'IMMa. If y' IS u cycle motl K on Af, and there ejisls o cycle 7/ such 
that y' ~ 7' mod K, then dy’’ ~ 0 on K. 

Proof. I.ot y' — 7' be the cycle y' of Lc‘mnia 1 3. 

I,() Lkmma. If y' is a cycle mod /C on M such that Oy' 0 on /v, then llicrc 
exists a cycle 7/ on M such that y' ~ 7' mod K on M. 

Proof. For each ll there exists a chain L’’{ID on K sueh that dl/[l\) = 
c)y''(U). lienee y'(LD ■” L'tU) is a cycle r'(U) of U A 4/ such that I”(ll) 
y''( U) mod K. 

Lot [l”(ll)l‘’ he the set of all absolute cycles of U A AI such that r'lll) 
y''(U) mod K. As just shown, this is a nonempty class for every ll Further¬ 
more, (!■”■( U)] *■ is a flat in the space of r-cyclcs of ll A AI, modulo the sulDspace of 
cycles that are homologous to 0 mod K, etc. Hence by Theorem V 10.2, there 
exists a cycle V of ilf such that for each U, r’‘(U) S fl'"'(U)]''' ; and P' y’’ 
mod K on ilf. 

By the same method as just used to prove Lemma 1.6, we also have: 
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1.7 Leajma. If A and B are closed subsets of M and y' is a cycle mod A'U B 
0)1 M such that dy' ~ 0 mod A on AKJ B, Own there exists a cycle Z' mod A on 
M such that y’’ ~ Z' mod A'U B on M. 

[Lemma ] .0 is tho case A ~ 0, B = K of Ix)mma 1.7.] 

1.8 Lemma. If y' is a cycle mod K and 7 / is a cycle mod K an Af such that 
y' ~ Z'' mod K, then 0 mod M. 

PnooF. For each U tliora exists a relation 

dC'^^iVi) - YiW )" r(u) - ^rcu), 

where yPCU) is on K. Since both ^'^(U) and d’'(U) are on lU, (his rtilalion 
bocomo-s 

-/(U) mocliU. 

1.9 Lemma. Ify'isacycle modK such Ihaty’' Omod i\f, then there exists 
a cycle Z’' mod K on M such that 'i ~ Z^ mod K, 

Proof. By hypothesis, for each covering U there exLsis a eliain ('"’"(U) 
such that 

(L9a) dC^*\\X) -/(U) - 

where P'(U) is on il/, and (since d7"{U) = dB'(i\)) B'iW) is a eyclt' mod K. 
In particular, tlicn, relation (L9a) implies that -v'Cll) ~ B'{\\) mod K. 

Lot [/iXU)]"^ denote the set of all cyclc.s mod A' of ll A M hucli Ihul if B'(\\) Q 
then T^fll) -S''(U) mod K. Then [7i''(U)]'' is a cosol, i?i (ho f>roii|) 
ofcycle.sof U A il/mod/C modulo the subgroup that aro homologous (o ^^(‘ro in 
S mod K, and is a flat satisfying the conditions of lh(!(i.\isl(‘n(‘(‘ d'liooroin \’ 10,2, 
Hence there exists* a O'cle Z' on M inwl K .siieli (hat for eaeli (•o\’(M'mg 11, 

] . 10 Lemma, If L is a closed subset of a Imuilly rantpnet spure .S’ sueh ihnl 
FiL) IS compact arid U is an ucos of S, then there exists SK > U sueh that if the 
n ucleus of a simplex of S meets both L and B — L, then it meets the bouudury of L. 

Proof. By J.cmma V 8.7, them exists 51 > U such (hat Id r\ FdA is liiiHo 
and if the nucleus of a simplex of 51 fails to mocl F{L), then its (dosiiro fails to 
meet F{L). It follows tliat tho union, /v, of the closures of such nuclei fails 
to meet F{L), and consequently there exists an open sot F such tiiat F{Ij) C 
P (ZS- K. 

JDenoting tho elements of 51 by F, , for each i lot 

F. n (L U P) = F.,, F. r\ [(S - L) \J P] = F.,. 

Evidently F, = F., U F, 3 , and F,, C F, ,j = I, 2. Consequently if wo denote 
tlie collection of all sets F., by SB, then SB is a covering of S and B > U. For 
later use we note that 
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(1-iOa) F.tn 7.3 = 7,nP. 

Lol K bo a simplex of ® whose miclous mcoLs both L and S — L, De¬ 
note (^S ~ L) r\ ?^{W) by A and L H by B. Denoting tlio vortices of E' 
i-^y (i — i or 2), let E"' be the simplex of 5B whoso vorticos aro the sots 7„ ; 
the sots Vy have a nonempty nucleus since O D ^ Vy, ~ A \J B. In 
particular, then, each vortex Vy of E"* meets boUi L and S — L. But by tho 
way the sots 7,/ were constructed, it follows that EJ{E') — Vy, is either a 
subset of L U P or of {S - L) U P, In tho former case C (S ~ h) n P, 
and in tho laltci' case B Q L r\ P. Hence in cither ease has points in 

P, and therefore H F(L) 0. 

Lot X S N(E"‘) r\ P(L). Then x S Vv P for evciy r. Hciicc by relation 
(l.lOa), a’ G Vyi , where 7,, is a vortex of E''. 

1.11 Definition. If C”'(U) is a chain and L is any point set, then by 
C’^dl) A L wo denote tho portion of C"'{U) which is on L. 

1.12 Lemma. > U, W fsa c/mwi o/ 95,//icn A L] 

C [7ru,r‘'{^)l A L. 

1.13 Lkmm.v. 17///j B locally comjMct, IH L be a closed subsrl of S ~ K such 
llial /<'(L) is compact, ami y' a cycle on K which bounds on M, or wiiirh hounds 
mod fj on ilf. 'Then there exists a cycle Z' on F{L) such Uialy’^ ~ Z' on il/ — //. 

PiiooF. AVe shall give the proof oiilj' for the ease where 7 ' ~ 0 on M liy 
Lemma 1.1, iJiei'e (;\is(s a eyclo y'*^ mod K on M such that dy'" ~ 7 ' on K. 
lleins'forth in iJie proof we use* only eovin-ings of the type of lAsnina 1 . 10 . 
There exists a relation 

(1-13,1) = 7 ^''(U) - - A'"a\) 

where .7"{ U) is on K. 

Prom rehilioii (I Ida) we have: 

(I.I3b) A L] = 7 ^‘'(U) A L - [x„*, 7 "'(^^j| A L - IF^Wl), 

wlmre /i" '( U) is ;i cliain on L. iMoretwer, W "(U) is on Pi/.). 

Let = ix,p„ 7 ^'‘(i»Ll A L - ir„Ay"'m A L]. (Cf. Lemnm I 12.) 

Tiio eliaiii fP"(U) i.s on L liy its definition We may then ro.^talo relation 
(1.131)) as follows. 

3[r'^(U) A L] = y^'Wl) A L ~ A L] ~ fP'‘(n) - 7i'"(U). 

Applying the operator 0 again to this relation, and recalling Llial. O' = 0, wo 
obtain the relation: 

A A] - 7r..«5[7''"‘C3J) A L] = dlQ'^^WO + i7"'(U)]. 

Hence { 5 [ 7 "‘(U) A L]] is a cycle of L, We have already noted above 
that is on F{L). The same holds also of Consequently 

( 3 ( 7 '' '(U) A L]] = a cycle of F{L). 
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Finally, since foi* each U the chain— y’'^'(U) A L is oiw!/ — L, ai 
fliy(U) - y"‘CVI) a L] = fly^ ^'(U) “ amlY'dl) - dY'^W) on 

wo have that y' Z' on M — Z». 

Rematuc. In the proof of Lemma 1.13, the portion, A L,ofY’'"( 

oil L, was shown to define a cycle on the spoeial sot of covoring.s of typo 2 B 
Lemma 1.10 and hence, by projection, on all coverings U. riowovor, for 

covering U not of type SD5, A L] may fail to bo on L. Tn this ca^ 

it may bo shown that the collection {SfY'^'dl) A L]} forms a cycik? apprm 
raalcly on F(L) (V 21). 

Consider, for tlio coverings U of typo SB of T.emma J.IO, the chain 7 r'(U) 
T^^'dl) AL. ThonY:"(U)isml/' - Land dyV'(\\) = rV'dl) 

Z'(ll). We may call the collection (vl^'dl) 1 the porlion 0 / 7 " ‘ in A! — L, ai 
(r'^'dl) A L\ ike porlion ojy*^ on Jj. 

1.14 Lemma. In a compacl space Id A and B ho closed point .sets, and 7/ 

cycle on A XJ B. Lei denote the porlion of Z' in A — B, and suppose Ih 

dZ'ji on A r\ B. Then there exist cycles y\ and yn on A and B, resperlivel 
such that 74 + t!b Z' on A \J B. 

Proof. By I^mma 1.6, there exists a cycle 74 on .‘1 such tha( 7 !^ ^ > 
mod i'l Pi R on i4; and the same homology liokis mod B on A W B. 'Die 
since Z’’ ~ Z\ mod R on d W R, wc have 7/ ~ 7 !^! mod B on ,1 \J B 'Tluil i 
7' — 7 k is a cycle such that “* Y^i0 mod /i on/I U/i, Hcnci' bv L(‘mn 
1.9 there exists a-cycle y» on B such that 7' — y\ ~ y], on .1 VJ B 'I'lui 
7' '^yA + 7w on A W R. 

1.15 Lemma. IFi7/i K a compact auhset of a loealhj eominui spore . 1 /, / 

M — K — Pt^eparale^ and ki y' he a cyele mod K on At Then llinr < 1 i 

cycles 7 ^ mod K P P, = P(P,) on P, such that y' ~ 1 y\ mod A' on M. 

1.16 OoiioLL.\uv. With K and Af as in 1.15, if y' is a eyrie mod A’ on A 
then there exists a cycle Ta mod F{K) on AI — K such that yX 7 ' mod A' on A 
and dy' ~ dy'fc on K. (Here K need not hi' compact if F{Ii) is compncl ) 

1.17 Lemma. If y'^ is a cycle mod /v on AI such lhaty' ~ 0 mod A on tl 
locally compact R, where K C. L compact, then there exists a cyele 7 /'' mod AI U 
on B — L such that dZ'*^ ^ 7 ' mod L on AI. 

(Cf the proof of Lemma 1.4. This lemma is placed hei-o Ixu-uuse of its iif- 
of the notion of portion of a cycle in the proof.) 

2. Existence lemmas regarding carriers of cycles and homologies. In Def 
nitionVT.lO, the terms (1) C-cyclevaodLon AI and (2) homolonous to zero mo 
L on AI Avero defined. In case (L) the sot M may be called a carrier of the C 
cycle, and in case (2) the set M may be called a carrier of the, Iwnwlogy. (An 
WG may say AI cames the C-cycle in the first case, and carrios the homology i 
tho second.) In cither ci^e, if II 3 M, then II is also a carrier; in particula 
the space S under consideration is always a (unique) maximal carrier. 



(21 


EXISTENCE LEMMAS REGARDING CARRIERS 


205 


Tlie question of the existence of minimal cai’riors pi'cscnls a problem, liow- 
ever. In general, wo shall inquire only into the existence of minimal closed 
carriers, since (a) as already observed, a set carries a chain if and only if its 
closure does, and (b) ordinarily minimal earners foil to exist even when minimal 
closed carriers do exist, To illustrate (b), one may show that is the minimal 
closed carrier of a i-dimcnsional C-eyclc but thcTO exists no minimal subset 
of iS‘ that carries this 7j\ 

Even when a minimal closed earner exists, it is generally not unique. TIiIkS 
is easily seen in the case of homology; for example, if p, (7 G *5', p 5 *^ f/, then a 
nontrivial cycle (V 11.-1) on p U <7 is 0 on and either of the arcs of iS* 
with end points p and q is a minimal closed carrier of this homology. For tho 
case of carrier of a cycle, let {Ih} be n canonical sequence of refinements (V 12.3) 
of a torus T, and let K, , f = 1, 2, l>o two disjoint equatorial circles on T. Then 
T is tho union of two continua A and B such that A r\ B = Kt K 2 • '^I’hc 
set K, being an *S', let Z\ be the C-cycIc mfcricd to in the preceding paragraph. 
Let Z' be a C-cyclc who.se coordinate on each Ua- is ^i‘(lt 2 i.) nnd who.so co¬ 
ordinate on ILh+i is Z\{]X 2 „^.]). Then each of the sets A, B is si minimal closed 
carrier of Z^. 

(Tho same type of example may be given on »S'' by using, instead of a 1- 
dimensional cycle, a nonaugmonted 0 -cyelc* on q, whom p, g G p g.) 

Remarks analogous (0 (ho above maj' bo made for (bo notions of ej^cle ap- 
proxima(ely on a .se(, etc., of V 21. Thus, if a r-eyelo 7 ’' is upproxiinalely on 
a .set df, then M may bo called an approximale carrier of y' A .special type of 
approximale <‘arrier of a y' is that of a rlo.st‘(l sot such tlia( every c)])en set 
conlaining M is a carrier of 7"; sueli a sot will bo called a Zorns of concetti)alum 
of y" And analogously we may define lociis of coiioon(ra(ion of a homology 

2 1 I.uMMA Lely' be a ('-cycle and \L\] a simphj-otdered collrelion of com- 
pad .sc/.s' finch llial (1) if /'V < , Uicn Ff- 3 Fp" . (2) L\ hs a locun of 

conccnlralion of y'. Then n /•’a in a lonift of concciUtalion of y’ 

Ruoof. Lei V he an open .sot conlaining C\v. , and k'( F dtsiole a IKcal 
element of {Fp) d'lu'n F — 7^ is a compact subset of \J (.S — F^), and (Iku-o 
exist linilely many of the set.s <S' — fp covering F — P lienee, in vifuv of (he 
fact (hat Fp. < l'\.. implies S - 7'V C B — F^ , 11101*0 exist.s a p sucli lhat 
F — PC. P — /'\ ; i.c , P 3 Fp ('onsequendy P is a carrier of 7 '. 

2.2 Lemma. 7/ 7' 7 *^ 0 is a ('-cycle having a compact locus of cottcrntralioii 
F, then some subsel of F is a minimal locus of concentration of Y- 

Proof. Let {7^,} be the collection of all subsets F, of F that arc loci of 
concentration of 7 "^, partially ordci'ed by 3 ; let be a maximal simply 
ordered subcollection of {F,}. Since 7 ' 5 ^ 0, no is cmptjL so that by Theorem 
I 12.13, the set K = n Fp 7 ^ 0. By Lemma 2.1, K is a locus of concentration 
of y' and consequently the last element of {F,}. 

2.3 Lemma. If M is a closed subset of a compact space S, and y' is a C-cycle 
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mod M, ihm there exists a minimal closed set F containing M such that 7 '' ~ 0 
mod F. 

Proof, It is trivial tlialY'' 0 mod S. Let {i^p} bo a simply ordered Horios 
of closed sets coniainirig M such that if F,> < > then /'V D Fp.. , and 7 '' ~ 0 

mod Fp for all p. Lot F = f^Fp (Theorem I 12.13). 

By Lemma V 8.7, if U is a fees of S there exist 58 > U and open sot Q D F 
such that if a simplex of 58 is on Q, then it is on F, Now -S' — Q C F — F ~ 
u (-S — Fp) and hence there exists p such lliaL -S — Q Q-S — Fp ; i.o., Q Z) Fp . 
By hypothesis, ~ 0 mod F, , and a fortiori mod Q, and hcnco 7 ''( 5 ll) ~ 0 
mod F. Tlicn Tiia) 7 ''( 35 ) 0 mod F. Since F L) FI, 7 '’ is a cycle mod F, so 

that 7 rii!B 7 ''(i 8 ) ~ T’^dt) mod F. Combining homologies wo get 7 '(U) ~ 0 mod 
F. Thus 7 '’ 0 mod F. It now follows easily (see proof of T.omma 2.2) that 

the desired minimal sot exists. 

2A Lemma.. Let P he an open subset of a compact space -S' and let 7 '^ be a 
C-cycle mod S — P such Uialy' 0 mod S — where Q is some open subset of 
P. Then P has a maceitnal open subset Pi containing Q such that Y ~ 0 mod 
S-Pi. 

(This is dual to, and a corollaiy of, l^rama 2.3.) 

2.6 Lemma.. Jf 7'fs anohsoluie C-cycle of a compact space -S’, Ihen there exists 
a minimal closed set F such that 7 ' 0 mod !•'. 

(This is a corollary of I.iCmma 2.3.) 

2.6 Lemma. Under Uw hypothesis of Lemma 2.3, if S is r-dnnensiontil, then 
the set F is imiquc and, moreover, a closed carrier of the cijele 7 ' 

Proof. That 7 '(U) ~ 0 motl F implies r^U) = 0 mod F sinc(' U may be 
assumed r-dimon.sional. This is possible only if all simplexes of | 7 '(U) | mc<‘t 
F. Hence if /'h and F^ are two sots of ty] 3 o F, \ 7 '(U) | lie's on n F. and 
7 '(U) ~ 0 mod H, n /'’a; it follows that /'’i — /'L since Llicsc scls arc miiiiinal 

Also, 7rnii)7’^(^) ~ t'^(U) implies iru« 7 '^( 5 B} = 7 ’^(ll), and liciua' fi-om (Ih* fact 
thaL 7 '(U) is on F that 7 rua 7 '( 95 ) ~' 7 '(ll) on F. 

2.7 Remark. In general, F will not be the carrier of y’ wIk'h dim -s' > r. 
For example, lei p, <2 ^ V ^ fh F and K the two arcs of -S' having m common 
only Ihoir end points p and q. Siippo.se -S'^ imljoddecl in -S^ ami IhaL F is one of 
the domains of bounded by -S’*. Consider U as playing the I'ole of space -S'. 
Then there exists a 7 ' mod p^J q (hejico mod F) on K for wliicli F is a minimal 
closed set such that 7 * ~0 mod F on A', but F is neither unitiue nor is it a carrier 
of 7 *. 

2.8 Lemma. If M is a dosed subset of a compact space S and y' is a C-cycle 
on M suck that 7 '' ~ 0 on /C D M, then there exists a minimal closed set F such 
that K 3 F Z) M and such that y' <^0 on F. 

(Cf. proof of Lemma 2,3.) 
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2.9 Lemma. If y’’ is a C~cycle of a space S such that y' 0 on some compact 
subset M of S, then M co7ilai}is a minimal locus of concentration of this homology. 

2.10 Djopinition. If M ia a compnei .set .such that p^{M) > 0, hut p'{M') ~ 
0 for overy ])ropor clo.scd sulj.scL M' of il/, thon wo say tliai M is irreducible 
relative to carrying a nonhounding r-cycle, (Alcxandroff [c] calls a set which 
satis(io.s this dolinition and is in addition r-dimcnsionnl, an r-dimensional closed 
canforian manifold.) 

2.11 Every /i-aphoro is irreducible relative to carrying a nonbounding n- 

cycle. It is not necessary that p’^(M) = 1 if M is irreducible relative to carrying 
a nonboundiiig r-eyede. As a corollary of duality theorems to bo proved in 
Chapter VIII, it will follow that known examples of conlinua which form com¬ 
mon boundaries of tiireo or more domains in the ^r-sphorc are irreducible relative 
to (larryiiig a nonbounding (a - find their (n - l)-dimensional Retti 

numi)er.s an; ^ 2. 

2.12 Now a space j\r may be a minimal closed carrier of one of its non¬ 

bounding (lyck's without being irreducible relative to carrying a nonbounding 
cycle, as will ho pointed out below (2.1.3). Intormodiate between such a space 
and tlui type of space dedined in 2.10 is the compact space HI such that > 0 
and such (hat. every cycle on a closed i)ropcr subset ol Hf bounds on M; .such 
a set. M will fre(|uciilly las (Baikal irrcdurihlc relative to carrying an r-cycle non- 
hoiuidinii on M. Such a set need not Ik! r-diniensional (altliough it must l)o at 
leaM r-dimensioiial; cf. Tliconmi VI 7 (i). This is easily seen liy a modilication 
of tlu' following <‘\ample: Let M = {(,i, y) | (0 < .r g 1 = «in 1 /.r) 1 U 

1(9, //) I — i ^ y S. I !, and let A lie an air in tiie same cartesian plane with 
HI joining the jioiiil. (1 'T, 0) to (lie ])oint (0, — 1) but otliorwise not mooting HI. 
Let. HI 'U d Ik! modified to a contigiiration in 3-.space Ijy replacing the part of 
HI on (lie /y-a\is by a scjuai'i’ and its int.crior in a ])laiie p(!rp(’iKlicular to the vy- 
piaiio and cutting the latter at the points on (lie //-axis At (he same lime wo 
modify the sino cun(? ])oi’(ion of HI so that it has all points on (he square i)lus 
its interior as limit points. Tliat tlm so moditied set S has the properties desired 
will follow iinine(lia(<!]y from (.he duality theorems cited above; i.o,, //(A’) > 0 
but every l-cyele on a proper closed subset of S liounds on N, Arotice that the 
S([Uuro K carries nontrivial l-cycles, so that- <S' is not irreducible ridativc to 
carrying a nonhoundiiig l-cycle. 

2.13 It should also be <‘nipluisizod that a set may he a minimal elosed earrier 
of a sjioeilic r-ey’-cle, without being irreducible relative to carrying a uonljioiincling 
r-cycle. 'i'his is exemplified in iho ca.so r = 1 by the set A and eyelc Z' of the 
third jiaragraph of §2. (See also 3.d). With A imbedded in 7T‘, suppose w^e 
let IS I and Na denote two disjoint 2-climonsional hemispheres such that (A 
A = /C. . Let 8 = A 'O Si U Sz ■ Thon 0 on tSi W >Si 2 , although the 
latter sot does not oven contain the set A originally designated os carrier of 
Z\ CoiLscquently when we designate a set HI as carrier of a cycle y and then 
speak of y as bounding on another set S, avo do not have a right to assume 
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that M C iS. However, S will automatically bo a carrier of 7 , no maLtor ^vhoL}lOI 
M is a subset of S or not: 

2.14 Lemma, 7/ o cyde Y hounds on a set M, then M is a carrier of 7 '. 

PiiooF. For each covering U, there exists a relation = 7 '(U) on jl7. 

Ilenco 0 [c''^^(U) — 7 rH 8 c'^'(S 3 )I — 7 ''(U) “ iriiaiT'(25) on M, us rc([uii-cd. 

Although, as wo have just noted, to assign a carrier to a cycle and then to 
note that this cycle is ~ 0 on a certain set S does not imply Lluit the original 
carrier is on S, there is one ease in which we can guarantee Lliat a cycle always 
has the same carrier: 

2.15 Lemma. If J is irredndbk relative to carrying an r-cyclc mmbounding 
on J, and Y is a no nhoundiny cycle of J which hounds on a certain set M, then 
J - J D (M — J). In imriicular, Uien, J C d/. 

Proof. By Lemma 1.4 there exists a cycle 7 '’*' mod J on ./ U M .such 
that dY^^ ~ Y on J. And by Corollary 1.10, there exi.sts a {ych' 7/'^ mod 
J r\ {M ~ J) such that 2'’"' mod J on J \J M anil suc h ili at ' -v' 

37 "''^ on J. Then 32''^' on .7; and were .7 not = J r\ (il/ — ./), then 
would bo on a proper sul^sot of J and conscfiucnlly homologous to zero 
on /. But thi s would imply y' 0 on .7. Wo must conchidc, I hen, llial. ,/ = 
/ n (il7 - 7), 

An immediate, Init interesting corollary of this Ic'mma Ls the rollowiiig 

2.10. ConoiiLAUY. If in a space <S. J is a set which is incttncihlc iclnlii'c to 
carrying an recycle nonbounding on J, and some nonhoumtiiig r-cyclc on J hounds 
on S, then J has no interior points. 

In particular, wo may stale then: 

2.17 Lismma. If S is a sf>ace such that p'(S) — 0 nml ./ is a suhscl of iS 
which is irreducible relative to carrying an r-cyrlc nonhoiindins/ on J, then ,} has 
no inlerior points in S. 

Since the ?i-sj)hcie lias the pro|Jcrly that for all r < n, p'iS") - 0 , wc can 
state the following theorem, corollary to lAimmu 2.17, regarding the ‘‘mvariaiico 
of dimensionality” of euclidean spaces: 

2.18 CoiiOLLAiiv. The topological image, of an S'' in an S'", n < m, has no 
inlerior points. 

2.19 'Hiborem. In a compact space S, let K he a carrier of a cycle Z' such 

that 2'’ ot.- 0 on K. Let K, ,i = i,2,be dosed sets containing K such that 2'' ~ 0 
on K, , Kx being minimal with respect to these properties, and such that Ki — 
K 2 7 ^ 0. 2'hcn the set M ~ 7f, VJ /Ca cam'es a cycle 2'' ‘ such Ikal 2"' * 0 ou il7, 

Proof. Let x ^ Ki — Ka, and let (J bo an open sot such that x ^ U C 
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S ~ Ki . Since 0 on /C, , there exists by Lemma 1.4 a cycle mod 
K on 2C, such that 

{2.19a) ~ Z' on K. 

Evidently SCT' ~ 0 on ; and therefoi-o there exists by Lemma l.G a cycle 
such that 

(2.19b) Z’'*' mod K 2 on M; hence mod M ~ U on M. 

Now suppose Z’’*' ~ 0 on M. Then Z’’*‘ 0 mod M — U on M, and there¬ 
fore, by virtue of (2.19b), * 

(2.19c) ~ 0 mod ilf — on M\ hence mod /f, — (7 on Ki . 

Now by Corollary 1.16 there exists a cycle C\V mod F{U) on U such that 

(2.19d) eVu -- C;"' mod lU ~ U on Kr , 

(2.19e) dC:t' - dCr' on IC, - U. 

But then by (2.19c) and (2 19d), Cfy' 0 mod /v, - U on /C, , implying 
(Lemma 1.3) that 

(2.19f) dClI/r^O on K,-V. 

Relations (2 19e) and (2.19f) imply that dC[^' 0 on /vi — U, which with 

(2.19a) gives Z' ~ 0 on A'l — U. But this contradicts the fact that Ki is 
minimal with respect to containing K and carrying the homology Z' ~ 0. 

2.20 Di'Jfinition', If M is a compact point sot on winch a cycle Z' ~ 0, 
and Z" 0 on a proper clo.soii subset of j1/, then d/ is called an irreducible 
membrane relative la ZL 

(The term irreducible mcinln-anc is due to Alexandroff [a]. In case r = 0 

and Z° is a nontrivial cycle on a pair of points p and q, then 3/ is called an 

irreducible conlinuum from p to g ) 

2.21 Corollary. If, in a space S, J is a point set which is irreducible with 
respect to carrying an r-cycle nonhounding on J, and Z’^ is a nonbounding cycle 
of J which bounds on A', and K, is an irreducible membrane relative to Z'; then if 
K 2 is any set on which Z' ^ 0 and such that Ki — ivg 0, the set /C, U AL carries 
a cycle Z'”^* such that Z'”^' 00 0 on Ki W . 

Proof. By Lemma 2.15, J C i = 1, 2. Then Theorem 2 19 applies. 

2.22 Theorem. If J and 7/ are as in 2.21, and Z" 0 on some closed set 
K, then K contains an irreducible membrane M relative to Z\ The set J is a 
subset of M. 

[Theorem 2.22 follows from Lemmas 2.8 and 2.15.] 
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2.23 Tiieobrm. If is a cycle a compact space S, Ihcn there exists a close< 
subset M of S which is minimal with respect to carrying a cycle y' such that Z' 

7 ’’ on S. The set J\I is a ininimal closed carrier of 7 ". 

Proof. By Lemma 2.5, them exists a minimal closed set M in *S' such llm 
Z' '■^0 mod M. By Lemma 1.9, thorn exists a cycle y' on M such that ~ y' 
No propor closed subset F of M carries a cycle homologous to Z', .sinoo tliii 
would imply Z' Q mod F, Hence the first part of the conclusion is .satisfied 
And since, if there were n proper dosed subset F of jM whitdi carric'.s 7 ’', W( 
would again have 2 ' ~ 0 mod F, violating the minimal character of M, tin 
second part of the conclusion follows. 

We close this section with applications to the theory of lo(!al coiineclodnoss 
First, we obtain an analogue of Theorem IV 2.1: 

2.24 Ti-ieorkm. Lei S be a locally compact space which is not r-lc at x G 
Then if S is setm-r-connecled at x, there exists an open set P containing .r such 
that for every pair of open, sets Q, R suck that x ^ R C, Q C P^ there exist on F{Q) 
infinitely many r-cycles that are Krh on P — R. 

Proof. By Thcoi-cm VI 0.34 there c.xists an open sel P eonlaining x such 
that for any open sot V such that x S V G P, infinilejv many r-eyelcvs on V 
arc lirli on P. Wo may suppose P to be talcon ho Lliut P is compacl, uinl liiiiL 
all ^’-cycles on P bound on S. Q, R, V be open sets such that .r G PC PC 
<3 C a-ncl let 7 !, i = 1 , 2, 3, • • • , I>c an infinite seciuence of cycli's on V lluii 
aix) lirh on J\_ 

Let K =« V and L = S — Q. Then by Lemma I 18 (lu’i-e e\iHts for each i a 
cycle Z\ on F{L) = F{Q) such that Z\ ~ 7 ' on A' — L - Q 'riicn liu' cycitfs 
Z\ are lirh on P — P. For suppaso there exists a relation 

(2.24a) on P - II 

Now Z\ ~ y\ on Q implies c' 7 ' c'Z\ on Q. T.c , 

(2,24b) E c't: - E 0 oil Q- 

Adding relations (2.24 r, )>) wc get E ~ conlrailicling the fact 

that the cycles y\ are lirh on P. 

Note that in case r — 0, the above theorem gives immcdiaU'ly (wk! Tlicorcm 
V 11,3a) that there must bo infinitely many components of H r\ {P — R) that 
meet F(,Q). The connection with Thcoi'om IV 2.! shouhl bo olnnmis, inasmuch 
as each,such comjjonent must have points on F{P) or /'VO, uud in any case 
citlier P -■ Q or Q — R will contain continua I\I, such as tiio.sc whose existence 
urns proved in the theorem cited. 

In Remark VI 7.11, it was staled that Theorem VI 7.9 has a converse. The 
complete form of this theorem may be staled and proved as follows: 

2.25 Theorem, ht order that an 71 -dimensional, locally compact space S 
should he Ic”, it is necessary and sufficient that Pr(x) ^ w for all x G S and r ^ n. 
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PnooF, The suirioioncy having beon proved in Theorem VI 7.9, we need 
show only llio noeesHity of llio condition stated. 

Suppose X S such that Prix) = <». Then there exists an open sot P con¬ 
taining X such that_jOr(a‘; P) is infinite. Wo may assume that P is compact 
and that cycles on P boiind on S. Let U and V be open sets such that a* G 
F C C P, and suppo.so that r > 0. By Corollary VI 3.8, there exists an 
integer vi such thai^ every m (r — l)-(’y(:los on F{U) satisfy a homology on 
P - T^ 

By Theorem VI 0.7, Prix] P, F) = p'{x; P, V) =co. Plence there exist 
cycles mod S — P, tha^are lirh mod S — F. By Corollary 

l.U), there exist cycles Z\ mod F(f/) on U such that Z\ ~ y' mod S ~ U. 
Evidently the cycles Z\ are lirh m_od S — V. By the choice of m, there exists 
a homology a'dZ'', ~ 0 on P — F. Hence by Lemma l.fi, there exists 
a cycle 1”' on F sucli that !”■ X]'-i *Bod .S' — V. But by the choice of 

P, 1”' ~ 0 on S and a fortiori V' ~ 0 mod .S — V. C.'ombining homologies, we 
have that a'Z', 0 mod .S — V, in contradiction of the fact that the 
cycle.s Z\ are lirh mod .S' ~ V. 

TIk' case r == 0 i.s a direct conscciueneo of Theorem VI 6.9. 

In obtaining the; above theorem wc have also proved the following theorem: 

2,26 'Tiikouicm. // .S' is a locally cnmpncl, Ic" space, (hen p,(.r) ^ « for all 
.r G ‘S' and r ^ n; and if .S’ is s(’mi~(u + \)~co)inerlcd al r G .S', Ihen ^ w. 

3. Separations of continua by closed subsets. As we lun-e jionitc'd out <'lso- 
where, ilie .Jordan Curve Tln'orein has played a eenlral role in the development 
of topology And altliougli. as we .shall see later, (lie dualities relating the 
lioinology groups of a siilweL of a manifold with those of its complement are 
ordinarily eoiisideied to he the outstanding extension of the Joixlan ('urve 
Theorem, wi' sliali show’ in tins seetion (hat llte theorem lias nalui'al extensions 
in spai'es (‘xtri'inely more general than (he manifold. 

Aside from certain loeal “smoolliness" properties, the otimilalile /^-maiiitohi, 
either in (Jie classic .seiisi' or in the generalized sense in whicli wc shall Use (he 
term in the pre.sent work, has as a basic property lluit it is iirediieible relalue 
to eui'i'.vmg a noniiounding a-eyeh', and that (here is exactly one such a-cyelo 
carried by the si)aee. Wo have pointed out in 2 11 (hat a set which is iiiediicilde 
relative to carrying a nonlioiinding a-eycle Ls not. noecssai’ily tlu' carrier of only 
one. siieli eyelcx liowi’ver. 

Wo recall (V 7.10) (hat if J is a elo.sed subset of a space d/, then by 
ir{M; J, 0; T) wo denote the vector space of a-cyclos of J (using covoring.s of d/) 
reduced modulo the subspaco of cycles that bound on J. Hereafter wc use 
the .symbol //"(il/; J, 0), it being iindorsLood that a field is the group of co- 
eflicionts. Now suppose wo consider only those elements of H"{M; J, 0) that 
correspond to cycles that bound on the space M; those form a siibspacc 
G’'(M; J, 0) of ir(M; J, 0). Wo denote the dimension of G^M; J, 0) by 
g^iM; J, 0). Evidontly J, 0) ^ J) 0)- 
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3.1 Example. If M is a torus, and J is an on M whose basic n( 
bounding l>oycle 7 * bounds on Af, then g\M] J, 0) = p\M; J, 0) = 1. Ho 
ever, if J is so situated on M that 7 ' does not bound on M, then {M;J,0)~ 
We note that in tho former case J separates M into exactly two componor 
having J as common boundary, whci'oas in the latter case M ~ J is connoct( 

We first provo tho following theorem: 

3.2 Theorem. Lei M he a compacl space carrying cycles^ 7" , J = 1, 2 , • • 

m, such that if A and B are closed proper suhsels of M and , r« are cycles 
A, B respectively, then a kmology of the form X] H -h T"„ on M, a' 1 = 

implies that a' ~ 0 for allj. Then if J is a closed subset of fl/ such that M — 
has ai least /c + 1 components, 0 ) ^ km. 

Proof. Since M ~ J has at least /r 1 components, ilf — ./ = ^1!! 
separate (Theorem I 9.7a). By Lemma 1.15 there exist cycles 7 ", mod I'^P 
on P, , ^ - 1, • • • , A: 4- 1> J ” , m, such that 7 ’; ~ X. 7 m mod J i 

M. Let 

C3.2a) 57 :, = 

Then Z’lj' is on F(Pi) and is evidently in a liomologv class which is an olcinoi 
of J, 0). 

Suppose J, 0) < km. Then between any km of llu' cycl(>s t.iio 

must exist a homology' relation on J; say 

(3.2b) EE«".z;r‘~o <m ,/, „"e; 

1-1 i-i 

Since not all coefiioionls a" ai’c z<‘ro, wo may .suppose' a" 5 ^ 0 may I’l 
write (3.2b) thus: 

E «".zrr' ~ E E a‘'z:,' o,,. 

i-i .-y ,-t 

And since (3,2a) implies that d«''7?, = a'’Z1k\ wo have that 
(3.2c) ZEa-z--'^0 ™ Or., 

•-a J~| 

BO that 

(3.2cl) E - 0 on M - P, ~ l\,. . 

I-I 

On the other hand, (3.2tt) also givcis 

(3.2c) a E = E a'''2r' on P. . 

»-l J-I 

'Ilcronhov, "cyclo" means “C?-oyclo” unless iiulicatcd otlicnvisc; for example y'fU) indicate 
n cycle of a single covering M. 
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By virluo of Lomma 1.0, (3.2cl) and (3.2c) imply that there exists a cyclo ^, 
on M — such that 

r'l ^ mod M ~ Pi . 

But 23”-! ~ !Z3r-i mod M — P,, and therefore 

X) ~ B? mod M ~ Pi . 

That is, 23r-i n''7? T'l ~ 0 mod M — P,. Then by Lemma 1.9, there exists 
a cycle Vt on M - P, such that 23™! o" 7 ? “ T? ^ Ta ; that is, 

m 

(S.2f) E a"y" ~ r; + r;, 

whore T" is on M — Pt+, and Ta is on 11/ ~ Pi . However, by hypothesis 
relation (3.2f) implies that all cociBcicnts a*' arc zero; in particular, o’‘ = 0. 
Thus the supposition that J, 0) < km leads to contradiction. 

hividontly a space M wliich carries at least one noiibounding ? 2 -cyelo, but is 
irreducible relative to carrying an n-cyclc nonbounding on M, is a space of the 
typo iM iiypothesizecl in Theorem 3.2 (but the converse docs not hold—see 
Example 3.-I below’). Hence we have: 

3.3 Ch)iioLLAuy. If the compaH space M is irreducihle relative to carrying 
an n-cyclc nonhounding on M, and carries at least m brh nonhounding n-cycles, 
and J iH a closed subset of M such that p’‘~'{AI; J, 0) = h, then M ~ J has at 
most [h/m\ -b 1 eoniponcnls 



3.4 Example. The figure illustrates a continuum M in the euclidean 
plane composed of ( 1 ) a circle A which is the boundary of bounded domain 
Pi , and ( 2 ) a cui*vc K spiraling about A in a double loop in such fashion that 
A U K — M \B the common boundary of two domains Pa , P 3 distinct from 
Pi . As will appear from duality theorems of Chapter VIII, M is minimal 
closed carrier of a 7} satisfying the hypothesis of Theorem 3.2 for n = l,in ~ 1; 
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it is not, however, irreducible rolfitive to carrying a nonboimcling l-oyclo, no 
is it irreducible relative to carrying a l-c 3 'cIo nonbouiiding on M, of (;oiu’t50. 

3.5 Remark. Since for the ?i-sphoro, S", the niimbor m used above is I 
we have that if / is a closed subset of &" such that //‘"'(J) - h, then M - ^ 
lias at most h + 1 compoiionts. In i)articuliir, if J i.s an tlion h - \ 
and S’' — J has at most 2 components—an imjjortant j)ortion of the Jordai 
Curve Theorem when a = 2. Although this particulai' it(‘m is .sui)(!i'.s(?(Iod iatoi 
on by tho duality theorems cited above, wo mention it here to show the inter¬ 
relations between the dualities on a manifold and tho above thooroms. 

Partly as a moans of introducing important new motliods uliliyJiig tlio ma¬ 
chinery of cocj'clcs, and partly to give a sort of conver.se of piuKicsIing tin'oroms, 
wo insert at this point some theorems wliich are of great importaiiee hihir on 
in tho study of generalized manifolds. 

3.6 Lemma. Lei M be a compact space such that if F is a proper closed sid)sel 
of M, then ever}! n-aijcU on F hounds on il/. TAen if y" is a nonhoumlUm cycle 
of M and P is a nonemply open subset of M, il is impossible (hat y‘ ~ 0 mod 
M - P, 

Pkoop. The relation y" ~ 0 mod M — P would imply, accoi'ding to I.einma 
1.9, that there cxi.sts a cycle Z" on il/ — P such that 7 “ ~ Z" on M. IhiL since, 
bj'’ hypothesis, such a 7/ bounds on il/, il would follow tluU 7 " bounds on /!/. 

3.7 LiwfMA. Cinder the same hypolhesis as in Lemma 3 (i, if 7 !’ , • , 7 ". 

are lirh on il/, then they are firh mod S — Pfor emy nonempty open subset P of M. 

3.8 TjiKoaEM, Let M he a compact space which carries at least in li/h n- 

cycles, and such that every n-cycle on a closed proper subset of M hounds on M. 
Then if J is a closed subset of M, and i)/ — .7 has at (east k components, p„{M; 
il/ - 0) ^ km. [CL V 15.4.] 

i^nooF. Since d/ — J has at least k componoiit.s, it is the union of /. se[)ariL(nd 
sets Di , •’•,/)* (Theorem I 9.7a). l.et tI' , • • • , 7 ", denote m liiii /^-cycles of 
il/. By Lemma 3.7 and Theorems V 18.23, V 18.25, thoix' exist in eacli open .set 

> J = h ■ ■ ' , h, cocyclG.s y'n{D,), f , m, sticli tliat 

(3.8a) y:,aL)-yl^ . 

We assert that these mb cocycles aro lircoh (“lircoh” = “linearly indepejulcnt 
relative to cohomology") in il/ - J. For suppo.so there exists a roluLion 

= 2 aiy'XL,) in il7 - J, 

whore wo may assume that the cliains involved arc nil on the same covering II 
of M, and at least one a\ is not zero. In particular, wc may suppo.so that a\ 9 ^ 0. 

Now by Lemma V 8 .L there exists iJJ' > U sucli that a simplex of in 
M — J is also in M — Q, whore Q is some open sot containing J. liOt SB bo 
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tho covering of M wlio.so elements are Q and M — J, and lot 58 > (25', 2B). 
'Idion, siiico C„-i is in M and the chain TuaCn-j is likewise, tho latter 
chain must also bo in M — Q. Then wo have (V 16) 

= “[2 ^ rlW in M ~ J. 

The portion in 71, of the cluiin TriJaC',,-! ^ 7?(25) has as its boundary the 0- 
c,v(!lo ~Y!, (iWu'oy'iUh) and the latter must have Kronockor index zero 

(L('mina V 18.7). Jiiit by (3.8 il), this Kroncckcr index is “al7rSa,rJi(7)i) ■7K53) = 
-a! 7^ 0. 

3.9 '’J'HKouj'nr. Under llio mnie hypothesis as in Theorem 3.8, p''~^{J) ^ 
in{k — 1). 

PaooF. Tn the notation of tho proof of Theorem 3.8, tho cocycics 7,',(7),), i 
fixed, may all l)o takem in the .same coliomology class of 717. Consequently each 
pair 7,',(/7 i), 7'i(7i^;)j j > b sali.sfio.s a cohomology on 71/. There are ?/i(/c — 1) 
of those relations; 

(3.9a) = 2 ah7:(7),), r = 1, 2, • ■ ■ , m(k - 1), 

wli(‘re only t wo of IJk! coellleiinils ah in each relation arc not zero, etc. Denoting 
the portion of <",' , on ./ by /d, i , the chains ZUi are cocycics of J —ie , co- 
cvcl(‘s mod .S — J -and \\c! assert Lh(!y aie lircoh on J. For suppose there 
exists a relation 

(3.9b) (Wv,. . - E -h in J7 - .7. 

Applying 5 again to (3.91)), and recidling that 6' — 0, 

(3.9e) ' -b = b- 

but tlien by (3.9a) we have 

(3.9d) c,7rWC,:_, - Z‘n il - = Ein 37 - J. 

r ,i 

Siip[)osc Cl , lor instance, i.s not zero. It is the coellieiont of 8Zl-i in relation 
(3.9e), and 4hi is tho portion of f'i-i on ./• Now SC'hi is 7'.(7>i) - 7-‘(772), 
say, so that of = — 1. Hence —c, i.s tho coolheient of 7i(^2) in relation (3.9d). 
That is, the eocyelc.s 7,'(77,) arc not hreoh in 717 - J, contradicting what was 
proved in 'riieorom 3.8. 

3.10 TjiKouJiM. Under Ike hypothesis of Theorem 3,8, if p""‘(7!7) = 0 the 
followitm relation holds'. 

M ~ 0) ^ f-\J) + 

Proof. Lot Zl-i , • ■ ■ , bo cocycics mod 717 - / that are lircoh mod 
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M ~ J. Then 8Z'„^x = is a cocyelo of ilf — e = 1, • • ■ , h. Wo assort 
that tho Z'„ aro lircoh in M — J. 

Assuming that tho Z'n arc all on the same covering U of M, suppose tliat on 
some covering 33 > ll there exists a relation 

C3.10a) « E in M - /. 

Since , we have from (3.10a) that C„_i(iG) - E ^tiU 

is a cocyclc of ilf, and as = 0 , there exisLs a chain C"‘“^(iG3), 

SB > S, such that 5C''~\^) = Ti$gaC„^,(^) ~ x^saa.^n-i ■ However, this 
gives at once that E 0 mod M — J, .since 0'„-i is in M — /, 

eontradioting tho fact that tho cocyclos Z',^i are lircoh mod ilf — J. We must 
conclude, then, that tho cocycles aro lircoh in M — J. 

Next, suppose that there exists a relation 

(3,10b) 5e,.„,(Q3) = Ec.xiU^I + E«.4 «t:C^i) in M - J. 

Not all the a, are zero, since wo already know the Z'„ to l)e lircoh in Af ~ J. 
But then, since 8Trfx^Z'„-i = xiU-Z^n ? wo get 5[C„-i(^) ~ E r.xi'iM,Z,'.-,] == 
E a,Tr?i^y'„(Di), contradicting the fact that the cocycles 7 ,',(Hij are lircoh on .If. 

3.11 Definition. If a cj^clc Y of a space S has a closc'd carrici K such 
that y" 00 0 on K, thou y" will bo called a nonlnvial r-iych- of .s'. (Ih-idciUly 
tho caso ?’ == 0 conforms witli the u.sago of tlio term in 1 l.-l.) 

3.12 Definition. If df is a point sot, and F is a cIomhI .suhsci ol M carrying 
a c^tIo y' which bounds on M, then a poiat x of Jf — F will be celled a hurrK'i' 
to y' in /If if no clo.sod .subset of Jf — x carries a liomologv 7 ’ " 0 

3.13 TitEOHEM. Let ilf be a compncl apace such thot piF) -- 0 fiu (irry 
dosed proper subset F of il/, and let J be a closed subset of .If sik h that p '(./)— 1 
and J is irreducible relative to carrying an {n — l)-c;/c/r iioiihoiniilnuj on J. 
Denoting by y"~^ a nonbounduuj cycle of J, hi 7 "'“ bound on .1/ and no point of 
ilf ~ J he a harrier to 7 "'*, Then Ah ~ J is the union of tiro diKjoinl donuuns 
having J as eonimu/i boundary. 

Proof. By Theorem 2.22, there e.vists ilf, C -If siuh llial .1/, h an irre¬ 
ducible membruiio relative to 7 ""'. Since J is irn'tlueibks r<‘l;Ui\e lo eai-i-ying 
an (n — i)-(J 3 ’’clc nonbounding on J, aiKlY"'* is noiiboiimling, J mnsl be the 
earlier of 7 "'“. Hence there exists .r G ilf, — J, and siue<‘ .r is not a barrier 
lo 7 ’*"’, there exists a closed subset il/3 of AI ~ .r such that 7 " ' 0 on Al^ . 

Then by Theorem 2.21, there exists on ilf a nontrivial a-cyelo 7 ", and since 
p'\F) = 0 for every closed projicr subset F of ilf, tho space df must be the 
irreducible carrier of 7 ", and M — il/, U AU . By Corollary 3,3, df — J has 
at most two components. 

In order to prove that J separates M, lot us first replace d/j by a sub,set of 
d /2 which is an irreducible membrane relative to 7 ""'; such a set exists by 
Theorom 2 22. Wo shall then prove that ilf — ilf, is nonempty and connected. 
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It is certainly nonempty, since otherwise would be a subset of Mi — x 
and conscjqiiently Mi would not bo an irreducible membrane relative to y‘"\ 
Suppose M — Ml ^ A U B separate. Then F{A) C J- For suppose y ^ 
{Ml — /) n F(/l). Since y is not a barrier to 7 "'*, there exists a closed subset 
M-i of M — y such that 7 "“* ~ 0 on . But arguing as in the preceding 
paragraph wo see that M ~ Mi U M^ , which is impossible since there exist 
points of A in a neighborhood of y that belong to neither M, nor ilfa, Therefore 
{Ml - J)r\ F{A) = 0. 

By Corollary J.IO, there exists a cycle y\ mod J on .4 such that 7 a ~ 7 " 
mod M — A on i1/. I.ot Z''~' == dy^ . Suppose 2"“^ ~ 0 on ,L Then by 
Lemma l.G, there exists a cycle Z" on / W such that 7 a Z" mod Hf — A. 
B\it then 7 '* ~ Z"' mod M — A, and by Lemma 1.9 there exists a cycle F" on 
ilf - A such that 7 " - ZA FL That is, 7 “ ~ + F" 0, since and 

F" are on closed proper .subsets of M. Wo must conclude then that does 
not bound on ./, and tliCToforo that Z''~^ ~ a 7 ’‘~‘ on .7, a since p"'‘(.7) = L 
Ihit then 7 "”* 0 on A, a closed proper subset of M^ , contradicting the fact 

that il 72 *’'•1 irnjdiKdblo membrane relative to 7 ""^ 

'riniM M — il7i == II i.s eonnootod. That F(n) C -7 follows from tlie same 
argiunont used to i)rovo F{A) C *1 above. Then it easily follows tliat 77 is a 
(‘oini)on(‘nL of i17 — .7, since 77 is clos( 5 d in il7 — il/i and open in il7. And since 
M — J — fl 9 ^ 0 , M — J is not coinu'ctod. 

'\V{‘ have proveil, then, that il/ — .7 is tho union of exactly two disjoint 
domains 1) and F It remains to prove that .7 is their common boundary. 
Sii[)poso tlial, .7 r\ F{1>) - J' is a proper subset of .7, Now liy Ctirollary 1 i(i, 
there exists a cycle yl mod I' on /) such that 7 " yl mod M — J). Sinco 
J' is a iirijpcr suhsc't of./, Oy'h 0 on .7, and thore exists i)y ('orollarv l.G a cycle 
Z" on /) U J such l.liali Z" 7 ”) mod J, But Z" ~ 0 on I) W ./ ami thereforo 
7 /j '^OinoihlA — /-), im[)lyiiig 7 ’'mod il7 ~ J) 'Pliiscoulradicls r><'mina3.G. 

3 11 Hmmakk, 'FhoonMn 3.13 miglil be called a “gcnci'nliscd .lordan- 
Bi'ouwer separation theorem’', inasiniich as it contains Brouucr’s cxtimKion of 
.Jordan’.^ 'riu-orem to (lie soparal ion of (Miclidoan 7 i-spaco by an {n — l)-manifold 
as a spcMMul case 

3 1.5 It. IS interesting t.o nol(i tlio i'(‘1;lI ion of the thiiorem just pioved to the 
pni'ticiihu' caK(‘ of the 2-sphoro. h'or (‘xainple, in 'riicorem II -1.3 \v<‘ pioved that 
if a Peuiio conlhuium eonl.ains at least one S' and satisties the .Iordan Chirvc 
Theonun, then it i.s a 2-sphcrG, Now it is easy to see that if .17 is a Peano con- 
tmiium which satisfies the conditions (1) M conLain.s at least, om' S', and every 
nontrivial l-cyele on an bounds on M, (2) j)\F) = 0 for every clo.sed proper 
subset of ilf, and (3) no point is a barrier to any 1-cyclc, then M is a 2-sphere. 
For if J is an}’’ S' in such a space M, then the conditions of Theorem 3.13 arc 
satisfied for n = 2 and M — .7 is the union of two disjoint domains having J as 
common boundary. Before proceeding further in this direction, however, we 
shall introduce some concepts important for tho sequel. 
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4. Non-?’-cut and ?'-avoidable points. 

4.1 Definition. A point p of a space S will ])o called a non-r-cui po 
of S if e^'e^y j’-cyclo of any compact sub-sol of >5 ~ p is lioinologoiis to zero Oj 
compact subset oi S — p. 

4.2 Definition. A space S will bo caliod r-avoidahle a/ p E >Si (and p v 
bo called an r-avoidable point of S) if for every open set U containing p tli< 
exists an open set V such that p S V C U and such tliat every r-cyclo 
F(U) bounds on S — V. 

4.3 Definition. A space S will bo called locally r-avoidahle alp <E. S (a 
p will be called a locally T'Orndable point of S) if for every opon sot U contain! 
p there exist open sots V and W such that p ^ W C. V Q U and sucli tli 
if 7 *’ is a cycle on FiV) then y' 0 on S — W. 

In order to investigate some of Iho relations between tlio above dofinitioi 
wo shall prove a theorem on what might be called “sot-avoidability.” 

4.4 Definitions. A countable set, Sb of cycles of a coinpaet nustrie spa 

M such as that who.sD existence was proved in Theorem V J2.-i will l)(! called 
metric fundamental syslmi of r-cycles of M. Tiic normal seciuonee of rofin 
monts used in that proof will be called iJte normal sequence of rejincments am)ciai 
yyilh A sot of cycles , • •• » ''dll 1 h) cailctl an interval of ^4 

more spocificalEy, the (k + i)sl interval of^'. 

4.5 Tiieouem. If A and B are disjoint dosed subsets of a compact mdi 
space M such that every r-cycle on A bouiids on a closed subset of M — If tin 
there exists t > 0 sudi that every r-cyde an A bounds on M — S{lf c). 

Proof, bet Zl , • • • , , • • • 1>o a metrit; fiin<lam(aital sy.st<‘in, iy", ' 

j’-cycles of A. We may assume the normal sequence of rolinemimts ajisocialc 
with 93'' to consist of coverings of M. Wo shall lir.st prove the tlu'or(‘m f( 
cycles of 93'. The rosult will then follow. For sui)i)oso 7 ' is any cycle of j 
Then for any covering U* of the normal sequence of rehnnincnts associated wit 
yXIU) a'Z[{]Xt) on Ut A A, a' E 3", and as cacli Ai(lU) --- 0 0 

M - S{B, €), 7 '(U*) 0 on il4 - S{B, e). 

Suppo.se the theorem not true for the C 3 ’’cle.s of 93'. Let 5i < i, and k 
Z'ni) be the first cycle of 93' that fails to bound on ilf — S{B, fii). Lot U,„( 
be the first covering of the normal soqucncc of refinements associated wit 
SB' such that 21i(ij(U«(ii) 0 on Af ~ S(B, 5i). Now lot ^2 < min (5i , 1/5 

be such that if is a cycle of 93’’ of subscript i g /(I), or in the same intorvi 
of 93' as Z\(t^ , then Z\ 0 on M ~ S{B, 82 ). Lot Z'n 2 ) be the first cycle c 
93' that fails to bound on Af — S(B, § 2 ) and IU( 2 ) a covering of the normc 
sequence of refinements associated with 93' such that .^f< 2 )(Um( 2 )) 0 o: 

M — S{B, 53 ). Evidently .21(3,(U^d,) ~ 0 on A. 

Proceeding in the above manner wo obtain a sequence of cycles of 93', 2^1, 

... , 2f , . • • , such that (1) m < lik + 1), (2) 2;(*,(lt„(„) 00 0 on il4 - 
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S{B, 8 l), wliere , • • • , 5* , • • ■ , is a sequence of positive numbers mono- 
tonically decreasing to zero, (3) ~ 0 on and (4) Z'm) ^ 0 

on M — S{B, 5;) ii i < k. 

Now let T'Cllmd)) ~ 2;(n(U„(,)), and generally = 2;(i)(U„u)) + 

Z'i( 2 )iUn,u)) + ••• + 2I(i>(U«<i)). Then the collection 7 " = { 7 ’’(U„(*))} is a 
C-cycleon /1 on the complete family For 7 '(U™«,) - TrLydUa+i)) = 

2j>-i[^d.)(Um(i)) ”■ ' 7 ri+i 2 j({){U„(t+i))] — wit+iZnjt+i)(U„(i+i)). (We ab¬ 
breviate 7ru,«, to ttJ for typographical reasons.) For each i, the cycle desig¬ 
nated by the expression in the brackets is homologous to zero on A, since 
Z\u) is a C-cycle of A. By (3) above, ^I(t+i)(U„(i)) ~ 0 on A, and hence we 
have that TrLi^id+nCUmoi+i)) ~ 0 on yi. Consequently Y 

is a C-cycle on A . 

We assert 7 ’’ oo 0 on M ~ B. For suppose the contraiy. Then there exists k 

such that 7 '" ^ 0 on M ~ 5^). But 7 "(U„(t)) " = 

-h ■ • ■ - 1 - ~ 0 onM — S{B, SA by (4) above, so that 

^I<fc)(Um(i)) 0 on M — S{B, Sk), contradicting (2) above. Thus 7 '’ oo 0 on 

AI — B and the assumption that the theorem is not true for the cycles of iB' 
leads to contradiction. 

T^teorem 4.5 may be generalized as follows: 

4.6 Theorem. If A and B arc disjoint closed subsets of a conipact metric 
space M, and there exist on A cycles yi , • ■ • , 7 I, Jinile in number, such that every 
cycle y on A is homologous on a closed subset of JV/ — B to a linear conibination 
of the cycles 7 I , • • • , yl , then there exists e > 0 such that every cycle y’ on A is 
homologous on M — S{B, e) to a linear combination of the cycles y[ , ■ , yl ■ 

Remark. Evidently the above theorems remain valid if instead of assuming 
iV compact, only A is assumed compact; the essential modification m the 
argument would consist of obtaining 93'' by moans of covenngs lU of M, finite 
in some neighborhood of A and such that each Ih + i is a normal refinement of 
U^rol (d,0). 

As a corollary of Theorem 4.5 we have: 

4.7 Corollary. If M is a compact metric space and p is a non-r-cut point 
of M, then p is an r-avoidahle point of M. 

4 8 Lemma. In any space, an r-avoidable point is locally r~avoidablc. 

4.9 Remarks. It is evident that the requirement that every point of a 
space 5 be a noii-r-cut point places severe restriction on the character of the 
^•-dimensional connectivity of »S. In particular, if a compact S is not the minimal 
closed carrier of any r-cycle, then the above requirement implies that p' (*S) = 0 
and no point be a barrier to any 7 ’-cycle. Conversely, if no point of a conipact 
aS is a barrier to any r-cycle and p'{S) = 0, then every point of S is a non-r-cut 
point of S. 

It is easy to see that the properties defined in 4.1-4.3 are actually successively 
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weaker. For example, in tho cartesian plane, let M = { {x, y) ( H- = 1) 

(1 < rr ^ 2, ^/ — 0)}. Tho point (2,0) is a I-cut point mid a 1-avoidablo poi 
since for ovoiy open sot containing (2, 0) Llio boundary contains no nontri’^ 
l-cycles. And tliat a point may bo a locally l-avoidablo point while not 
avoidable is shown by tlio example, in cartesian 3-spa(!0, of tho sot M 
((a-, y> &) I + v'" + s'* g 1) V (.t** + ^ d, s == 0)} ~ {Cr, y, z) | (x 
3/2)^ y'‘ ^ 1/4, z == 0|, with p = (0, 0, 0). 

riowover, if a compact metric space is simply r-comuictcd, tlio aliovo d 
iinction.s disappear. 

4.10 Lismma. In a simply r~con?icclcd compacl space S, a locally I’-avoidai 
point is both r-avoidable and a non-r-cul poinL 

Proof. Let p be a looally ?*-avoidablo point of iS', and 1(4 y" he a cycle on 
compact subset K oi S — p. Letting S — K " U, there c.xist op('n sets 
and T'F .such that p G IF C F C tl" and such that if Z’ is a cycle on FfF), tin 
~ 0 on /S — IF. Now by I-omma 1.13 tiiorc cxi.sLs a cyehi Z' on sue 
thaty ~ Z’' on S - V, and it follows thaty" ~ 0 on .S' ~ IT. Ihmco p i.s 
non-r-cut point of S. 

The proof that p is r-avoidablo is similar. 

4.11 CoHOLLAHY. In a simply r-connected, compacl metric .spacr (he noti-i-ct 
poinls, r-avoidahle points and locally r-avoidahlc, points arc all idcuhcal. 

4.12 CoRoniiARY'. In a metric conlinuum, Ihc non-()-cu( pomls^ O-aronlahl 
points and locally 0~avoidabIe poinls arc, idcniical. 

We can now obtain a cimractorization of th(! 2-spli('re ulucli doe,', iio( iiicliidi 
tho assumption that the space i.s pcaiiian—Kpociiicnlly, in Ihc obvious clmi- 
acteriKation given in 3.J6 in the remark following Tli(!oicni 3.13, wo (‘liniiiiiiLt 
the assumption “M is a Poano continuum." 

4.13 Thkoiuoai. Lc.l M he a compacl mclric. space such Ihal p\/'') = 0 for 
every closed proper subset F of III, which contains at least one \-sphvre, and all of 
whose points ore iwn-[-cul points. Then if M is not a l-sjdicrc, it is a 2-sphcrc. 

For tho proof, wo notice that in proving Theorem 3.13 W’e also proved the 
following lemma. 

4.14 Lumafa. Lei M be a compact metric space such lhal p"{F) — 0 fur every 
closed proper subsel F of M, and lei J be a closed subset of HI which carries a non- 
trivial cycle y"“‘ hut is irreducible relative to carrying an in — I )-cucle nimbounding 
on J. Then if y"“‘ ~ 0 onM, and no point of AI — J is a barrier to y''~\ the num¬ 
ber p^iM) > 0. 

Now in order to prove Theorem 4.13 it is only necessary to show that M is 
Ic, assuming ilf is not a 1-spliero. Lot .r E M, and U an open set containing x. 
Since by Corollary 4.7 every point of M is l-avoidablo, thcro exists an open 
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sol V such that x ^ V ^ U and such that every 1-eycle of F{U) bounds on 
ilf — T-^. Suppose that not all points of V ai'e in the same quasi-component of 
U. Then U ~ A KJ B separate, where x ^ A and V r\ B ^ Q. 

By the above lemma, p^{H) > 0. Let 7 “ be a iionbounding cyclo of M. 
Then by Corollary 1.16, there exists a cycle 7 * mod F(A) such that ja 7 ^ 
mod M — A. Let = 57 ^ . Then is a cycle of FCA) C F{U), and is 0 
on j\I ~ V. By Lemma 1,6 (with K = M — V) there exists a cycle Z'^ on 
M — B r\ r such that Z’ ^ 7 ^ mod M ~ V r\ A. Then Z^ 7 “ mod AI — 
V A, and hence by Lemma 1.9, T®, where F* is on M — V r\ A. 

But Z^ and are on closed proper subsets of M, implying 7 ^ ~ 0 on J\I. But 
7 ^ is a Iionbounding cycle of AI. We must conclude, iJien, that V lies in one 
quasi-component of U] hence that M is Icq at every point and therefore Ic 
(Theorem II 1.8). 

Now the assumption in the hypothesis of Theorem 4.13 that il/ contains an 
is a strong assumption, especially in view of the fact that M is not as.sumed 
to be a Peano space. It is well to notice, then, that if we assume that d/ has 
a closed jiroper subset J such that J ia iiTcducible relative to carrying a 1-cycle 
Iionbounding on J, then the proof that il/ is Ic goes through as before. And 
as il/ has no cut point by Corollary 3.3 and is therefore cyclicly connected 
(Corollary III 3.32a), there exists a 1-sphere in d/. We can therefore state: 

4.15 Tiikorkm, Let d/ he a compact metric space such lhal p^(d/‘') = 0 for 
everif closed proper subset M' of Al, which contains a closed subset J such that J is ir- 
rednrihle relative to carrying a l-cyclc nonhonndin/j on J, and whicli has no 1-cul 
points. Then if 7 ^ J, M is a 2-sphcrc. 

A cliaracterization of tho A' can he given aiialogoim to tlio cliaracEiH'ization of 
tlio S' given in Theorem -i.l5; 

'1 1() TnEOHi:.\r. Lei d/ he a compact metric space such lhal p'(M') = 0 for 
every closed proper subset d/' of d/, and which has no 0-cnl puints Then if M 
has at least 3 points, it i.i a l-sphere. 

Proof. Since tlic only point set J which has the property that J i> ii rcMlucil)le 
relative to carrying a 0-cycle nonboundiiig on J is that which consists of exactly 
two point.s; and since d/ has at least fchix-e points. Lemma 4 14 applii's. 'I'lie 
proof tliat d/ IS Ic is as in Theorem -1.13. Then since M is a I’eano conlimuim 
with no cut point, it contains an .S‘, and since /j'(d/) > 0 iiTeducil)ly, tins .S‘ 
must constitute all of d/. 

It is natural now to ask whetiier the closed 2-manifold can be chaructoriKod 
in the same order of ideas. First let us note the following theorem wliicli is 
now easily proved: 

4.17 Theorem. Let d/ he a compact, ‘metric Ic space carrying m cycles Z? , 
i ~ , m, in ^ 1, such that if A and B are closed proper subsets of df and 

7i 3 72 cycles on A, B respectively, then a homology of the form ^ a'Z? '-^7! +72 
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onM ifnpUes = Oforalli. TkenifM is separated hj each simple dosed curue 
of M of diameter less ikon some fixed positive nimhcr e, M is a closed 2~maiufold. 

Proof. That M la nob separated by any closed sulwoL ,/ .such LhaL p''{J) — 0 
follows from TJioorom 3.2. Then il/ is comiocloci; M is cycludy connooLod 
(III 3.32a); and if J is a simple dosed curve of M, every component of il/ — J 
has J as complete boundary. It follows that M contains a ,simpl(5 (ilo.scd curve 
of diaracier < e (cf. Ill 0,6), and the thcoi'om follow.s from Thoor(3m Til 0.1. 

4.18 Corollary. If M is a compacly metric Ic space such that (1) M is 
irreducible relative to carrying a ^-cyclc nonhou7uling on M, and (2) for some 
positive number e, M is separated by each of its simple closed curves of diameter 
< €, then M is a closed ^-manifold. 

We also note that in the same way in wliicli wo proved the Ic properly in 
Theorem 4.13, wo may prove: 

4.19 LEMAtA. Let M be a compact metric space which is irreducible relative to 
carrying an n-cycle nonhounding on il/, and suppose that all points of iM arc locally 
(n — l)-avoidable. Then M is a Peano conlimmm. 

(This lemma is much weaker than Theorem 5.4 below. It i.ssf alod hei-o bccauso 
it is needed immediately below and its proof is obvious.) 

4.20 Definition. A C'-cj^clo will bo said to be of diann'tor < e if il lia.s 
a carrier of cliametor < e. 

Now in .sotting up a theorem characlorizing tlio closed 2-manif()l(I analogous 
to Tlioorcm 4.15, it would ho natural to assume tliat there* I'xisls a niimlier e 
such that 1 -C 3 'c 1 gs of diameter < e bound and no point, is a barner (o any 1- 
cycle of diameter < e. IncUlontally, in view of 'riienrem -1.5 tliis condiiion will 
imply the local 1-avoidability of all points, for tho case under con.^ideration hero. 

4.21 TriEOREU. Let M he a compact metric spare such that p'l-l/'; ~ 0 for 
every closed proper subset of M, and let e be a positive number such that \ -cycles 
of diameter < e hound onM and no point of M is a barrier to any {-cycle of M of 
diameter < e. If M contains some proper subset J of diameter < c which is ir¬ 
reducible relative to carrying a \-cych nonhounding on J, and M is not n L-sphcrc, 
then M is a closed 2-nianiJold. 

Proof, By Lemma 4.14, p“(il/) > 0, and .since, ns remarked aijove, M is 
locally l-avoidnblc, it follows from Lemma 4.19 that il/ i.s Ic, That il/ in sepa¬ 
rated by every 1-sphero of diameter < £ now follows from Tlioorcm 3.13. Henco 
ilJ is a Peano eontiniuim which contains a 2-cycle irrcducibly, and is separated 
by every l-spherc of diameter < e; M is therefore a closed 2-manifoltI (Corollary 
4.18). Wc may also state the following three theorems, enumerated so as to 
indlcale their forcrunnei’s above: 

4.15a Theorem. Let M be a compact metric space such that p^(M) > 0 ir- 
reducibly, and ^oh^ch has no l-cul points. Then M is a 2-sphere. 
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Proof. That M is Ic follows from Corollary 4,7 and Lemra 

Corollary 3.3, M has no cut points, and is therefore cyclicly eonneo_ 

tains an »S'\ Now M cannot bo an. since 0? Iho theoron.i 

from Theorem 4.13. 

4.16a 'I'liEORBur. Lei M he a com'pact meiHc space such iJiai p^(M) > 0 irre- 
ducibly, and luhich has no 0-cut points. Then M is a l-sphei'e. 

4.21a Theorem. Let M he a compact metric space such that p^{M) > 0 iire- 
ducihly, and let € > 0 be such that l-cycles of diameter < e hound on M and no 
point of M is a barrier to any l-cycle of diameter < e. Then M is a closed 2- 
niamfold. 

The 6-conditioii hero corresponds to the condition given in Theorem 4.17 that 
every 1-sphere of diamotor < e soparale space. However, the remark made 
above to the efl’cct that the former condition implies local 1-avoidability through¬ 
out the above argument raises the quo.stion as to the actual relationship between 
those two properties. 'Tliat the latter property is not generally as strong a 
condition as the former is shown by the well-known example of the “sphere 
with infinlLoly many liaiidlos;” ihi.s configuration, M, satisfies the condition that 
tr) > 0 irrcducibly as well asi the condition that every point bo locally 
l-avoidable. CoiisoqiionLly Tlieorcm -1.21a, for instance, would not hold if tlie 
avoidalulily condition were substitulod for the €-condilion used tlicridn. ITow- 
evor, noting in the case of the oxampio just cilwl that the l-flitniMiHional Pelti 
miml)er is iiifimfo, let us consider adding to the avoidubnily eondition (ho 
condition (iiat M be senii-l-eonneclctl. 

4.22 Lum!u,\. In a compact metric space M, the conditions (a) that there 
exist e > 0 such that r-cycles of diamcicr < e bound and no point of il/ is a harrier 
to any r-cycle of diameter < e and (1>) that fl/ he semi-r-connefled and tocally r- 
avoidahle atc eqtiivalnd. 

PiKuiF. We lia^'G already remarked above that (a) iinj^lie.s the avoidalnlily 
condition. That tlic .somi-?’-connoetednes.s is implied is obvious 

d'o sec that (b) iiniilies (a), .‘^ince M is eompaet there exists (cf. 10.4) e > 0 
such that evoiy r-cyclc of M of diameter < e bounds im M. Lot y' he a cycle 
on some closed set J of diamoter_< «, and let p ^ A/ — ./. Lot U l)o an open 
set containing p siicii that J r\ V = D, and let 1' and W be open .sols as in the 
definition (4.3) of local /•-avoidability. Hy lyimma 1.13, tlicro exists a cycle 
Z' on F(V) such that y’’ ~ Z' on il/ — V. And since Z'' 0 on M — IP, it 

follow.s that y' ~ 0 on il/ — W, and p is Uiei-eforc not a barrier to y'. 

In view of Lemma 4.22 we may state: 

4.23 Theorem. Let M be a compact metric space such that p^{M) > 0 irre~ 
ducibly, which is semi-l-connecicd and is locaUy l-avoidable at every point. Then 
M IS a closed 2-manifold. 
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5. ?’-extendibiIity. In close relation to tlio local proporiics employed abov 
stands a local ^'relative*' property employcti by Ccch [g] in his studios on mani 
folds: 

5.1 Definition. A space M will be said to be r-extcndihlc^ at p (E M \ 
for arbitrary open set U containing p tliero exists an open .set V such tha 
p G V C and such that if 'Z is any eyclo mod M — U, then there exists £ 
eji'cle Z' on il/" such thaty*’ Z'" mod M — V. 

5.2 Lemma. 7/ the locally compact M is locally (r — l)-avoidahle alp G M 
then M is I'^exiendible at p. 

Proof. Given an open set V containing p, let V and TF ))e as in Dofinitior 
4.3. Let y' bo a cj'clo mod M — U. Then a fortiori y' is a cycle mod il/ — V. 
B 5 ' Corollary 1.16, there exists a cycle y\ mod F{V) such that y' ~ yv mod 
M — V, and such that fly' ~ dyv on M — V. Since dyv is on dy’v ~ 0 
on il7 — TF. Then dy'' ^ 0 on M — IV, and liy Lemma I.f) tlicrc e.vists £i c.yele 
Z’' on ilf such that y'" ~ Z" mod il7 ~ IF. 

5.3 Lemma. If the locally compact space M is r-cxlendihlc ami semi-{i' — 1)- 
connecled aip S M, r > 0 , then M is locally (r —■ l)’amd(ihlc at p 

Proof. Given any oi»n set P containing p, Jot U l)o iin o])('n set such (1ml 
p G U ^ P. Wo may assume that U issucli tliat every (r — l)-c‘yc]o on 
bounds on il/. Lot V l)c an open set as in Dclinition 5 J. liCt 7 "' bo <i cycle 
on FiU). Since y'"' 0 on M, there exists by i.emma I •! a cyclt‘ y' mod 

F(U) such that dy' y’~' on F(U). And liy ilic way V was hc1('c(c<I, llica'c 
exists a cycle Z'' on J[I such that Z' y' mod J/ — T’. Then by LcMnnia. I 2, 
dy' dZ' 0 on M — V. Sinco dy^ un M ~ l\ uiid a foilual on 

M — T’’, wo have then thaty'"' ~ 0 on M — V. 

Coch defined (in the Princeton notes cited above) an n-pscmltmiamfold its 
a compact S of dimension n, such that p’*(iS) > 0 })ut every a-cyclc' 011 .'i ])ioper 
closed subset of S boumis on nS, aiul which is R-{*x(onthhl(‘ at (!V(‘i‘v poinl, and 
investigated thorouglily the separatioa properties of such £i .space;. Ju parllcuhir 
lie pro^’cd: 

5.4 Tiieouem, If the compact space il/ is n~exlendihh at cvenj point and such 

that > 0 but every n-cyclc on a closed proper subset of M hounds on M, 

then AI is Ic. 

Proof. (Compare proof of Lemma 4.14.) Lot p G U an open set con¬ 
taining p, and let V be as in Definition 5.1, Suppose that V is not in one quasi- 
component of U. Then U = A U B separate, where p G A and B r\ V 9 ^ G. 
Let y" be a nonboimding cycle of AI. Then by (Jorollary I.IG there exists a 
C 5 ^c]e yA mod F(A) such that 


*Tho term is our own; Cech used no name for tlic property. 
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' ‘ ' "yl modM — A, 

By iho way V was chosen, there exists a cycle Z" sucli that 

yA^Z^ modM- V. 

i hen evidently 2" ~ 0 mod M ~ B r^V, since ja is on d. But then by Lemma 
1.9 there exists a cycle T" on M - 5 H 7 such that Z" r". As a cycle on 
a proper closed subset of M, r" ~ 0; hence Z" — 0. Then (5.4b) implies that 
7^1 ~ 0 mod il/ — and a fortiori mod M — A. From (5 4a) we get 7 " 0 

mod M — A, which is impo.ssible by Lemma 3.6. 

It now follows that: 


5.5 ^ CononLAHY. If the compact metric space M is \-extendihle at every point, 
and p (71/) > 0 incducibly, then M is a 1-sphere. 

5.G Corollary. Lei M he a compact metric space such that p^(il/, tf) > 0 
irreducibly, which is 2-extemlihle at every point and semi-l-connected. Then M 
is a closed 2-mamfoId. 

[CT Tlicorem 4:.23.] 

5.7 ifiEOREM. Let M be a compact space which is minimal closed carrier of 
exactly m nonhounding n-cycles 7 “ , all n-cycles on proper closed subsets of M 
bring hounding cycles of M. Let J he a closed subset of M such that (1) ilf — J 
has a finite number, h, of components, and ( 2 ) M is n-dimensional and n-cxiendihle 
at every point of M - J. Then p„(AI; M ~ J,Q) = mk. 

Proof. I.ot D be a component of il/ — J ; as k is finite. D is open. Let 
y'u , i — 1, • • • , m. be cocyclcs in D such that yi 7 ” = . Suppose 7 " is any 

cycle mod M — D, and let p ^ D. As AI is «-cxtendible at p, there exists an 

open s('( 1 ^ such that p G 7 C and a cycle Z" such that 7 " ~ Z" mod M — V 
Siiict' (h(‘ 7 " form a ba>e for M, there exists a relation Z" ^ a‘y1 Hence 

7 ' 23 ’’*■ 7’t' mod il/ — r. Bj' Lemma 2 4, D has a maximal open subset P 

.such llial 7 " 23 iiiod M — P. 

assert tliat P = D. For suppose not. As D is connected, there exi-'Ls 
X G P {D — P) and, by the argument employed above, an open set I'' .such 

lliat ,r <E. y' (Z L) and such that 7 " ~ 23 ^’ 7 " mod M — V'. Then 23 ^' 7 " ~ 
23 l>‘y"x I'nod lil — P r\ V' and, by Lemma 3 6 , a‘ = h' for all i. However, if 
we restrict ourselves to coverings that are «-dimensional in D, the homologies 
E a ‘77 , etc., become identities, so that the identity 7 " = 2 ^ a'yl extends 
over P L/ V'; i e., 7 " ~ 23 ^'7» il/ — (P W V'), contradicting the fact 
that P v’as maximal for this homology. 

T'hen 7 ” 23 “V" mod il/ — L, and p^CM; il/, AI ~ D) = pA^I; D, 0) = m. 

Hence cocycles 7 ^ in P such that 7 ^- 7 " = 8’, form a base for cocycles in P relative 
to cohomology in P. Now any cocycle in M — J can be decomposed into 
cocycles in the respective k components of il/ — J, so that the cocycles y'„{D,) of 
Theorem 3.8 form a base for cohomology in AT — /;i e., p„(il/; il/ — 0) = mk. 
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6.8 CoiioiiLABY. Under Ike same hypothesis as in Theorem 5.7, except the 
M is Ic and h may he infinite, Vie cardinality of Vn{M\ M — J, 0) is mJc. 

Proof. In this case the components oi M — J arc open and the abovo proo 
holds when k is infinite. 

Remark. An easy consequcuco is tliat if M w n-dimcnsional and n-exlondibli 
at all points, hotico lo by Theorem 6.4, then p,XM', M — 0) = mk, no inattci 

what the cardinality of k. 

6.9 TnEORBM. Let M he an n~dimen8ionalco7npacl space such that p"~^(M) = 
0, which is n-exiendible at all points, which carries exactly m (^1) nonhoundini 
'n-cycles, and such that all n-cycles on proper closed subsets of M hound on M, La 
J he any closed subset of M. Then if Vic number of components of M ~ J is o 
finite 7iumhcr k, 

(6.9a) = mik - i). 

Furthemore, if either or k is infinite, then both arc infinite. 

Proof. By Theoi-cm 3.10, p„{M', M — 0) ^ V"~\d) m, so that if 

35"“\J) is infinite, so too is pjjrl] M — /, 0); and hcncc in this ease k is infinite 
by Corollary 5.8. Conversely, if k is infinite, p"'‘(t/) is infinite by Theorem 3.9. 

On the other hand, if k is finite, p''~^{J) ^ mik — 1) by Thooi'ein 3.i). JiuL 
also, since by Theoi’em 6.7, pJ,M\ M — 0) = mk, and by 'I'lieorem 3.10, 

M — 0) g wc have that ^ mk — m — m{k — 1). 

RT^^fAnK. In such tlicorcins as 6.9 above wliicli liypoLhesi/o tliat (1) Die 
space under consideration carries exactly m nonbounding cycles, all ?i-cy(!l("' on 
proper closed subsets of il/being bounding cyclo.^ of M— i.c,, that 71/ is inodiicihle 
relative to carrying a cycle iionboundiug on M and p"(.10 is finilo—and (2J M 
is ^^-extendiblo at all points, the condition (2) may be lephicod by Liio condition 
that p"(.r) S m for all .r S M: 

5.10 Theorem. // ilf is a compact sjmee such that p'fill) <== m finite, all n- 
cycles on proper closed sets of M bound on M, and x is n point of M such Hint 
p"(x) S m,^ then M is n-exlendihlc at x. 

Proof. If U is any open sot containing ai, then U contain.s open, soi.s V 
and W such that W CV and p"(.r; V, W) = p"{x). Let rj , i = 1, ■ ■ ■ , 
7 )1, con.stitiito a base for n-cycles of M iclativc to hoinologios on il/, and suppose 
7 ” is a cycle mod M — U, By Lemma 3.7, the cycles T" arc lirh mod 71/ — W, 
and may, since g m, be taken ns a base for n-cycles relative to homologies 
mod 71/ - W, Consequently t" ~ Z) o'P"» mod S ~ W. 

As a consequence of Theoi-ems 6.4 and 5.10 we have: 


^Evidently, by virtue of liCmma 3.7, p"(a;) will have lo bo exactly equal to 7)1 iinclor those 
conditions. 
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6.11 Theorem. If M is a compact space such that p’^iM) — m finite, ^ 
n-cycles on closed proper subsets of M being bounding cycles of M, and Pn(x) ^ m 
for all X £ M, then M is Ic. 

6 . Non-cut points and avoidable points. In tho lost section we introduced 
the notions of non-r-cut point and of r-avoidable and locally )'-avoidabIe points. 
In the present section we propose to inquire further into these notions as well 
as to introduce some important related notions. 

First, let us consider the 0-dimensional cases of the above-mentioned concepts. 
For example, what is the relation between non-cut point as defined in I 5.11, 
and non-O-cui pointl In defining the former, we stated that it was to be assumed 
that the space, or set, M, under consideration is connected, and that a non-cut 
point p was then to bo characterized by the fact that the set ilf — p is con¬ 
nected. On the other hand, a non-O-cut point is a point p such that every 
0-cyclc on a compact subset oi M — p bounds on a compact subset of M — p. 

6.1 Lot us define a set M to bo strongly connected if it has the following 
property: If a:, y £ M, then there exists a continuum K such that x, y S 
K C M. For example, as a result of Theorem IV 3.1, tho domains of a locally 
compact, Ic space aro strongly connected. We now prove: 

0,2 Theorem. If p is a non-O-cut point of a point set M, then M — p is 
strongly connected) but the converse does not in general hold (even when J/ is a 
melric conlinuim). 

Proof. If p is a non-O-cut point of M and x , y ^ il/ — p, then by 'J'hoorom 
V 11 5 tliorc exists a nontrivial cycle 7 ° on a; VJ y; and if y'’ 0 on a compact 

subset of 6' — Pi then bj'- Corollary V 11.11, .r and y lie in a continuum in M — p. 

To see that tho converse docs nob generally hold, we note first the following 
lemma: 

6.3 Lemma. If A is a compact subset of an open subset P of a compact metric 
space M such that every 0-cycle on A bounds on a compact subset of P, then A lies 
in a subconlinuum of P. 

Proof. By Theorem 4.5, there exists an open sot U containing J\I ~ P 
such that every 0-cycle on A bounds on M — U. Let x, y ^ A. Then there 
exists a nontrivial cycle 7° on :c W and 7 "* bounds on a compact subset of 
J\I — U. Consequently by Corollary V 11.11, x and y lie in a subcontinuum 
of M — U. Hence, if C is tho component of ilf — U determined by a fixed point 
p of /I, C is a continuum since M — If is compact, and G A. 

6.4 To complete the proof of Theorem 6.2, consider the following example 
in the polar coordinate plane: Let = {(p, 6 ) j (0 ^ p ^ I)&(0 = ■ 7 r/ 4 ") j, 
ilfo= ((p,0)| (0 gp ^ 1)&(0 = O)},K = {(p, e) i (p = tan 0)&(O g ^ ir/d)), 
and let T be the set of points on some arc which joins the point (1, 0) to the 
point (1, ■Jr/4), but which otherwise fails to meet any of the sets ilf„ or K. Let 
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M = T\J K\J UiT-o j and p = (0, 0). Then M — p is strongly connccLocl. 
However, p is a 0-cul poinl of M. I*or consider the sot A consisting of (1, 0) 
and all points of the form (i, ir/4*). If every O-cyole on A bounds on a compact 
subset of M — p, then by Lemma 0.3, tlioro exists a continuum in AI — p which 
contains A. Clearly no such continuum exists, and consequently there must 
bo a 0-cycIe on A which fails to bound on a compact subset of M — p. (It is 
an instructive exorcise to find this cycle.) 

Tlio space of the above example, it will bo noticed, is not Ic. As a matter 
of fact, we can prove: 

6.5 TnJCOREM. Jf M is a locally compact, Ic space, and p is a non-cvl point 
of M, then p is a non-Q-cul poinl of M. 

PnooF. Let 7 ° be a cycle on a compact subset K of il/ — p. By Thooi’C'm 
IV 3.3, K lies in a aubcontimmin C q[ M p. Hence by 'I’licorom V 11.2 
7 ® 0 on C C — p. 

As a corollary of Thcoi*ems 6.2 and 6.5 we have: 

6.6 ConoLLAiiY. Among Oic locally compact, Ic spaces, the non^cul points a)id 
nen-O-cai points are identical. 

6.7 PEMAnic. In view of Corollary 6.6 and Theorem I 12.15 it follows that 
eoery Peano coniinuum has at least two non-O-cul points. 

Turning to the notions of r-avoidability and local r-avoidubility, wo giro Llio 
following tliooroms, provable by methods used above: 

6.8 '1'hkouem. In m-dcr that a point p of a compact space M should be a 
(i-avoidahlc point of M, il is iiccessai'y and sufficient that if U is an open set con- 
taining p, there exist an open set V such that p G V Q U and such that l\V) lies 
in a siihcontinuim of M — V. 

6.9 TiiEonEM. In order that a point p of a compact space should be a 
locally O’Cvoidable poinl of M il is ncccssanj and snficicnl that if (J is an open 
set containing p, there exist open sets V and W such that p G IT C V C b’ such 
that F(V) lies in a siibconiinuum of M ~ IF. 

As a corollary of Corollary 4.7 and Theorem 6.8 we have: 

6.10 CoitoLLAUY. If M is a compact metric space and p is a non-O-cul poinl 
of M, then for any open set U containing p, there e.visls an open set V such that 
p G V C U and such that F{U) lies in a subconlmuum of il/ — V. 

Next, let ;is consider the following definitions: 

6.11 Definition. A space S will bo said to have p G *5 as a local non-r-cul 
point (and p will bo called a local non-r-cut point of S) if for arbitrary open 
set U containing p there exists an open sot V such that p G V C U such that 
every ?’-cycle on a compact subset of F — p bounds on a compact subset of 
U ~ p. 
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6.12 Definition. A space S i\tU be called completely r-avoidahle at p G 
(and p will be called a completely r-avoidable point of ^S) if for arbitrary open 
set U containing p there exist open sets V and W such that p QV U 
and such that every ?’-cyclc on F{V) bounds on U ~~ W. 

6.13 The similarity between Definition 6.11 and the definition of "r-lc at 

p” suggests that the relation between the two be investigated. Consider the 
example, in the cartesian plane, of the set M — , where il/„ — 

{(^t y) 1 (^ ~ lAO^ if = I/iil], Let p = (0, 0). Theup is a local non-1-cut 
point of M, but M is not 1-lc at p. And if 5 is the euclidean plane and p G «5, 
then S is 1-lc at p, but p is not a local non-l-cut point of 8. 

Let us consider the case r = 0 of Definition 6.11, however. In the first place, 
it is easy to prove that: 

6.14 Theorem. // p is a local non^-cut point of a space S, and U is an open 
set containing p, then there exists an open set V such that p ^ V C and such 
that if X, y GV — p, then there exists a continuum K such that x, y G K G U — p. 

The property stated in the conclusion of Theorem 6.14 is precisely that which, 
when stated in metric terms, Urysolm used [d; §3, p 301] to define “avoidable" 
(vermeidbar) point of a metric continuum. 

As a matter of fact, we may prove: 

6.15 Theorem. A necessary and sufficient condition that a point p of a locally 
compact, Ic space ,S should be an “avoidable" point in Urysohn’s sense is that p be 
a local non-Q-cul point of S. 

Proof. The .sufficiency follows from Theorem 6 14 To prove the ncces^ty, 
let U be an open .sot containing p, and let be an open set such Ltiat p G 
V C U, and such that if a', y G V ~ P) then there exists a eontinuum C such 
that .T, y G C G V — P- Let 7 “ be a cycle on a compact sulisct K of V — p. 
Then iDy Corollary 3.4, K lies 111 a finite number of continua C, , ■ , 6 \ 

of V — p, which (see proof of Theorem 6 5) lie in a subcontimmm C of U — p. 
Hence 7 “ bounds on the compact sublet C of t.’’ — p and p is therefore a local 
non-O-cut point of 8 

Urysohn showed that if p is an “avoidable" point of a metric continuum, 
then is Ic at p Inasmuch as the natural extension of the ‘'continuum" 
condition in higher dimensions is semi-r-connectedness, we might consider the 
implications of the local non-j'-cub point condition in semi-r-connected .'^paces. 

6.16 Theorem. If a locally compact metric space S is scmi-r-connecled and p 
IS a local non-r-cut point of S, then S is r-lc at p. 

Theorem 6.16 is a consequence of the following two theorems. 

6.17 Theorem. If M is a locally compact metric space and p is a local non-r- 
cut point of M, then M is completely r-avoidable at p. 
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(This is a consequence of Theorem 4.6.) 

G.18 Theorem, If a locally compacl space S is completely r-nvoidahk at 
p G S and semi-r-connecled at p, Vien S is I'-le at p. 

(This is a consoquonco of Thcomm 2.24.) 

From Theorem 6.17 and Lemma 6.3 wo have: 

6.19 Theorem. If p is a local non^ont point of a locally compacl metric 
space M, then for every open, set U conlaininy p there c.risl open sets V and W 
such that p^ W <CV CU and such that all points of F(V) he in a suhconlinuiim 
of U~ W. 

6.20 Corollary. If p is a local nonrO-ciU point of a locally compact metric 
space M and e > 0 is arbitrary^ then there exists a continuum K in S(p, e) such 
that M — K = Ayj B separate, where p ^ A C S(p, e). (Compare [Tiysohii, 
loc. oil,) 

Now Tlieorom 6.17 has a convci’se of the following form: 

6.21 Theorem. // ike locally convpacl space M is semi-r-conneelcd and com¬ 
pletely r-avoidahle ai p, then p is a local non-r-cut point of M. 

Proof. Let U be any open set containing p. Then Ihen' exisls open .sets 
V and W ^ch that p & W Q V Q U ami .such that (U'ery r-cyele on F(V) 
bounds on — TK. And since M is semi-r-eonnected at p we may aHMiint! that 
W is such that all r-cyclcs on W bound on AI. 

Consider any cycle y' on. a compact suImjcI K of W — p. Lei I •' lx; an open 
set such that p ^ V* QW ~ K, and let V‘, TK' bo open sels.sucli lluU /> G IT' G 
V" C V and such that all r-cyclcs on FfV') bouiul on V — IT', 

Now Y*" ~ 0 on AI, and if we let L = V \J {Al — V), Itu're (‘xi.'.ils 1)\’ raimma 
1.13 a cycle on F(L) = ^(7') V F(V) such that 

(6.21a) on 7 - V'; a fortiori on V - W\ 

Now Z' — Z[ + ^ 2 »whereandZ5_arocynlc.s on F{V'} and 7(1’) iH'.speclively; 
and 71 ^ 0 on — T7', 7$ ^ 0 on (7 ■- IF. Con.-ioquonlly 

(G.21b) 7' = 71 + 7S -- 0 on y - 17 

and relations (6.21a) and (6.21b) imply that 7 ' 0 on U — IT'. Ilonee we 

have proved tlmt ovciy cycle on a compact subset of W — p bounds on a com¬ 
pact subset oi U — p, and p is a local non-r-cuL point of AI. 

6.22 Corollary. If AI is a locally compact, connected space, and p is a 
completely 0-avoidahle point of M, then p is a local non-Q-cut point of AI. 

And as a corollary of Theorems 6.16 and 6.21 wo have: 

6.23 Tfieorem. In the locally compact, semi-r-connecled melnc spaces, the 
local non-r-cut points and the completely I'-avoidahle points are identical. 
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f).24 Theorem. In order that a point p of a locally compact, connected metric 
space should he a local non-O-cui point, it is necessary and sufficient that for every 
e > 0 the point p he e-separalahle* by means of a coiUinmml 

Proof. Tlic ncco.ssily follows from Corollary 6.20 and the suflicieiicy pro¬ 
ceeds ns follows: Given e, lol K bo a continuum in iSfp, e) such that M — K = 
vi U B Koparatc, whore p E A C S(p, «). Then if W is an open sot such that 
V E IP C .<1, wo have thnt all 0-cyclos on FC^l) bound on K C S{p, e) — TP; 

1. e., p is eomploioly O-avoidablo. Then by virtue of Corollary 6.22, p is a local 
non-O-cut point of M. 

6.25 Now tho above avoidability and non-cut notions may bo modified by 
allowing in each case a finite number of "exceptions to the rule;” for example, 
in tho case of 7 -avoidability, wo may define a space S' to bo almost r-avoidahle 
at p G B if for arl)itrary open sot U containing p there exists an open set V 
such that p EV Q U and such that only a finite number of ?’-cycles on F(U) are 
lirh on S — T^. .'1 Imosl locally r-avoidable and almost completely r-avoidahle are 
defined by analogous alteration of tho corresponding definitions above. And 
in the case of non-cuit points, wo define a point p of 5 to bo almost a non-r-ciU 
point of >S' if there exist at mast a finite number of r-cyclcs on compact subsets 
of B — p that are lirh oti compact sul)scts of B — p; ahiiusl a local non-r-cut 
point i.s defined by analogous cimngo of the corresponding definition above 

We may Llieu slalc llu'oreins for tho "iJmost" categories similar to the 
t,lu'or(!ms al)ov(', Not all of the expected analogic.s hohl, however, so that we 
shall .HLa((! pfc'ciscly those which do. In doing so, we .shall use tho preceding 
eminuu'iiliou followtid ij 3 '- an upiwr index "a”; thus, the analogiu' of Theorem 

2 , {) is desigualed ixdow l)y 2 .()". 

•1 7“, I.H", -1.10“ TiruoREM. If 71/ is a compact melnc space and p is almost a 
noii-r-cut point of I\f, then p is an almost r-avoidable point of il/. In any space, 
if p !s an almost r-avoidahlc point, then it is an almost locally j-avoidahlc point. 
And VI a simply r-ronncclcd, locally comjmct space, an almost locally r-avoidahle 
point is almost r-avoidable. 

Proof. The flr.si scuilence i.s a corollary of Theorem 4.6. TIic second i.s 
obvious, 4\) prove the third, let p l)c an almost locally ?-avoidable point of a 
simply /-connected space S, and let U be an open set containing p There 
exl.sL open sets V and W such that p E Q V C, U and such tlrat for some 
number k, every k r-c.yclos on F{V) satisfy a homology in <S — IT'. Let 7 i, • • • , 
y[ be cycles on FiU). A.s S is simply r-connccted, each 7 ! ^ 0 on »S, i = 1, 

• • • , k. licneo by Lemma 1.13 there exists a cycle Z\ on F(V) such that 7 I ~ 

point p is called e-iscparalnbloby asetKinamctricspaee5jf 5 — K = A\J B separate, 
whore p E A G Sip, e). 

®Tlieoi cm 6.24 was proved by Urysobn Ooc. cit. Sata V) for an Ic continuum using "avoid¬ 
able point” instead of "local i\on-0-out point.” In view of Theorem 6.15, Urysohn’s theorem 
follows from Theorem 0.24. 
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Z\ on M — V, and sinco ilae cycles Zf are related by a homology in M — W, 
the same holds for the cycles yj. 

4.11“ ConoLLARY. In a simply r’^jineckd, locally compact space, the almost 
r-avoidahle points and the ahnosl locally r^avoidaUc points arc identical, 

4.12“ Corollary. In any continuum, the almost 0-avoidable points and the 
almost locally Q~avoidahle points are identical. 

G.26 Rrmark. It will bo noted that whoroas in Lemma 1.10 it was proved 
that ill a simply r-eonnected compact space, a locally r-avoidalilo point is a 
non-r-cut point, we have not stated in 4.10" that in a like spaeo an almost 
locally ?’-avoidablG point is almost a iion-r-cut point. Such a statement would 
not hold, as the following example shows: In the polar coordinate piano, lot 
M„ ~ {(p, tf) I (0 ^ p g l/ti)&(0 = fr/n)\, and lot M ~ U“-i ^I,, ■ 'J’lion if 
p = (0, 0), the compact metric space M is a continuum and thcroforo simply 
0-connectcd, and is almost locally 0-avoidablo at p. However, M ~ p has 
infinitely many lirh nontrivial O-cycles. 

6.2“ Theorem. If p is almost a non-0~cut point of a point act M, then M — p 
has only a finite numhet' of constiluanls. (Sec Index.] 

Proof. By hypothesis thci'c exists a finite set of O-cycIcH, 7? . • • , yl on 
a compact subset K of M — p such that every cycle 7“ on a coinpacL hiibsot 
of it/ — p is homologous on a compact subset of M — p to a liiK’ur coinbiniil ion 
of the cycles y1. Now suppose tliero exist points .I'l , .I'j , • • • , .r„ , • • • of 
M — p such that no pairx,, .Xf , i < j, aro joined by a sul)conlinmim of . 1 / — p. 
For each pair a‘i , x„, n > 1, there exists a nontrivial cyckj 7'^ on .r, U .r„ , and 
by liypoLhesis tlioro exists a relation 

k 

(6.2a) 7 S 22 QnY? = r®, o' E ffj on K„ , 

■ •1 

where K„ is a compact subset of M — p. 

Now at most k of the right-hand members of relations tQ'2a) aro linearly 
independent in the algebraic sense, uiid thoi’ofoi^e thei-o exists a relation 

(6,2b) 22 = 0, not all = 0. 

Assuming 0, we get that 

(6.2c) r?=2c’'r°. 

n~a 

From relations (6.2a) and (6.2c) it follows tliat 7 ? ~ Xln-a c’V” on Un-1 A,,, that 
is, there exists a homology of the form d" 7 ° 0 on Ut:\ /c„. Now 

U: } Kn is compact, hence its components are continua and afortiori consLitiuints. 
That no linear form such as ^nt\ (Tyl can bound on U;:; K„ may bo shown 
by methods similar to those employed in V 11. 



NON-CUT POINTS AND AVOIDABLE POINTS 


233 


6.5“ 'riiKOHKM. 7/ M is a locally coirvpacl, Ic space, and p is a point of M 
such that M — p has only a finite number of components, then p is almost a non-Q- 
cul point of M. 

PiiooF. Suppose M — p has k components. Let 7 ?, • • ■ , 7 ? be /c 0-cycles 
on a compact subset K of il7 — p. By Corollaiy IV 3.4j wo may assume that 
K has at most Jc components, and by Theoi'om V 11.3a, p°(K, ^ k — 1 , 

Ilonco there exists a relation aVt 0 on K. 

6 . 6 “ ConoLLAnY, If M is a locally compact, Ic space, then in order that a 
point p of M should he almost a non-O-cul point of M, it is necessary and sitfficie7it 
that M — p have only a finite immlyer of components. 

6 . 8 “ TiiTsoiinM. In order that a point p of a compact space M should be an 
almost 0-avoidahlc point of M, it is necessary and sufficient that if V is an open 
set containmg qj, there exists an open set V such that p ^ V U and F(U) lies 
in a finite number of siibcontinua of M ~ V. 

6.27 Hkmauk. It follows from Theorem 6 . 8 a that an almost 0-avoicIable 
point of a (Jontinuum M is a point at which M is scmi-locally-connected in the 
sense of Whyl)iirn; and convei-sely. 

((T. G. T’. Wliyl)urn [Wh, p. 19]. Whylmrn defines a raciric, connected set 
il7 to be somi-lociilly-connootod at x ^ il/ if for arbitrary e > 0 there exists a 
iK'igliboi-liood 1-' of X of diameter < € such that M — V has only a finite number 
of (!Oin{)()iu'iils. It follows easily from the conclusion of Theorem 6 . 8 “ that the 
o])(!n .set r, migitu'iUed !)y components of AI — V that (lo not meet is 

an op('n sist V C fGsiKili that M — V' is a finite number of eonnoeled sets,) 

0.9“ 'riiJ'ioiiiiM, fn order that a qmmt p of a compact spare M should he an 
almost londly (Uivuidahlc qmnt of U tt is necessary and suffirivnl that if T is any 
open set ronlaiuimj p then there exist oqyvn sets V and If' such that p G IT C 
V C Id and such that 1<\V} lies in a finite number of subconiiniia of M - 11'. 

6 17“ 'WiKoniau If il/ is a locally compact metric space and p is almost a 
local non-r-cul point of il/, then M is almost completely r-avoiduble at p. 

lli'iMAitK. fi'ho analogue of Thcomm C.21 does not hold; see the example of 
6,26. 

6.18“ Lemma. If a locally compact space S is scmi-r-conncclrd at p G <S as 
tvcll as almost completely r-avoidable at p, then S is r-lc at q). 

[This is a direct con.scqucnco of Tlieorcm 2.24.] 

0.18'' Corollary. If a locally compact connected space S is almost com- 
qdelely D-avoidable al q) E then S is Ic at p. 

6.28 Theorem. In order that a locally compact space S should be Ic'' it is 
necessary and su,i}idenl that S be semi-r~conneded aM almost completely r~avoidable 
al all points for r = 0 , 1 , ■ • • , 
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[Tho necessity follows fmm Corollary VI 3.8.] 

6.16“ Theorem. If a locaUy compact metric space M is scmi-r-connecicd at 
p E: S and p is almost a local non-r-cul point of M, then S is r-lc at p. 

[This is a consequcnco of Theorem 6.17“ and Lemma 6.18“.] 

O.IG^* Corollary. If p is almost a local non-O-ciU point of a locally compact, 
metnc, connected space S, then S is Ic at p. 

6,24“ Theorem. In 0 }'der that a point pof a locally compact, metric space M 
should be almost a local non-O-oul point of M, it is necessary and sufficient that 
for every open set U containing p there exist open sets V and W stick that p E W C 

V C C/ o,nd such that all points of /^(V) lie in a finite nimher of suheontinua of 
U — W] or, in other viords, &ialfor every €> Q,p be e-separalablc by finitely many 
continua. 

[The necessity follows from. Theorem 6.17“ and Theorem 11.10; the suOi- 
ciency follows as in Theorem 6.24.] 

6.24’’ Corollary. // ike point p of the locally compact, metric, connected 
space M is i-separatable by a finite number of continua for every e, Ihcn M is Ic at p. 

[The proof uses Corollary 6.1 C** and Theorem 0.24“.] 

6.29 Theorem. In order that a locally compart, connected space S should he 
Ic it is necessary and sufficient Dial for every p E >5 and open set U containing p, 
there exist a finite set K of continua in U p such that S — K == A U li separate, 
where p E A Q U. (Compare TJrysolm, loo. cit., Sntz T.) 

Tho necessity follows from Corollary IV 3.4: vSeloel T' and IT such lliaL 

V ^ ^ numl)cr of coiilniua 

of C7 — ir. Tho sufficiency follows from Thoorc'm 2,24: If ,S' is not Ic a( p, 
select 17 = P as defined in that theorem, and K as in tho hufliclcncy condilion 
above. Then let W bo an open set such tliat p E IT C-'!• 'Phen ojily finllply 
many 0-cycles on P(/l) (C K) are lirh on K (Q U — IF). 

G.30 Corollary. In order that a locally compact, metric, conneeled space S 
should be Ic alp E S, it is necessary and suffiicienl that p be almost a local ??o»-0- 
cui point of S. 

[This is a corollary of Theorems 6.24“ and 6.29.] 

7. Property Sn . In IV 3.6 we introduced the notion of propci-ty S, and 
showed that for compact spaces it is equivalent to the Ic property. We now 
propose to define a proi?crty which we call S„ , which for n — 0 reduces to 
property Sj and which plays an analogous role for tho higher-dimensional local 
connectedness. (The position of tho index n will serve to distinguish property 
S„ from the n-sphere S'*. Furthermore, S„ is used only with the word “property.”) 

7.1 Definition. By a pair {U, V) we mean an ordered pair of point sots 
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U and V such Lliai C7 D 7. By IfiU, V) wo donole the maximum number 
of n-cyclcs on compact subsets of V that arc lirli on compact subsets of U. A 
set of pairs {(£/, 7)) will bo said to cover a point set M if for each a: G M thero 
exists at least one imir in the sot such that a: G 7. 

7.2 DKPiNiTiOff. If (P is a sol of pairs (U, V), then by \Ju (P w denote the 

set tv G (17, 7) G CPjand by O’ wo denote the set ^ y,ve{u, 7)G 
(P. The number d’, <?) wc abbreviate to A point set il7 will 

be said to bo the of a sol O' of pairs (U, V) if il7 = U.(i> = Uv<p. 

7.3 Djopinition. If (5 is any covering of the space under consideration, then 
a pair (T/, 7) will ho said to be of diameter < (S if f7 is of diameter < (S. 

7.4 Biopinition’. A point set M in a space S will be said to have ■properly 
S„ if given an arhitraiy covering @ of S, Uio set M is the union of a finite set (P 
of pairs of diameter < S, and such that for every subset d^' of (P the number 
/i"((P') is finite. In particular, then, a set cannot have properly S„ imless its n- 
dimcnsioml Belli numher is finite. 

7.5 IIemauk, In order to prcvonl confusion with closely related properties 
to 1)0 ii\tro(lucod lat('r on, it seems advisable to emphasize here that in the 
doturininaiioii of the numl)crs h” (Definition 7.1) only C 3 'cles and chains on 
compact (iarrioi’s of the s<’ts V, Y, etc., are consideied. It may be ol)jected 
that in (he case wlicro the s(‘l ni (iiu'stion is not only nonfompaci, but has few 
compact sul)K(‘ls of any .significance, then properly S, can be of little use, The 
answer to thus ()l)jecli()n is Unit (I) the most significant applications of the 
prop(M'hv arc; eillun- to compact .spaces or to OjM'n sul>sct.s llK'reof; and that (2) 
later wo shall find il coiiw'inent to droj) the intiniremejit of compact carriers 
aItog<‘llH‘r, in ^\•lucil case the objection lo^es force <'n{irely. 

7,() It nill also b(! (h'sirable at times to resirict (he giouj) of cycl<‘s under 
eonsid('raUon; we liavo already done this sort of thing in §3, when defining the 
groii]) J, 0). For examph', properly tel. ft. where ft is a special group 

of n-cycl(!s, iiulicali's that in the determination of the mimlx'rs h" only c^’cles 
of ft are ('inployed. In tlie next section w'c .shall make similar conventions in 
regard to nvoidability properties. 

We first give some “jusLifieation” theorems 

7.7 'Ttiicouiom. If a point set M has prujycrly S,, , then U has pwpnly S. 

Proof. Let (S bo an arbitrary covering of .space. Then M is the union of a 
finite sot d' of pairs {U, each of wdiich is of diameter < (5! and such Unit for 
every subset d*' of d’ the number is finite. In particular, each }i\U, T'). 

is finite, so that by Theorem V 11.10, V lies in a finite number m, of components 
of U. Since M = Uv (P, it follows that ilf is the union of at most m, 
connected sots of diameter < S, whore k is tlxe number of elements in (y. 

7.8 Theorem. If an open subset M of a locally compact space has property 
S, then M has properly So . 
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PiiooF. Let © bo any covering of space. By Theorem IV 4.6 M is tlio union 
of a finite collection of domains, >/, , of M of diameter < (S. For eachlet 
{U, V)i denote a pair such that U = V ~ Mi , and lot (P be the set of all such 
pairs. Let (P' C <Pj then U. (P' = (P' is the union of disjoint domains 

Di, • ■ • , Dk, finite in number. By Theorem JV 4.2, M is Ic. lienee by Corollary 
IV 3.4, if K is any compact subset of J) == \J\-i D, , then K is contained in 
the union of ai most k continiia. It follows that ^ k. 

We now stale a most important theorem, embodying the definition of a prop¬ 
erty which is equivalent to property S, : 

7.9 Tiieorkm. Let Shea compact space and il/ a suhaet of S. Then in order 
that M have properly ml. ff'", where G' is any group of cycles of M, it is necessary 
and sufficient that if P and Q are open subsets of S such that P 2) Q, then at most 
a finite number of cycles of G' on compact subsets of M r\ Q are lirh on compact 
subsets of M n P. 

Proof. To prove the necessity, lot P' bo an open set such that S — P C 
P' C — Q, and let (S denote the covering of S consisting of tlio open sets P, 
P'. Since M has property S, rel. there exists a finite sot of pairs {7^. , Q,} 
of diameter < © suclUhat 11/ = Up, = U Q,, etc. Denote the union of those 
sets Q, which meet Q by F, and the union of the corresponding sols P, by U. 
Tlien M r\ Q (Z V (Z U (Z M D P, and at most a finite mimlier of eyelos of 
(?'■ on compact subsets of V arc lirh on compact .subsets of P. A foi-liori. at 
most a finite number of cycles of G' on comimot subsets of j}f r\ Q are lirh on 
compact subsets of i)7 P) P, 

To prove the sufficiency, lot ® bo an niLitrary covei'iiig of S fornied hv a 
finite collection of open sets U, , i = \, 2, ' ■ • , k. By I.einina 8,2, (S has a 
closure rofinemont, !3), consisting of sets T', .such that (\ F. DenoU' those 
elements of 5D that meet il7 by T’, (,),./ = ],■■■, li. Let P, = M H F.f.i , 
Q, ~ M F,,;,) and consider the set of pairs {P, , (l,j. Obviously (heir union 
is M. And if V is the union of .some of the .sets Q, , and P' llu* union of the 
corresponding sots P, , then the respeetiv'e unions F, P of tlu' eoiTespoiiding 
sets [L(,) , form open subsets of 8’ sueh that V C F. and (!oii.s('(iiieii(ly 

at most a finite number of cycles of on compiict .subsc'l.s of M TA 1' urc! liih 
on compact subsets of ill TA P —implying that at most a fiiiile miinber of cycles 
of O' on compact .subsets of T'' are lirli on compact .subsele of P'. 'I'liu.^ M 
has properly Sr rel, G\ 

An almost identical argument also shows: 

7.10 Theorem. Let S he a compact space and M a subset of S. Then in 
order that M have properly Sr rel G\ where G' is any group of cycles, il is necessary 
and sufficient that if P and F are an open and a closed subset, respectively, of 5 
such that P Z) F, then at most a finite number of cycles of G' on compact subsets 
of M r\ F are lirh 07i compact subsets of M r\ P. 

An interesting corollary of Theorem 7.10 (cf. also Theorems V 11.10, and 7.7, 
7.8 above) is the following: 
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7.11 CouoLT.AiiY, Lei J\I be a subcontinuum of a compact space S. Then 
in order for M lo have properly S, it is necessary and sufficieni that if P and F 
are respcclivcly open and closed subsets of S such dial P Z> Fy then M H F is con- 
iained in a finite number of components of M r\ P. 

'Jlic propoii^y which is proved equivalent lo property Sr rel. O'" in Tlieorem 
7.9 is siricilj'' analogous to property (P, (3)„ of VI 7,1, the only difference ])oing 
that in the present case, cycles instead of cocyclos arc employed. Because of 
the importanco of the property, wo introduce a special term for it: 

7.12 Definition. A subset M of a space S will be said to have property 
{P, Q)" rol. 0‘\ where (?" is a sot of n-cyclcs, if for every pair P, Q of open subsets 
of S such that P 3) Q, Q eompact, at most a finite number of cycles of G" on 
compact subsets of M H Q are lirh on eompact subsets of M r\ P. [If 
(?'* == Z"iM; T) the "rel. may bo omitted.] 

By Theorem 7.9, then, a subset of a compact space has property Sr rel. G' 
if and only if it has iDi’opcrty (P, QY ml. G\ 

Now in regard to the relationship between property S„ and the n-lc property, 
we have: 

7.13 'fiiEoiiKM. If a closed sitbscl M of a compact space S has properly S„, 
then M is n-lc] hut (he converse does not ncccssaiily hold if n > 0. (Cf. Corollary 
IV 3.8.) 

Broof. The first part of tlic tlieorem follows from Theorem 7.10 and \I O.M. 

'J'o see (hat a coin])ac't .s[)acc may havii property 1-lc, for msLuiicc, and not 
properly K, , consuh'i' the following c.Kamplc: 

7, (‘I In the coordinate plan(‘ let /)„ denote the point (1,'//, (1), 

= I, 2, 3, • • • . J.et A'„ ))C the wt of all points on an elhp.se with ei'iiU'i’ })„ , 
major tixis parallel lo Lh<‘ /y-axis an<l length 2, ami nimor axi.s ot length less 
than p(/j„ , p„, i),'2 bet A'„ denote (he set of all poiiiUs (0, //) sucli LhaL -1 ^ 
y ^ 1. I’iien (he iiuiiii set M = KJL,, A'„ i.s eoinpuel and locally l-eonneeted, 
but. does not luive properly Si ; in particular, p'{M) is infinite 

Consider also llie following example. 

7.15 J'Ixvmi’m:. In cartesian 3-sj):ice let A’„ = (u«. U, 1 d' ^ = Ib'c 

(y = l)),for» = 1,2,3, . Act A'„ ho the surface, excepting 

the liase in I lie .rjy-plane, of the unit cube of wlioso facc-s three lie m the co- 
ordinate planes and of wliich (1, 1, 1) is a vertex, rx*! M ™ A',, . Hero 

again M is compact and l-lc, and does not have property b, . In this case, 
however, p\M') = 0. If (i’ were a sot of pains of diamclci-s less than l/'2, whose 
union is d/, and were that subset of (P conaiating only of those pairs containing 
points for which z = 0, then /i‘((P') would be infinite. 

It will be noted in each of the above examples that the sot M iti not 0-lc. 
Wc found in Theorem IV 3.7 that the properties S (hence So) and Ode are 
equivalent for compact spaces. Wliat is the situal,ion as regards the Ic” property 
and the possession of property B, for all values of i from 0 to ?i? 
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7.16 Definition. A sot ilf will be said to have property , j ^ Jc, if it 
has properly Sr for all r such tliat j S r ^ k. 

7.17 Theorrm. In oi'der £kai a compact space M should he Ic", it is necessary 
and sufficient that it have properly SS. 

Tho necessity follows from Theorem VI 6.1G and Theorem 7.10, and the 
sufRciency from Theorem 7.13. 

Theorem 7.17, which is the natural generalization of Corollary IV 3.8, is also 
the goneralizatioii of tho Siorpinski theoi'om characterizing Pcano eontinua 
(Corollary IV3.9). 

In Remark IV 4.3 it was pointed out that property S is stronger than tho Ic 
property, for noiiclosed subsets of a compact space. Likewise, proptM’ty So is 
stronger than Ic" for such sets. Wo slmll seo later, for example (Corollary XI 2.22), 
that the boundary of a domain!) in iS" complementary to a continuum is {Ruinian 
if D has property So"^j gonemlly this is not the case, althoiigli an open subset 
of S" is always lc"“^ 

8. Set-avoidability. This section deals wiili tlic obvious genei’alizalion of the 
notions of avoidable point and non-cut point, wherein we n'plaee “point” by 
“closed set”. The generalization yields important connections \\'ilh Liu; local 
connocledness and proi>erty S„ concepts. Wc are intorc'sted particularly in llic 
almost local avoidability and almost complete avoidability g<!iieralizaiions: 
For example, if K is a closed subset of a space »S, then we say that K is almost 
locally r-avoidablo if, given an open .set 1/ 3 A', then? exist, opim s(“(s V, IT 
such that K C W C V C and such that at most a finite iiiiinlx'i- of /•-cvcles 
of F{ V) are lirh on S - W. 

8.1 Note first that the points of a compact space may Iks almost, locally 
r-avoidablc witliout the closed sets being almost locally /'-avoulabh*. I'or 
example, in the cartesian, plane let il/„ = {(a.*, y) j (.r = l/a)it(() 5 y g L)j, 
Mo = {(.r, y) I (x = 0)&(0 ^ y S 1)}, A = {(.r, y) \ (0 ^ .r ^ 1)A(// == l)j, 
B = {(.T, 2 /) ] (0 ^ a: ^ l)&(y = 0)}. l^ct S = \Jn^n df,, U .1 'U B, ami let 
a = (0, 1), b = (0, 0). With the cartesian metric, A' is a compact imdric space, 
and is almost locally O-avoidablc at all points (this can lie seen by li'ial, but will 
follow as a result of theorems to bo proved later). IIow<n^'r, if K = a \J h and 
U = S{a, 1/4) U S(b, 1/4), then V and IF are not obtainable so as to satisfy 
the definition of almost local 0-avoidability of K. 

8.2 Theorem. If M is any space and O' is any group of r-cyclcs of 
then the property of atmosl local avoidability of the closed subsets of ilf relative to 
G' is equivalent to ike property of almost complete avoidability of the closed subsets 
of M relative to G'. 

Proof. That almost complete avoidability implies almost local avoidability 
is obvious. 
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Suppose the closed subsets of M are almost locally avoidable rol. O’", and 
lot K be any closerl subsot of M. Then ihci'c exists, for any open set U con¬ 
taining K, a pair of open sots V and W such that K C.W U. The set 

IC " (il/ — W is a closed subset of M, and the set [/' = M — F{V) is 
an open subset of M containing K*. Sinco the closed subsets of M arc almost 
locally avoidable rel. 0% there exist open sets V' and such that K' C W C 
V C U' and such that only a finite number of cycles of G' on F{V') arc lirh 
on M - TK'. 

Now M - T7' CU ~ W, For W' D 7C D W, implying that M - W C 
M — W] and IF' D K' M — U, implying M — C U. Therefore we have 

(8.2a) M - W CUr\(M -W) = U ~ W. 

Consider the open set Th = F H V'. Evi^ntly t/ 3) F, 3 W D K; for U D 
F, implying U ^ , and relations V D TF. V' D K' D W imply F Pi F' D 

W. Also, sinco iM - F{V) = U' ^ F, it follows that M - F(V) 3 F(F') 
and lionce, since F(V n V) C F(F) W F{V'), that 

(8.2b) F(F,) = F{V n F) C F(F0. 

The cyclo.s of G' lluit lie on F(F,) form, then, a subgroup G[ of the group 
of cycles of G’' (hat lie on F{V'). And since at most a linito number of the latter 
arc lirh on — 11'', it follows from (8.2a) and (8.2b) that at most a finite number 
of (yclos of tn are iirli on U — IF. Thus, given U 3 K, we have found open 
sols 1^1 and If such that K C IF C F, C N and such tliat at most a finite 
number of the cycles of f/ on F(Fj) arc lirh on U — IF, and therefore K is 
almost comiilofelj'’ avoidaljle rol. t?’’. 

If (S i.s a {au’oring of (ho space, G' any group of cyclo.s, and (P is a covering 
of a S(‘t j\f by a (ini(e sot of pairs (F, F) of diameter < ($ .such that for every 

C (he nuniljcr of cycles of G' on Or that arc lirh on \Ju 6^' is finite, 
then w'o call (i‘ an .S\(S, (?’’) covering of Af. 

8.3 d'lii'iouEM. If n compact space M has property S, rdaiive to some (jrnup 
G' of cycles, then the closed subsets of M arc almost complcieiy avoidable lel. G\ 

PiiooF. Given a clo.sed subset K of M and an open set V containing K, lot 
F and TF he aibitrary open sets such that K C IF C F C Ey Theorem 
7.i0 at most a finite number of cycles of G' on F(F) arc lirh on F — IT'. 

8.‘L The question arises, docs the converse of Theoi-em 8.3 hold? That the 
answer is negative is easily seen from the following example: In the polar 
coordinate piano lot Kq = (0, 0), Kn = {(p, 0) I p = !/»}, ^‘■nd 71/ = /C ■ 
Then the closed subsets of 71/ arc almost completely avoidable relative to the 
group of all 1-cycles, but M does not have property Si since p'(il/) = “. 

8.5 It appears, then, from Theorem 8.3, that the S-properties arc in general 
a strengthening of the almost complete avoidability properties. And since 
posse.ssion of property Sr implies finite p' and hence semi-r-connectedness 
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(Corollary V 19.6), the sequouce "Properly S, —> semi-r-conneciedness and almost 
complete r-avoidahility al aU points r-lc" (Lemma 6.18“) reveals tlic iiiior- 
mediate character of tlio avoidability properties between the S and Ic properties. 

Now there is one case, iinportani in the sequel, in which the converse of 
Theorem 8.3 does hold; namely, where ff'' = B^M, ff), the group of hounding 
r-cycles of M. 

8.6 Theorem. In every compact space M, Properly S, rel. B'{M, 9") is 
eqmvaleni to the almost complete avoidabiUly of the closed subsets of M rel. B^M, SP). 

Proof. Let P and <3 be open sets such that P D Q. If has tlio almost 
complete avoidability property, ihoie exist open sets U and V such that Q C 
F C C/ C P anc^auch that at most a finite number of cycles of B''(j]f, fF) on 
P(U) are lirh on P — V. IE Z" G ff) on then l)y Lemma 1.13 tlierc 
exists a cycle Y on P(?7) such tliat Z"" on V. The theorem now follows 
from Theorem 7.9. 

8.7 Further light may be tIl^o^vn on the relationships between the S, avoid- 

abiUty, and Ic properties by the extension of the local connectivity miml)er.s to 
the connectivity numbei'S about a set, alieady referred to in \l 7. We i-efer 
particularly to the numbei'S "g”. If P D Q arc open sots containing tlio fixed 
set K, then a number g'(K; P, Q), in analogy with g^ix; P, Q), is ilefined as 
the number of (7-cyelos on Q lirlx on P. The niuubor g'iK] P) is the grealest 
cardinal number which is ^ g’'{K; P, Q) for all Q, ami {/’’(/v) is ilus h'asL canliiial 
number ^ {f\K;P) for allP. If (/'(iCjP) is infinite for some P, wo wrile g [K) = 
00 , but if (j{K\ P) is always rinilo while g'(K) is infinite, we wriU* ii‘(K) — w. 
That, unlike the case whci'o K is a point, the vaiiou.s cases (/(K) = 1, 2, • • , 

w can occur when K is a general closcxl point set is easily hceii from <'\ain])!es, 
For instance, if K is un S' in 8*, then = 1. If for eacli natural nunihei' 
n, K„ is an S'’ of diameter < ]/« in 8* such that lim sup |/\„J is a single point 
X, then. g'(\J K„ KJ .c) = w. 

8.8 REsrARK. The numbers g'(K) are cleaiiy <lop('n(lenL not upon Llu' m-I 

K alone, but also upon the space in which K is imboikh'il. For (‘xampki, if K 
is a point in an 8", tlicn = 0, but if the space is llie set M of the (‘xuinple 

ill 8.4, tlicn for the point Kq , g\Ko) =<». It would b(! approjiriati', then, to 
include the imbedding space in the symbol for the nninber—as for instance 
g^{K; S‘) for a set K in 8®— but unless moro than one space is involved during 
an argument, w^e use the abbreviated symbol g'(K). 

In case only cycles of some special group, G', arc taken into eonsideralion, 
we denote the numbers (/'' by g{K', G'), g{K; P; G’’), etc. 

8.9 Theorem. In every compact space BI, Properly S rel. G' is ccpiivalenl to 
the relation g{K\ G’) g w for all closed subsets K of il/. 

Theorem 8.9 follows easily from Theorem 7.9. 

From Theorems 8.3, 8.6 and 8.9 we also have: 
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8.10 Tiikouem. In a compact space M, if g^{K; G’’) ^ o> for every closed 
subset K of M, then the closed subsets of M are almost completely avoidable rel. 
O'. And for G' ~ B'iM, 3=), the two properties are equivalent. 

9. An addition theorem. Tho following thcoi'cm is an important generalizar 
Lion, from S" Lo gonoral lopologieal spaces, of Theorem II 5.18. 

9.J TiiKoaicM. Jn a normal space S let Ai and ho compact point sets and 
K a co 7 np)act subset of S — — A^ which carries a cycle that is homologous 

to zero on compact subsets of S — Ai and S — A 3 . Suppose is a cycle mod 

K on compact K, , i = 1, 2, lohere jS — /t, D /C K and dZ',^^ ~ y' on K, 

and that 7 ’"^^ is a cycle on /C, W such that 7 '"'^ mod K on 

Ki U K 3 If y'*^ can he so chosen that y'*^ 0 on a compact subset M of S ~ 

(/ii via), then y' ~ 0 on a compact subset of — vl, — . 

PnooF. Wo may assume that ill D A”, U K 2 . Let M vl, = B, , and let 
P be an open sot such lliat Bi Q P S ~ — AT, . Lot II = {/Va — P) 'U 
(M r\ P(P)). Tlicn II C A — vl, ~ A 2 , and wc shall prove tliat 7 '' 0 on H. 

By Lemma i.4 there exi.> 5 ts on M a cycle mod /v, VJ K 2 such that 

dZ'"^ y’'''^ on Ki U Ks ■ By Lomimi 1.16 thoi’c exi.st.s a cycle Z'lf^ 

mod tho boundary (rel. M) of M — (A, W AL W P) siudi Lluit 
mod Ki U A'a hJ P oji M and such that dZ'^f' mi Ki VJ K 2 VJ P. Now 

the r(‘laLionH dZ'^'^ ~ 7 ’'" on 7Vi VJ AJ , ami 7 '"^* ^ Zi' ^ d- ZJ‘ mod K on 

/Cl VJ Ki (as gn'cm hy hyiK>tlie.sis), together willi the st'cMnnl relation of Ihe 
pn'coiling Hent(‘iK'(’, imply that 0Z'k~ Z\'^ + ZP’ mod K 011 K, VJ 7vL VJ P. 

J.et U be any coveniig none of whose eJements imKits Both P aiul /v'l . d’hore 
('xisls a eliain 7'"'"(U) on 7C, VJ /\'a VJ P such lluit = f'lZV'j IP — 

Z1"(U) — ZJ'(U) + IC'\\\), where /C’'"lU) is on K As delined ain)ve, 
dZr'(U)ison7CiVJ(A'a-/jU(d/n/'’(P)). Awd[r"-'fU) A (/CaVJ7P] = 
lc)ZL'^(U)] A (7Ca U P) ~ z;"a\) A (/c. VJ P) ~ Zr'iU! + K 'Ml) + 
where yV"‘(Ll) i.s a cham 011 K, — P Applying tlu' opcralca' 0 lo 
tliis ri'lalion and transposing, wc gel 

(9.1a) OZVWl) = a{[dZP\i\)] A (7vJVJ7“^;I - ^[Zr’(U) V fALVJP)] 

-h 37M'(U) + a.V"‘(U). 

Now /C^'MDJs on /CandZL'dt) A (/vL VJ B) is on 7C, r\ (/vL VJP) = /C, A 
AL C 7Ca - P. Also, [dZV'dDl A (K^ VJP) is on the set [7v, VJ (/vJ - P) VJ 
CA7 A 7X70)] r\ (7Ca VJ P) = [7Ci A (AA VJ P)] VJ (AL - P) VJ [(d/ A F{P))] A 
(/Ca VJ P) c (7Ca - P) VJ {AI A P(P)) = //. Hence lelution (O.ia) implies 
the oxistonco on II of a chain L'^'^^(U) such tliat dZddiO = dZy''*\U). But 
since dZd^ ~ 7 ' on K, there exists a cliain on K such that c)C‘"''‘’(U) = 


®Uncler tho hypothesis stated in the preceding sentence, such chains as Z', y'^'- exist by 

Lemmas 1.4, 1.0. 



242 


APPLICATIONS TO TIIEOHY OF CONTINUA 


IVII] 


t"(U) “ 52r‘(U) and consoqiicnlly is a chain on U with 

7 ''(U) as boundary. 

An important consequence of Theoi'om 9.1 is a generalization of tlio Phragmen- 
Brouwer property of jS" (Theorem II 6.19). 

9.2 Theorem. IJ A and B are disjoint, closed subsets of a normal space S, .r, 
■y — A — Blie in single constiluanls of S — A and S ~ B, respectively, and all 
1-cycles on compact subsets of 8 hound on compact subsets of S, then x and y lie in the 
same constituant of S — A — B. 

By virtue of the theorems of II 4, we then, have: 

9.3 Corollary. If S is an Ic continuum such that p^iS) = 0, then 8 has 
all of the properties I, V, II-V of TI 4.1j in particular, then, S is xinicohcrenl. 
And if S is completely normal, Uien it has property V'. 

Remark. Evidently Corollary 9.3 still holds if instead of assuming 8 to bo 
a continuum, etc., it is assumed that 8 is locally compact, normal, Ic, and such 
that every 1-cycle on a compact subset of 5 hoiuids on some compu(!t sul)s(!t of 8. 

9.4 ^rnEOREM, In a space S let A and K he compact, disjoint point sets, and 

Icty'' he a cycle on K that hounds on the compact sets K, , (each of which co)iiains 
K) respectively, hut hounds on no compact subset of 8 — A, // 7 '‘ is a cych as 
defined in Theorem 9.1, and M is a compact set {containing /vi VJ A',) on v'hich 
7 '"^^ 0, then some component of M Cs A contains points of hoik K, and . 

Proof. If K, Pi K 2 r\ A 9 ^ 0, the theorem is trivial. Wa suppo.sc, lluai, 
that the sets Ki P A, P A arc disjoint, ami that no coiniioiU'nt of M P vl 
contains points of boUi K, and if* . Let A', bo the set K, P .1 l.ogellK'r willi 
all points of M P A that are c-oquivalenl in hi P A to points of K, , i = 1,2 
The sets A{ arc disjoint and closed (Corollary fV 1.7), and l)y 'J'Ik'ou'iii IV 15 
M P A = Ai U A a Hcpamto, where A, Z) A{ , i = J, 2 Now with M us the 
space, a direct application of Theorem 9.1 shows that y' ~ 0 on ti coinpiict 
subset of M — A, — As = M — {Af r\ A) CZ 8 — A, (iontradictiiig tlie hy- 
pothcsi.s. 

In concluding this chapter, we give a characterization of the 2-c(‘ll which will 
be useful in the sequel. 

9.5 Theorem. Let il/ 6 e a compact, metric, Ic space containing a simple 
closed curve J such that (1) eadi arc of M spanning J separates M, and (2) if 
7 ^ is a nontrivial 1-cycle of J, ffien M is an irreducible membrane rcl. y\ Then 
M is a closed 2-cell. 

Proof. That M is connected follows easily from condition (2). (See Lemma 
IX 5.2.) If we can prove that a union of two disjoint arcs A, and A 2 , each 
having one end point on J , cannot soparaio M, then the theorem will follow 
from Theorem III 5.1 (condition. 5.1a of iho latter will follow from tho fact 
that A, and /i* may be degenerate). Hence suppose, on the contrary, tlmt 
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M — (^li VJ A 2 ) — X\J Y fjoparato. If both. X and Y contain points of J, 
let r\ J — a, , i = 1,2, and Iq\. x,y & J — (oi U a^) that are soparalod 
by a, and on J. JDcnoLe the two ares of J containing ai and by Ki and , 
rcspoctivcly, and lot 7 *’ be a nontrivial cycle on y. With K = x^J y and 
the “^1” of Thcorom 0.4 replaced by Ai U A2 , it follows from that theorem 
that some component of A contains points of both Ai and Ai , which is iin- 
po.ssiblo. The ease A’’ H / = 0 is left to tho reader. 

Bidliograpiiical comment 

§1. Many of these lemmas will bo found in the works of Coch; several are 
stated, for example, in Ccch [g]. 

§2. An analogue of Theorem 2,19 for the metric ease was stated as Lemma 1, 
p. 179, of Wilder [s], T’heorcm 2.26 was announced for the metric case in Wilder 

§3. Thcorom 3.2 has an interesting history. Urysohn showed in [ci ; p. 123] 
that a common boundary of two domains in 7?* cannot be separated by a closed 
subset of dimension zero; in [Oo; pp. 311-313] he discussed the problem of 
showing that an analogous sot in JH’', n > 3, cannot be separated bj’- a closed 
subset of dimension gn — 3. The luUer was proved by AlcxandrolT in [e; p. 
15-1], who showed further Lliat if M is such a set in B", K C and 2) = 

0, thou ilf ~ K is connetded. In Wilder [k; p. 282] it was shown Unit if 
2) = k, tlu'u 4/ — K has at most /; -1- 1 components; also (p. 281) dial 
if M is any /i-diiw'nsional metric conthiuiiin that is irnulncible relative to 
carrying a nonbounding 7 i-eyelc, and K is a closed snbs<*t of J\I such Hint- 
//'‘(/C) = k, then — K has at moht fc + 1 c-om])»n<‘iils; and (p. 285) if 
V'\M) > I, k > 0, Llion M — K lias at most /r comiJoiKMUs. In [h] (_'<-eh an¬ 
nounced generalizalions of Ihe lalliT results; details may ho found in [g], in 
which Tlieoroni 3.2 appears as Thcorom 1. 

Lxamplo 3.d was given by Kline [h; p. 167]. 

Theorem 3.13 was given in Wilder (s; p. 178, Theorem J], but only for Peaiio 
spaces. 

Theorems 3.8-3.10 evidently boar a close relation to theorem.s of Cceh on 
?i-psoudomanifolds in [g]. 

§4. Definitions 4.1 — 1.3 (as well aa C.ll, G.12 of §0) W'crc given for the moLric 
case, and relations discussed, in Wilder [p]. 1'beorem 4 5 was first proxasl 
(using A^ictoris cycles) by S, Kaplan in his dissertation [a]. 

§5. Theorem 5,4; compare with Theorem II of Cecil [g]. 

§7. See Wilder [q]. 

§9. Theorem 9.5 was first given by Wliitnoy [b]. See also van Kampen 
[a; 8 . 1 ], 



CHAPTER VIII 


GENERALIZED MANIEOLDS; DUALITIES OF THE POINCARE 
AND ALEXANDER TYPE 

1. General properties. A locally compact space S will bo callod a generalized 
manifold of dimension n if the following axioms arc satisfied: 

A. The dimension of S is n. 

B. Siscolc"^^. 

C. For each x E S, p^ix) == 1. 

For sake of brevity, wo uso the symbol n-gm for such a spaco. If the n-gm 
is compact, then wo call it an rirdimensional generalized closed manifold, and 
symbolize it by n-gcni. When compactness is not assumed wo may emphasize 
tlie fact by calling the n-gm an "open gcncralissod manifold.” 

By virtue of Theorems VI 7.9 and VJ 7.12, wo have immcdinU'ly tlas following 
theorem: 

1.1 Theorem. Every generalized manifold is localhj cunnerted in idl dimen¬ 
sions, and has properly {P, Q), in all dmensions. 

In particular, an n-gm is Ic in tho hoilso of Chapter 1, and l.lu' a-gem can 
therefore ha^'e only a finite number of components. 

Tho euclidean n-spherc, jS", is a special cjisc of an ?i-g(:m. II. i^, m()r<‘o\'er, a 
special case of what we call tho "spherc-liko” generalized manifold. 

1.2 Definition. An n-gom is callal sphere-hke if its lujinology groups are 
isomorphic with the corresponding groups of S'*. 

Tho classical manifolds, such as those of polyhedral eliai‘a<'ler willi ('leineiils 
so grouped as to form an n-coll at each vorh'x, as well us the genei ali/c'd ‘‘mani¬ 
folds” such as those of van Kampen [bj (see also Lefselu'tz [Lj]), whieli again 
arc polyhedral in character but with the star of encli vi'i’tex satisfying sjjeeial 
conditions, arc all special eases of gem’s And the same holds for tlu' llrouwta- 
manifolds, which were defined among the topological spaces with (aieli point 
having a neighborhood homcomoipliic with the interior of th(! (fiosed splien; in 
euclidean space. 

As a consequence, the Ihcoiy which we develop conccirning Llu' generalized 
manifolds holds equally well for tlie classical type.s. In particnilar, the positional 
properties of point sets, of which the Alexander duality theorem and its special 
corollary, tho Jordan-Brouwer separation theorem, arc classical examples, will 
be proved for tho gem. And we shall develop a natural extension of the methods 
for recognizing special continua, such as were developed for the case of the 
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plane by Sclioonflics and tlic later sot-lheoroUe topologists of the first third of 
the century. 

One thing should be made clear at the start, namely that the gem is actually 
a generalization in the sense that even among the separable metric spaces it 
includes spaces not found among any of the classical typos of manifolds. An 
example of such is the following, due to van Kampon: 

Wc first construct a "Poincard space.” (See H. Seifert and W. Threlfall, 
{S-T, p. 218, and references in appendix note 33 therein].) In euclidean 3-space, 
lot K be an fS'' in which has been put a knot—say a trefoil knot. Expand K 
slightly so as to become a knotted anchor ring with torus surface T. The set 
M obtained by deleting the interior of T from ouclklean 3-spaco, compactified 
by the addition of an ideal point at infinity, will be called a .space of typo M, 
and the sot T will be called its boundary. 

The PoiiKjard space ^vhich wo have in mind is formed by combining two sots 
of typo M along their l3oiindaries, in such a way that (1) their only common 
points arc tlio points of their boundaries, and (2) in combining (idenrifying) 
their boundaric's, tlio meridional axis of one goes into the equatorial axis of the 
other. Tlio eflVcI. of this is (o render it impossible to deform continuou.sly to 
a point a (arck* (■ which lies in one of the sols of type J/ and “hnk.s’' its iioundary 
And this is ( riu' ilc'spilo the fact that thore.sultmg3-dinicnsional space is “sphcrc- 
like”. Tor as soon us is defornuHl onto the boundary of the type M set con¬ 
taining it, i(. lu'comi's (sseiitiull}’’ an c<nuitorinl axis of tlici torus boundary of 
llie other 

To conslrucL [lie gem whicii we monlioned above, we now proceetl as 
follows: In (^•u•lc^i;ul 3-s[)ace for each nnUirul miinlier n let N,, = 
K.r, //, I (.( — 1 //}" if -j- z' < \/\lin{n T I))'}. Denote tlu' sjilK're uliicli 
js the boundai’.v of <S'„ 1)\’ , Let /'„ Ik* a Poincare spac<‘ of tlic typo jii^l dc- 
scrilx'il, l)ut willi a 3-ci'll deleted—llu* boundary splu'i'i* of Lins 3-c('ll being 
allowed lo I'einain in J\, , however, l.et »S'' == J'J' — Tiien let N lx* 

the spaei* obtained h\' adding the /L's jo .S" in sueh a v\av that, (‘aeli iiux'N 
A" only in ils boiiiulary B'. , which is identified with />„ , and in siieli a manner 
that if ,r„ ^ , Llx'ii -p, the origin of cnordiiiatOh in the original is the 

sofiiu'iit.inl limit point of llxc sequonee {r„}. 'Pho siiace aS jias> the noei'ssary local 
homology ciuiracterisLies, hut it contains arbitrarily small simph* idoseil Cll^v(‘^ 
(in the Vt.’s) wiiieli are not conUmiou.sly deformable lo a j)oint in the neighbor¬ 
hood of tlio origin p —an irregularity proper^' not iirescnt in a linite coinjilcx 
whether a manifold or not. 

Tile reason for giving a 2>-dinunt,ional example will be clear as soon as we 
show that for the L- and 2-dimensional separable metric cases, the gem and 
the classical closed manifolds arc the same. Thus, for n = 1, a gem is an iS‘. 
and for a = 2 a gem k an ordinaiy 2-dimcnsional manifold—every point having 
a neighborhood homeomoi’phic with the euclidean plane. These facts furnish 
additional justification for the Definition 1, of com«c. Naturally one can give 
examples of nonseparablc n-gm’s for n = 1 and 2. 



246 


GENERALIZED MANIFOLDS; DUALITY THEOREMS 


[VIII] 


2. Orientability. The dassical manifolds ai'c divich'd broadly into two typos: 
the oricnlable and tlio nonorienlable. In the 2-dimGnsional caso, Iho closed 
oriontable manifolds are the oi'dinary closed surfaces without “singularities” 
such as the the torus, and surfaces of higher genus. (See Ililljort and Clohn- 
Vossen, Anschaulicha Qeometrie, Berlin, 1932, Chapter VI; Kci’6kjdrt6 [KJ; also 
A. W. Tucker, Elementary topology, Piincetoii lecture notes, 1935-1930, which 
contains a remarkable set of illustrations; Veblcn [V].) The uonoricnitable sur¬ 
faces such as the projective plane, IClein bottle, etc., arc nonimlicddable in 
3-spacG. 

The distinguishing charaetoristic of tlio classical oricntablo n-manifold is the 
existence of an ii-cycle over the group of integers whi(3h is nonbounding and 
which is destroyed by tho deletion of an n-cell. The existonce of this cycle 
moans that the n-colls tr" of tho complex constituting tho manifohl can 1)0 so 
oriented that the chain cr? is a cycle. Inasmuch as tho gem is only a topological 
space with special local properties, and, as the above example sliows, is g(;n(!rally 
not decomposable into cells constituting a “locally finite” complex, we shall 
require for orientability simply tho existonce of an 7i-cycle which has tlu' whole 
space as minimal closed carrier. 

Before going further, however, it will bo necessary to extend tlie concepts 
of cycle and cocyclo to fit the “in the large” .situation of tlio op('ii gin. In 
dealing with local properties, we were able to avoid so doing, and whei’c the 
open gm is an open subset of a gem, as it will freciucntly Ix' ui the scxiuel, wo 
can still avoid this necessity. But wherc the oiM;n gin is not lu'cessai’ily a subsist 
of a compact space, wo need tho following cxlension (in wliiidi, incidenlally, 
we describe only the “absolute” cases):’ 

2,1 The space S being locally compact, let f/'b} be (lie eollectifai of all 
compact subsets of iS, It becomes a (liivctod sysUan (13.1) if wi' lci /'b < />', 
mean that C I'b • IjoI tho vector spaces’ l'\ , 0 ), I'\ , 0 ) \n' 

denoted by z\ ,\i\ , respectively, and if < /'b , ho that C /'b , and is 
a (! 3 ^clo of /'b , let — z\ whore the latter is considered as an (‘leinent of 
i'b —i.e., u>t is the identity mapping. Then {z[ ; w* j, \bl ; w,bl ui-e ilirect 
systems of groups, and tlicir respective lirn’o. wc deiiole liy 2 b .S) and //(N), re¬ 
spectively. The factor group h\S) = we cull the r-dimc/Momtl com¬ 

pact homology group of S. The elements of z"{R) are called com pad rye/r.s-; tlx' ('le- 
mciits ill may be called coordwates of compact cycles. It will lie noted llnit since 
{zl , o)%\ is a direct system, a compact cycle is determined, up to homology, 
by any coordinate in. a . Consoqiicnlly we shall in practice usually identify 
tho compact cycle with one of its cooidinalea, treating it as a C'-cyele on a 
compact subset of S. And when we speak of a compact cycle tioumling m an 
open set P, wc shall moan that, considered as a C-cyclo on a compact sot, it 

'An altci'iiativo pioeecUire might he to introduce compactification of a manifold M by 
addition of an ideal sot C, and uso of cycles mod C instead of tho "infinite” oyolos and cooyolos 
described below. 

*Seo V7.10; the symbol fF(= 0) is deleted since we consider only the cose of field coofiioionts. 
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bounds on a compacL subsol. of P. Evidently the group h^(S) is isomorphic 
with tile group of all (7-cyclos of S that have compact carrlors, reduced modulo 
iho subgroup of Llioso that bound on compact subsets of S. 

The group h'(S) could also be defined os liin_ {K ; where hi == zl/bl 

and maps {z’’] G into { 7 '’} G K if i^'] C { 7 ''} in K ■ 

2.2 Noxl', let m denote the r-dimensional cohomology group of S mod 

S — l'\ —i.e,, Hr{S) S, S — F,) in Hie ^nnbolism of V 15.4—and let be a 

mapping of HI into Hr which carries an clement [Zl] of HI into { 7 ?) G HI if 
[Zl] C ! 7 r} in HI . Tlioii iOr(S) ~ lim^ {//' ; <p„,\ will bo called the r-dimen- 
sional injinile cohomology group of S’, and a collection [Zl] will bo called an 
infmile r-cocycle of S if <fi,„ Zl Z? mod S — , tho Z' being tho coordinates. 

2.3 In ordor to dofino a cap product between compact cycles and infinite 
coc 3 '-clos, consiilor ii compact cycle 7 " and an infinite cocyclo r„ . Then 7 ’’ is 
by definition a collection { 7 !} whore 7 ^ is a C-cycle of F,, and r„ is a collection 
{I’p} where is a eocyclo mod S — F, . Now for a fixed v, we already have 
a definition (V 17.3) of the C'-cyclQ 7 r** = Pp ‘ The compact cycle deter¬ 
mined by 7 !"" wo let bo tho cap product Tp ..-n y'. To .sec that it is indepeuclent 
of tho clioice of F ,, con.sidcr any F„ such that F, < F„ . Then 77 '’ = Pp 

7 '^ = I’p" ^ ui^ay'a » «inco tho aj *^8 are identical mappings^ etc, and hence on 
F, becomes 1’“. ^ 7 ^ = Thus tu?rt 7 r'' = 77 '’- 

2.4 lh‘two(‘n (‘ompact cycles and infinite cocyclos of tho same dimension r 
wo may also define a dot product, or multiplication relative to fl, as in tho 
cast 5 of tlio b“ey<'I(‘S and cocycles, by fimt determining u cap lU’odiict Tl ^ yl 
as above, and then letting Tr-y' = Ki(r' ^yl). That both and • can bo 
extended to jirodiicls bctiw'en cohomology and homology classes of infinite 
coeyeh's and eompaet cych's follows from the compact case. And wo may 
prov(‘: 


2r) 'I’lfi'ioiuoM Tho vector spares and h'(S) for a lorally compact Ic 

space S form an orthoijotuil dual pair relative to the • mulUphcalion and Ihcjield 

Ihiooi'’. If I’r an iiiliiiito noncohoundiiig eocyclo, and r|: is one of its co¬ 
ordinates such that r' ^0 mod S - F ,, then by Tlicorem V 18.19 tiiero exists 
a b'-eyelo yl of F, such that r^7' 7^ 0 . If y is the eompaet cycle d(i(erminod 
by 7f , tlien IV • 7 ’^ 7 ^ 9- 

Til oi'der to show that if a comiiacL cycl<5 7 ' 0, there exists an infinite co¬ 

cyclo l\ such that V,'y 7^ 9 wc again use the machinery we utilizoil in the 
compjict case in Chapter Given an F, , lot P be an open set eontammg F, such 
that P is compact. Since S is Ic', it follows fiom Corollary 3.9 that 11.{S : S, 
S -P\S,S — Fy) is finite. If P' is any compact set containing P, let G{P') 
denote the set of all cocycles mod S - F, that arc also cocycles mod .S - P'. 
A cocyclo mod S - F, that is also a cocyclo mod S — F' for cveiy compact set 
F'D Fy may bo called essential, and evidently these are the cocycles of P\p. G{P'). 
Now just as in the proof of Theorem V 10.7 wc can show the existence of a P' D 
such that every element of G{P') is essential. 
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Tlie rest of tho proof is merely an adaptation of Theorems V 10. J, 10.2 to 
the present case. 

2.6 In caso the space S is already compact, and WiS) arc still de¬ 

finable as above, but in this case they become IlriS) and ir{S) as dofined in 
V, since the directocl system lias a maximal element, S. 

2.7 Paralleling the above definitions, let ii.s consider the set { f/,) of all open 
sets U„ such that each V, is compact. It becomes a directed system if wo lot 

< XJy moan that C. V,. 

Let m = For let a.,t : //:: ^ //; bo defined by the 

stipulation that ^ maps into Z* E 7/^ if the oloments of Z^ all belong to , 
Then K(S) = lim_ ; wjtj is called the r~dimensional compact cohomology 
group of S. If [Zl] G Ar(jS), Uien a collection j, whore y", S. Zl , is oallcd a 
compact cocycle of S if yr and y^r arc identical for < U, ; evidently such a 
“representative” coeycle exists for each element of hr{S) since o>*, is defined so 
that Zr C And evidently every cocycle in an open s(‘t willi compact 

closure detciminos a compact cocycle, so that as in tho cas(; of comiuict (lycles 
we shall in practico find it convenient to id(*ntify the coinpa(it cocyclt' witli one 
of its elements , tf fixed. Any one of the open sots Uy (conlaining yj!) will lie 
called a carrier of y, . 

2.8 If is the group of cycles mod *S’ — P, , und iIk- snbgi'oup 

of those that bound mod S — U, , then witli tot‘ as (lie nfi'ntilv inii[)i)ing wc 
denote lim.- {Z'{Uy); ta„^] andlim- liy and/^'OS’), rcsiK'ctivcly. 

The elements of Z'(S) we call injinile cycIcH of ,S', and (In* groii)) sViS) - 
Z'{S)/B'{S) wo call tho r-dimemional infinite homology group of ,S’. '['he nn'aiiitig 
of tho statement that a given infinile cycle “bounds mod .S’ — [ \ /’ or (hat 
certain infinite cycles are “lirh mod »S’ — V, etc., slioiiM hi' deal’ 

2.9 Tho dcfinitioii of a cap product l>otwcon coiniiact cocyclcs and itilnnlc 
cycles is made in tho usual manner: Given a compact, cocyefi' y„ ^ j^;,! and 
Z' G wo chooHO miy v and oblaiii the cap j^roducl. Z\ " — 7 ,', -- Z' , where 
Z\ is the coordinate of Z" on IK . Then ZV"^ i.s a cycle on (K , aiul d(’(,ermines 
a compact cycle Z'’”*’, The definition of a dot product [(etAveeii coiujiacl, ca)- 
cycles and infinite cycles of tho same dimension parallels (hat. for l.lu' infinite 
cocycle-compact cycle case above, and we have the theorem: 

2.10 Tiieorkm. The vector spaces and ItAS) of an open g< noralizcd 

manifold S form an orthogonal dual pair relative to the • maltiplication and the 
field tr. 


(Actually all that is needed is a locally compact, Ic'' space since only the 
{P}Q)r property is employed. That such a space has property {P, Q), is jirovcd 
m Chapter XI.) 

Proof. If Z' is an infinite cycle of S not in B^(S), then for .some f/,, Z; oo 0 
mod S ~ Uy, Zy being tho coordinate of Z' on Uy . Then there exists a cocyclo 
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7 r in Uf such that ’y’T'Zl 9 ^ 0 , and consequently fchc compact cocycle jr de- 
tonnincd by 7 r satisfies the condition that 7 ,- 9 ^ 0 . 

If a compact cooyclc 7 , 0, then each corresponding 7 ” 0 in . Now 
if wc fix XJ ^, then for any 2> U„, wo have that priSt ,0;Uy, 0) is finite 
since S has property (P, Q)r for all r (Theorem 1.1). Hence byTheoremV 18.31 
the dimensions of B'lS: S, S — XJy\ S, S — and Iir{S\ ,Q\lJy, 0) arc 
equal and finite. 

From hero on tlio proof of the existence of an infinite cycle Z" such that 
7 r*Z’’ 0 is strictly parallel to the analogous ease in Theorem 2.5. 

2.11 In case S is compact, §’^(5) and hr{S) are the same as the //’’(nS) and 
//.(/S) respectively, of Chapter Y. 

For the sequel it is important to notice what the groups just defined become 
when the open ?i-gm S is an open subset of another n-gm T. For inasmuch as 
tiio conditions A — C arc purely local, any open subset of an ?i-gm is itself an 
«-gm. 

2.12 TiiKOiucRt. If T is a locally compacL space and S is an open subset 0/ T 
such that S is compact, then IL{T', 0) is isomorphic with hy{S). 

PiiooF. If z,(U) is a cocyclc of T in H, let 95 > U be such that a simplex 
of 93 in aS is also in T — Q, whore <3 is an open sot contaming T — S (Lemma 
V 8.7). 'Pium, since 7ri?iuc,(ll) is in S, it is also In T — Q and accordingly do- 
((U’jniiH's a compa<‘t cocyclc of »8'. If Zr(U) 0 in S, Llion (by definition) for 
some 9B > 93, 915 again being chosen according to Lemma V 8 7,7r^w-r(U) 0 

on 915 in ^S', lionco 7r^4u7r;UZr(U) 7r!'iw'.%(U) 0 m and as this cohomoiogy 

is on 9i5, it is also in an oijcii suhsoL of H whose closure in <8 is compact. C'onse- 
iiuoiilly the cori'cspoiidonccH 2r(U) —> ?rli{jZ,(U) induce a liomomorplii.sm of 
IIr{T; S, 0) into //,(aS'), and this homomorphism is clearly both onto and one- 
to-ou(‘, inasmuch ns every compact cocycle of N is a eocjycle of T in aS', etc. 

We defer tlu' proof of the isomoi'tJhiyrn of /P(7’; P, T — aS) and (cf, 

Lemma fi. 1), 

2.13 H.y orientahility of a manifold wo shall mean the cxiston(;c of a non- 
boundiiig ?i-cyolc of the suitable type; in the ease of the n-gem, wc shall ask that 
tliere exist a C-cyclc 7 " which is nonbounding, and for the open n-gm we shall ask 
that llicro exist an infinite n-cycle which is not homologous to any cycle on a 
closed proper subset. 

It should bo noticed that whether the given manifold is orieiiLablo or not is 
dopondent upon the field 3= employed. For example, the projective plane is an 
oriontablo 2 -gcm when is the field of integers mod 2 , but is not oriontable 
when ^ is the field of integers mod 3. 

In the sequel, when dealing with compact sets, C'-eyclcs will be employed as 
heretofore except when some other type of cycle is specified. 
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3. The orientable n-gcm. The n-gem will in Uio sequel constitiile the moat 
important case. The spherclikc rt-gcm is tlie natural generalization of the cucHd- 
ean n-sphero, so far as homology properties are concerned, and our use of the 
open manifold will frequently be for the caso where it is an open subset of tlio 
orientable n-gcra. 

It will be noticed that tbei’e is nothing in the purely local conditions A-0 
defining the n-gin, even after the addition of compactness, to prevent tho sjUKio 
consisting of, say, a pair of nonintoi'sccting ?i-sphore 8 . Tho condition which 
we add to tlie fonner conditions in the c^e of an ti-gcm, which loads most directly 
to the type of space to which ivo -wish to ixislrict considoraiions, is: 

D. If F is a p'Qper closed subset of S, Uien every n-cycle on F hounds on S. 

(Since »S is ?i-dimonsional, having thci-cforo n complete family of ?i-diinci\- 
sional coverings, and since -Zf"(U) ~ 0 on an n-diinonsional U implies ^"(U) = 0 , 
condition D is evidently equivalent to Uio assumption that if F is a proper clest'd 
subset of S then p"(F) == 0.) 

3.1 Theorem. If Sis annrgcm satisfying D, then p"{S) g 1. 

Proof. Suppose y? , yS are cycles lirh on S. Let x E S , and P , Q open h(!(.s 
such that .r G Q C -P and p„(a;; P, Q) = 1—such sets exist by condition (’, 
Since, by YI 6.7, P, Q) = P, Q), there must exist a rchiLion 

(3.1a) aol + chyl ^ 0 mod S - Q. 

But asylf , yi arc lirh on jS, tho eyclo o,y? -H O 272 is a nonljouiulitig cyclic of .s' 
and by Lemma VII 3.0 iclation 3.1a is impossible. 

3.2 Corollary. A necessary and su,^cienl condilion llial an n-gcni, S, hr 
orientable is that p"(>S) = 1; and a necessari/ and sujicieul condition Dial .S' hr 
nonorienlahle is that p^iS) ~ 0. 

Since wc must have = 1 if iS is an oricnUildc \vc may Ikmux*, 

forth assume that ovcry orientable n-gem lins a unicpio noiiboimding /j-cycli'- 
7 ", which wo shall call ils fundatnental cycle. And if P i.s an opcui sul)sct of 
such a space, there exists in P a cocyclo 7 ,, such that = I, which wc sliall 
call a fundamental cocycle in P. It should be noticed that fundamoiital cocyclcs 
arc necessarily chosen from a unique cohomology class. Lor consider funda- 
menial cocyeles yi , 7 * (in any open subsets); then by dolinition V'-y,) ■— y"- 
yl = 1. Now since p„(S) = p"(»S) = 1, there must exist a relation y‘ ^ ayl , 
a G if, and since the dot product is invariant within the cohomology class, it 
follows that y"'(ayS) = y“*yi = 1. But y"'(ay“) = a('y’'- 7 ?,) — a and conse¬ 
quently a = 1 . 

(It should be recalled that in general the relation y'-yl ~ 7 "- 7 ^ docs not 
imply thatyi 7 * . For instance, if {Z”\, [Zl] are finite collections of cycles 
and cocyclcs such that (as in. tho caso of orthogonal pairings for a 

space of finite Betti number), then + 2l) = Z'l'Zl + Z'l-Zl = Z'l'Zl “ L 
but obviously ia not in the same coliomology class as Zi . 
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3.3 'Tiieoiiem. All fundamental cocydes of an orienlaMe n-gem S lie in the 
same cohomology class of S. 

It. is natural to ask, at this point, if there is any direct relationship between 
the fimclamontal coeycles and the oricnlability. By condition C, even in the 
case of the nonoriontablo manifold, there exist for every x G S canonical pairs 
(VI 0.11) P, Q such that P, Q) == 1, so that in Q there is a cocyele Z„ that 
fails to cobound in P (although 0 on to be sure). That is, the local 
situation as regards the existence of nonbounding cocyclos is the same for the 
nonoriontablo case as for the orientable ease. The question raised here has 
boon neatly sottlcd by Bogle [a] in the following manner: 

3.4 Lot /S' ho an n-gem, and @ a covering of S. Since Pn{x) ~ 1 for all 
X G M, th(5r{i (ixist r(3linements and @a of @ such that each element of (Sa 
is a (3 of a canonical pair, P D Q, relative to n and the local Betti number, 
and each element of is a P corresponding to one of the Q’s of Sa • In each 
<3, G there is a cocyclo 7^1 ^ 0 in the corresponding P, G • Suppose 
Q. , Q, G Sa, 0, n (3, 5 ^ 0. Then there exists a canonical pair P, Q in Q, O Q, , 
and in Q a cocyclo 0 in P. Since y„ is in <3,, there exists a relation a, 7 i 7 „ 
in P, ; and since 7 „ is in Q, , a relation a,y\'^ in P, , where a. , a, G 

3.5 Tiimorem. The n-gem S is orientable if and only if there exist, for each 
covering CS of S, coverings (Si , (Sa , and cocyclcs y'„ , as defined in 3.4, such that 
for any choice of canonical pairs P, Q in the intersection of elements of Sa , the 
ratios a,/(i, arc all 1. 

Proof. Su|)poHo »S' is an orientable 7 t-gcm and 7 " is its fumlamontal ?i-cyclo. 
Then, Ix’iiig given (Si and (Sa , we cliooso in cacli Q, a fundamental cocyclo 
7 '. . T'lio cohomology < 1 , 7 ,!'-^ «, 7 n implies Lliat 7 '‘-(a, 7 ii) = 7 "‘ (^^/Ti) and hence 
a, - a, ; a, 7 ^ 0 since 7 ,. ^ aZ^ in P, a 5 ^ 0, where Z„ is a fundamental cocyclo, 
and evidently «, = a. 

'J’o pi’ov(i tlio convor.so, lot S bo an w-gem and (S any covering of S TiCt 
Qi and (Sa b<' given as above, and lot IL ]:$> as in J^cmina Y 8 3. Lot U be 
a covei'ing siK'li that Sl(U 2 , U) > ®z , and lot bo a complolo family of 
(!ov<!riiigs all of winch arc rofincments of U and n-dimcnsional. Ileroafler cycles 
and cocycles will lie considered only on ISL 

Sui)i)ose P”. j_ P] G aud that the corresponding elements El , l<f, of IL 
are such Lliat E] r\ El 7 ^ 0. By hypotlicsis there exist cocyclcs 7 ’, in the sots 
E\ Liial are 'V-' 0 in tlio corrcspondjng clients P', of @1 and such that if P, Q 
arc a canonical pair for a point of El Pi El such that P C E\ Pi E\ , then in Q 
there is a cocyclo 7 ,, such that y„'^ 7« in 7« in Ei . 

There exists a cycle 7 " mod S ■— Et such that 7 "- 7 n = L nnd since 7 n 
in E, , also 7 "- 7 n = L Similarly there is a cycle 7 " mod S — E, such that 
yl-y„ = 1 . Since P, Q form a canonical pair, 7 ? ay", mod /8 — Q, a G ff- 
However, this homology implies that7?'7ii = ( 07 ?)'7-. nnd hence that a — 1, 
and accordingly 7 “ 7 " mod S — Q. As each elemont of S' is 7 i-dimensional, 
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homology between n-cycles of elements of S' implies identic and tlicrcfo 
7 ’) = 7 " mod S — Q. And this holds for every ijoint of r\ E] . 

Ill order to constnieb a nonbounding oyclc 7 " on E, wc now introduce covorini 
U 4 » Ua » U 2 as in Lemma V 8.3, and assume that U > Ui as well as sue 
that St(lt( , U) > U 3 , Sl(U 3 , U) > U 2 . More specifically, wc stipula 
that St(?7j , U) lies in XJ\ G U 3 and St(t/?, U) lies in XJ] . For cach_sucli U v 
define a 7 "(U) as follows: Lot <rj be any ?i-coll of ll. It is on some U] , who 
£/< G Ua , and_jn 7 "(tl) wc assign to vt the coefficient which itjias in_ 7 "(U 
If trl is also on U), wlierc Uf G U 3 and i 5 ^ J, then it is also on E] r\ K) , an 
since 7 " — 7 " on fcliis set, tho coefficient of v* is not dependent on tho particiili 
XJ\ chosen. 

To seojjliat 7 "(U) is a cycle of U, lot be any {n — l)-ecll of U._It 
on some 17^ , C/J G U 4 , and every ft-coll with which it is incident is on V] h 
the choice of U 4 and U. Those «-coIls have the same coofiicioiits in 7 ’'(U) i 
they have in 7 "(U), and 37"(U) ia on S — E, , so that (t""’ must have a zoi 
coefficient in a 7 "(U). Thus y\U) is a cycle. 

Lot 7 " = {7"(U)}- To SCO that 7 " is a C-cyelo, wo need merely notice tlu 
if > U, then 7 r»a 7 ?( 5 i) = 7 :(U), so that Tu«7"(3i) = /(U). 

Finally, 7 " oo () on 5 since, for any i, V’-y!, = 7 ?' 7 « = i, and S is tlun-efoi 
orientablc, 

4. The Poincar^ duality for an orientable «-gcm. Tlu' (‘(lualily ?/('‘^’) = 
p’‘~''(/S), 0 ^ r ^ n {using nonaugmontml homology theory), E an oriental) 
n-gem, will first bo established, and tho ca.se of the orienLuhln open nianil’ol 
considered later. In each case the notion of “coeliain r(“aIi} 5 iilion’' is ust'fii 
and we first give a lemma concerning .such riadizalions, in a form wliieli 
adaptable to both cases. Throughout toe employ nonaiajnicnlrd contplc.crf^ 

Consider a finite complex K of dimeiihion and let II he a eoi-eiing of a 
orientablc ?j-gm S, whose fundamental cyelo is denoted hy 7 " A rnnelio 
T* which assigns to each chain C' of K a chain tTC’') = ("‘ ' of ll is called 
cochain realization of K on U if 

(a) t'*' is linoar, 

(b) = §r*^7^ 

(c) Ki(C“) = ICi(T''C‘’ .-N 7 ") for every 0 -cliain (f of K. 

Definitions of parlial cochain realization and nonn parallel the iirevioiis cases i 
connection with chain realizations (in Definition VI 2.9, "on E” is replaced b 
"in E‘’). 

4.1 Lemma. Let S be an orientable n-gni,^ L a compact subset of S and P 
neighborhood of L such OuU P is compact. For each covering (S of S there is a n 
finement Q„ = (S„(@; L, P) and for each covering T) of E there is a refmeme) 
T)„ = T)„(T), Lf P) such that if r*' is a parlial cochain realization on T) A 

“This lemma is stated for the general Ji-gm to avoid repeating it when needed iii §6; tli 
material in the early part of §6 is needed for the proof in this case, however. 
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of norm less than of an n-dimensional complex K, then there is a cochain realiza¬ 
tion T* of 1C in P on of norm less than (S auch that t*C' = 7 r|a„T*'C wherever 
the latter is defined. 

(Tho proof parallels that of Tlicorom VI 3.6, and for fehe ?i-gm employs condi¬ 
tions B and C of tho definition of 7i-gm, and Theorem 3.3, in place of the Ic" 
condition. However, stated as it is for the general n-gm (in order to avoid 
repeating in §5), the material in tho early part of §5 is needed for the proof.) 

4,2 TirEoiiEM. If S is an orientable n-gem, then for 0 ^ r ^ n, the vector 
spaces fr{S) and are linearly isomorphic. 

PiiooF. ]^y Theorem 1.1 and Corollary VI 3.2, tho vector spaces Il'iS) are 
all of finite dimension. We shall show that for each r, there exists a linear 
homomorphism* of //'(^') onto and converaely; it will then follow that 

the.se vector spaces are of tho same finite dimension and linearly isomorphic. 
Inasmuch as IfiH) and Ilr(S) arc linearly isomorphic (Theorem Y 18.18; see 
also V 9.1), it will bo sufficient if we define a linear homomorphism of HriS) 
onto 7/"~'(>S) for all r. 

For any cocyclo yr of S, let ¥>( 7 ,) = 7 . y". wherc 7 " is the fundamental 
cycle of S. Then <p(yr) is an (« — r)-cycle of S (cf. 17.2). And if 7 ^ 0 
on S, tlicn <p(yr) 0 on *S (by use of V 16.11) Then ind\icc.s a linear 
liomomorpliism <I> of /A{*S) into Wo sluill show that <1 is “onto ” 

r.('L U 1)0 an^' (covering of *S', and Ih >*' Ibfdl), where III(U') is the covering 
dolinod in 'I'luMinMn ^T 2.10; incidentally, Ihon, Uo may bo considered as Lite 
saiiK' covering wliicii was designated hy tho samo syinliol in tlic proof of Theorem 
\ I 3.1. Also, let 111 an »-diinonsioiuil rclinomeiit of Uo u’hicli i.s U„) 

as w<41 as > 'Ci'dlb, ; .S', A), iJio latter houig the covering dolmed in Li'inina 1 I. 
Ill each elc'inenl. of U, tliori' is a fuiulnmcntal cocyolc of .S, and we may asi^iiine 
tliat each of I hose lii'S on a fixed covisriiig Uj > Ih - Lot r'‘' assign lo each 
element, of 11, the eonc.s]lending cocyclo on Ih . Tlion r'*' is a ])artial eociiam 
veali/.alioii of t he complex ll, on Uj of noun loss than tSAUn ; S, S). C'onsiaiueiitly, 
by 1 -emma ‘ 1 . 1 , Llioio exists a cochuiu malizalion t* of 11 , on a covciiiig 11 ,--the 
T,.( Uj , U„ ; .S, ,S) of r.cmma -1. (—of norm lo.ss tlian ll, 

Now 1('|. 7 " ' be any ('.'-cyelo of *S. Then r'^y" ’’(U,) = ydU,) is a eoeyck! 
oflli. ^Ve let 7 r .-^ 7 '‘=To sliow thaty"”''^ t? = ± I, it is suificient 
Lo show' I,hat 7 "“'(lli) ^ ; confer tho proof of Theorem \1 3 1 In 01 der 

lo do this, consider the eompiox K oblamed from U, togethci’ \\ilh a complex 
U( which i.s isomorphic with U, , and tho deformation complex 0) asso¬ 

ciated wdth the mapping of 11, into U, which maps each element of U, into its 
corro.sponding clement in U( - Wo call Ui and Uf the base and Lop of K, 
respectively. 

Denoting corresponding chains on U, and Uf by C and C' respectively, we 
recall that by Lemma V G.7 if 2 ' is a cycle of Ui , then there exists a chain 

■•A homomorphism -fi is linear if aipix) ~ sb G fF; &f. V 9.1. 
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^^■^‘( = 332’) on K suck that ~ z* ~ z'\ LeL r' bo a chain-mapping of 
K into Ui defined as follows: On Hj , / is Uic idontity, and for any chain 
on the top of K, wo lot r'C'" = (—J.)VJ(t'''C‘ ^ T"(Un)) if i is an odd numlxii* 
2/c — 1, or an oven number 2fc. (Tho power of — 1 in tlic coofneients is inscrtocl 
to ensure that t' saiisSos the conditions previously imposed (Vf 2.1) on chain- 
mappings. The symbol jrJ is used for typograpliical reasons to denote £i pro¬ 
jection from Us to III .) Then / is a partial realization of K on U, of norm less 
than Uif(U), and consequently t' can be extended to a realization r of K on 
Ui U llo. 

Now, as noted above, tlici'e exists n cliain of K such that dC"~'' * - 

T""'(Ui) - y"“^(U0. Then = /"■(U.) - (-l)’VUrV’'''(U,) ^ 

T^dts)) = - zti. As is on U, U Ih, and 

Ui > Uo) wo may let t bo a projection of Hi Uo into Ih of the obvious typ{', 
and obtain on UoSUchtliatdTTC""’’*^ = 7r?y'''’'(Ui) — VTrWl^''''''{l\a) ~ 

/“^(Uo) - vZ''-'a\o). Henco7“-'(Uo)~»i^"‘dUo). 

5. The open n-gm. For the open manifold, the Poincar6 duality tak('s (h(( 
form of an isomorphism between ^'CiS) and in case oilJior of (hesc is 

of finite dimension, that is, tetween the r-dimcnsional infinite homology group 
and the {n — r)-diinonsional compact homolog^'- group, (h'lincd in §2 above, 
In general, the isomorphism is between and a subsiiaeo V'l/tN) of 

which is defined below, and which for finite dimension is identical with .soUN). 
Our problem is chiefly to indicate what changes are imec'ssary in tiu' malerial 
of §§3 and 4 in order to adapt it to the proof of the ik'w form of (!h‘ diialily. 
IFe consider only the connected n-gm until §5 20. 

Considering first the preliminary material of §3, wo must, detiiK' what is 
meant by saying that an iiifinito cycle is on a proper closed Mihset of ,S' An 
infinite cycle, T", being an inverse limit, luu? a coordinate, ]’“ , on (‘verv ois'ii 
set U, whoso closui-e is compact. Wc make the (foinaMilioii (iia( if this co¬ 
ordinate is 0 for some v, then T" is on a proper closed suhsel, S — l \ . of S. 
Condition D then takes tho foim: 

D'. If F is a proper dosed subset of S, Ihm every itijlnilc n-n/rlr on F hounds 
on S. 

{For the general n-gm, wo shall ask tliat D' hold for each componeia.) 

Wo can then prove: 

5.1 Theorem. If S is an open tv-gm satisfying 1)’, then oilher all injinilr 
n-cycles of S hound on S, or there exists exactly one Urh nonhounding infinite n-cyelc. 

Proof. Suppose r?, Tl me infinilc cycles_^that are lirh on S. Let x S 
and P, Q open sots such that x S Q C P> P compact, and p„(x; P, Q) = J 
(condition C of the definition of n-gm). Then, tliero exists a relation 

OiTjp + 0 mod ;S — Q, 

where , Tip arc the I'cspective “coordinates" of P" , I'l on P. As S is n- 
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dimensional, we may suppose all cycles on a complcle family of n-dimensional 
coverings, so that homology implies identity. But then (6.1a) implies that 
aiT" + is on a proper closed subset of S, and henee bounds on S, contra¬ 
dicting the assumption that n* and H arc lirh on S. Hence S cannot carry 
more than one noiibounding infinite 9i"Cycle. 

5.2 As a con.soquenco of Theorem 5.1, just ns in the case of the n-gem, we 
may assume that an oricntablo open n-gm has a unique nonbounding infinite 
cyclej?", which w'e call its fundamerUal cyde. And if P is an open set such 
that P is compact, then by Theorem 2.10 there exists in P a compact cocycle 
7 „ such that r'* - Y,, = L, which wo call a fundamental cocyde in P. And analogous 
to the case of the n-gem, we have: 

5.3 TiiEonicM. AU fundamental cocycles of an onenlahle open n-gm lie in the 
same compact cohomology class of S. 

As a conseciuonco of Theorem 5.3 wc may, whenever we have a relation 
«iTn «27«, whcr(^ yl and yl are fundamental eocyclcs, assume that Uj — eta = 1 • 

Wo may now prove the duality for open manifolds. We finst note, however, 
in contrast to the case of the n-gem, all of whose Betti groups are of finite 
dimension, that the Betti groups encountered in the study of the open manifold 
arc generally infinite. Consoquontly, in order to obtain the particular type of 
duality which wo need for our later purpoho.s, wc sliall assume that the space jS 
is the union of a (‘oimtable number of compact sets. This will mean, then, 
that in later a])plicalions of the theory of oix*ii manifolds to the study of open 
sul).s(‘(s of llui /?-g(nn, w(' shall have to assume that the open suljsets of the n-gem 
hav(! (he alxivc; in'ojxu'ly—in other woiils, tliat the ?j-gcm. is a perfectly normal 
.space (V 20.1). 

W(‘ proc(!<lo the proof of the duality for open manifolds with some lemmas. 

5.4 Lkmma, fvCL d be mi oiinUable open n-gm ivtth fundamcnlal cyde 
and Id y ”''' hr a compad cycle on a compad net L, lohich hounds on a compact sd 
Li . Then if Q, 1* are open sets vonlnimmj L, L, , lespcdivdy, there is o compact 
cocyde y^ = t'y" in Q such that jr ^ T" ^ 7 "”"^ in Q and 7 , U in P. 

Paooi'’, Wo firsl, sliow ilx' existence of a 7 , satisfying tlie condition 7 ' 
r" in Q, and Q 2 be open sc^ sucli that L C fA C Q\ C Q> and 

lot U lie a covering of ^S' such that SttQa 1 U) C Qi ■ Also, hit CS > 
U^(U; Q 2 , Qi )—the covering introduced in Thcorcin YI 3.G—and such tliat St 
(L, (i) C Qs ■ IxT llo be the covering introduced in Corollary M 3.7, relative 
to the sots Q and Qi , and let Xli be an «-dimcnsional refinoment of IC , .such 
that U, >■<■ (S„((S; L, Q,), U, > mXi, Uo; Q,, Q.). Ui Q.,Q^) the latter 

being coverings defined in Lemma 4.1 and Theorem VI 3.6. 

In each element of lli there is a fundamental cocycle of *S, and wc may 
assume these are all on a IL > Ui . Let P* assign to each vertex of Ui the 
corresponding fundamental eocycle on U 2 . Then there exists a cochain realiza- 
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tioji T* of Ui A Qa of noim < (S_on tU A Qi , where Ua is a rofinGmeni of the 
S)„(U2, A (Qa) and S)„(Ua , Qa , Qi) of Lemma d.l sucii that tV“’'(Ui) =» 
TrfUa) is a eocycle in Q2 . Then Yrdla) is a compact cocycle of S. 

To show that the cycle Z"~' = y, ^ T" 7““'' in Q, wo first form a complex 
K from Ui A Qa just as the complex K in tho proof of Theorem 4.2 was formed 
from Ui . And ns in the proof Just cited, wq make a partial realimtion t' of 
K on Ut of norm less than ll,T(U; Qz, Q:) which can be extended to a realization 
of K on (Ui V ltd) A Qi . TIk; chain will now bo on (Ui U llo) A Qi , 

and ~ on Qi . And by Corollary VT 3.7 tliis is sufficient in 

order that 7"" ^in Q. 

Finally, if 7"”'' 0 on Li , then there is a chain on Ih A L\ such that 

== 7"“'CUi). Then is a chain on lU such that - 

^ - tV^(U,) = 7r(n3). Honco 7r(lL) 0, aud as 

is on Lx, it is only nccossaiy to choose the coverings omplo3’-e(l aliovo 
"sufficiently small” in order to make 7r(ll3) 0 in P. 

5.6 Definition. If P and <3 are open sols such that P D Q, tlicu Ijy tho 
symbol h'{S\ Q; P) we denote the group of compact cycIo.s in Q rcclucod modulo 
the subgroup of those that bound in P. 

6.6. Lemma, If P and Q are open subsets of an orienlahhn-yni such lliatPlis 
compact and Q Q P, then there exists a linear homomorphism of IhiS-, Q, 0; P, 0) 
onto ]r'(S: Q] P). 

Proof. Let 7, bo a compact cocj^clc in Q. T'hoii <^(7,) — 7r 1”‘ == y"'\ 
where F" is the fundamental cj^clo of S, is a compact cycle of Ami if 7, 
coboimds on a compact subset of P, tlicn ^0(7^) bounds on a (’(inipaiit subset 
of P. Ilcncc (p induces a homomorphism 4’ of Ifr{S\ Q, 0; P, 0) into 
fr^S: Q; P). 

Lct7’’‘'’' be a compact cycle of Q. Then Lemma 5 'I, tiicn' ('\is(,s a comiiact 
cocyclo 7r = T V"'" hr Q siicli that <p(yr) 7''"’’ in Q. 

6.7 Lemma. With P and Q as in Lemma 5 0, there exist open sets 7”. Q' 

such that 7’ 3) P' S Q 3) Q' and such that if A, B are closed sets such (hat P D 
A 3 P'. (3 D P D) Q', then ir^S: Q; P), 8, 8 ^ A; A, A - B), 

H"'''(8: B, 0; A, 0) and h"''(8: Q'; P'} arc all linearly isomorphic 

Proof Let [z”'''\ l)o a collection of compact c.ych's in Q, finilc in number, 
that form a liasis for homologies in P. Consider any open s<‘(. IT smih that 
P IF 2) Q- To form a ba.sis for compact cycles in Q rolalivo to liomologics 
in ir, wc may add to {zT''] a finite sot {7r’'| of compact cycles of Q. Now each 
■v""' ~ H in P; let F, bo a compact subset of P on which Lliis homology 
relation holds. Then we may select P' so ns to contain \J F, and so that 
P 2 P' 2 ir. Evidently ir\8\ Q; P) - ir'iS: Q; P') = )r^{8-. Q; A), 
where A is any closed set such that P 3 A 3 P', and h'‘~"{S: Q\ A) is the group 
of compact cycles in Q reduced modulo the subgroup of those that have co¬ 
ordinates bounding on A. 
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Lot B, 1)0 a oompacfc subset of Q that carries z* and lot Q' be an open set 
such that Q ^ Q' 'D \J Bi . Then Q] P) = }r'{S\ Q; A) = 

B, 0; A, 0) = }r\S-. Q; P') = ir^iS: Q'; P'). 

By Theorem V 18.30, 77„_r(^: S, S - A] S, B - B) ^ B, 0; A, 0) 

and the lemma now follows from the above relations. 

6.8 Lemma. With P and Q as 'before, there ex%si P' and Q' such that P ^ 
P' ^ Q ^ Q' and such that if A^, B' are open sets sudi that P 2> A' 2) P^ Q_p) 
B' 2) Q', then there exists a linear homomorphism of S, S — A'; S, S — B*) 

onto iriS: S, S ~ P; S, S ~ Q) [= ir{S: S, S - P'\ S, S ~ Q% 

PnooE. By Theorems V 18.31 and 1.1, ir(S: B, S ~ P; S, S ~ Q) == 
11^(8: Q, 0; P, 0). Let {zi] bo a finite collection of cocycles in Q forming a 
basis relative to cohomologies in P. By virtue of Lemma V 8.7 we may assume 
each zl has a eiin'ier whose closui'c lies in Q. Then there exists an open set 
Q' such that Q Q' and such that Q' contains a set of carriers of the cocycles 
z'r . If TT is an open set such that P 2 IF" 3 <3, n basis of compact cocycles of 
Q relative to cohomologies in W may be formed by adding to { 2 :^) a finite 
colloction of cocyclG.s {y‘\ of Q- Each yj is cohomologous to a linear combination 
of the z‘r& in an open sot whose closm-o lies in P, and wc may select P' D IF so as 
to contain such a subset of P for each of the y* . Then 77,(<8: Q, 0; P, 0) = 
Ur{B\ Q\ 0; P'^ 0) = 77r(*S: P', 0; A', 0) for any such open sets .4', B' as in 
the statement of the lemma. Consequently by Thcomm V 18.31, IP{B\ P, B — 
P; B,B-Q) = IPiB-. B, B - P'] S, S ~ Q') = Jr(S- B, -S - ^1'; S, B - B'). 
We note, iiuiidentally, that if {r'} forms a basis of cycles mod B — P relative 
to homologuis mod B — Q, then the T' , consideml as cycles mod B — P' , 
form a basis relative to homologies mod S — Q\ _ 

Witii A', B' us al)Ove, comsidor a cocyclo moil B — A'. Let ip{Z„^,) — 
Z„.r ^ r’‘ = where P" is the fimdamental cycle of .S’ Inusmueli us 
[dZ„-^) is on *S' — .4', the chain 1”^ is a cycle mod .S’ — .4'. If Z„^r 0 
mod .S' — B', then there exists a chain C'""’’"* of some rermemimi ^ of the covering 
carrying Z„,r , such that T Ln-r » whcic L„-r i« ni S — B', 

and again it follows from tlio fonimla for llie boundary of jv cup i)rodiict that 
Oicr-'-' ^ l'"(4i)) = ^ r(Sii) mod S - B', so tiiat 1” 

mod B — B', Ilonco (p induces a homomorphism of II„.r{B: B, S — A'\ 
B, B - B') into ir(S: S, S - A'; S, B - B'), 

To show Lluit this homomorphism is imlo, wc may consider tp as a homo¬ 
morphism of JI„-r(B: S, B — A"; S, B — B') S, B — P; B, B — Q). 

Let r' be a cycle mod B - P. As B ~ P and A' are nonintorsccLing closed 
^Ls, there is a covering U such that no clement of U meets both S — P and 
A'. Wc now use tlio methods of the proof of Theorem 4.2. I.et 7 ,,-r , 

a chain of U 3 . Since T'''dr'' is on — A', y„-r is a cocyclo mod S — A". The 
chain = t'^F’’ ^ F" is a cycle mod S — A’, That Z' F’’ mod B — may 
be shown by a virtual paraphrase of the corresponding part of the proof of 
Theorem 4.2. 
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We can now state, as a result of Theorem V 18.31 and Lemmas 5.6-5.8: 

6.9 TirisoREM. Lei P and Q be open sets in an oricnlahlc n-gm S s^ich that 

P <3 and P is compact. Tfim there exist open sets P', Q' such that (L) P ^ 
P' ^ Q Q' and (2) if A and Bare open sets sucji thatP DAL) P',QDBDQ', 
then ir(S\ S, S - A; S - B) =- P, 0; A, 0). 

5.10 Now suppose a spaw S is the union of a countable set of open sots 
Qi , ' • • , Q, , ' •' such that Q, is compact and Qi C Qm i for all i. Then by a 
-fundamental system of infinite r-cycles of S we sliall mean a collection decom¬ 
posable into sets (PI of in finite r-cycles such that (1) (Pf C (Pl+i, (2) the elements of 
(Pf form a base for infinite r-cycles of S TClative to homologies mod S ~ Q, . As 
we shall see immediately beloAV, for an w-gm the sets (Pf are finite, so iimt the 
colleotion u (Pf is countable. 

5.11 The subspace of generated by cosets corresponding to a funda¬ 
mental system of infinite r-cyd^ will be denoted by and called the rth 

infinite fundamental homology group of S over For finitc-climcnsional 
$/(jS) and §’’(*8) are the same. 

5.12 Theorem, If S is an n-gm Biot is the union of a countable collection 
of compact point sets, iheii ^}(S) is of countable dimenmn for alli\ Moreover, 
(here exist (1) open sets P,, • • • , P*, • • • whose union is S such that Pk w compact, 
Pk C Pk*i , and (2) a fundamental system of infinite cycles Tf , • • • , I'l , • • • 
such that for each k, T[ , • • • , rje*, form a base for infinite cycles of N relative to 
homologies mod S — Px . 

Proof. The existence of the seta P* follows easily from the fact lliat S is 
the union of a countable collection of compact point sots. 

By Theorems V 18.31 and 1.1, p'(S: S, S ~ P, ; N, S - I\) is finite In 

particular, only finitely many infinite cycles of S can l)e lirli mod N — 1\ , 

and tliei-e exists a finite set of infinite cyele.s, V[ , • • • , rff,, forming a base 
for infinite cycles relative to homologies mod S - P, . Passing to , a base 
for infinite cycles relative to homologies mod S — Pz may bo formed Ijy aug¬ 
menting the collection Pf, ■ • ■ , r;,i, by cycles Pfo,.! , ■ • ■ , I'La, , by virtue 
of Lemma V 18.26; and so on. 

Remark. Since an open sot ivith compact closure must eventually lie in 
some Pk , if an infinite cycle P" fails to bound on S, then there exists k such 
that P' ^ 0 mod >S - P^ . Hence r ~ aTf ,a'E^, mod S ~ 1\ . 
This does not imply that P' oTI on S, however; for a homology 

r' 0 on »S implies that P" ~ 0 mod S — P*/or all k. 

5.13 Theorem. Under the hypothesis of Theorem 5.12, if is of finite 

dimension, then = ©'(jS). 

Proof. If §;(>S) is of finite dimension, then the cycles TJ of Theorem 5.12 
form a finite sequence PI, * • • , rj(*, , and if is any infinite cycle of S, r*" 
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^ “ Pk+i iov all natural numbci« i. Since if Uy is any open 
subset of S with compact closiiro thei'o exists i such that P*+, D Uy, it is clear 
that r" a'rJ mod S ~ Uy . The cycles Fl, ** ■ , rl(j,) are lirli mod 

S — Pk, honco lirh on S by dofinition. Thus they form a base for 

5. Ld Tni'ioiuoM. Let S he an onentable n-gin which is Ihe union of a countahle 
colleclion of compact point sets. Then = A""’’(/S) for 0 ^ r g n. 

Piioop. As in the proof of Theorem 6.12, may express S as \Jk~i Pk 
wliero (1) Pk is open, (2) P^ is compact, and (3) P* C Pt+i • 

Now dim cannot bo an uncountable cardinal. For it it were, then, 

sinco F compact implies a k such that F C. Pk , there would exist a k such that 
Pk contains coordinates of an uncountable sot of lirh compact cycles of S. But 
by Corollary VI 3.8 at most a finite number of compact cycles of arc lirh 
in Pin* 

Now suppose is of finite dimension, m. Let 7 ? , 7 rn‘’' be lirh 

compact cycles forming an {n — r)“dlmen.sional homology basis and let k bo 
any integer largo enough so that Pk contains carriers of all tho cycles 
Now P* ; m) is of finite dimension, and since the cycles 7 """ are a 

fortiori lirh in , wo may select cycles 2 ?"'', ••• , zT" on compact subsets 
of Pk in such a way that every compact cycle of P* is rohiLcd to tlic system 
7 r") • • • » 7 "^^ 2 ""') ' • ■ > by a homology on a comjjact subset of 5. It 
follows that there exists an integer j such that only the cycles 7 "“’' are liih in 
Pk\, and consetiuenily that Pk ; Pk*,) has dimension m. 'Uhon for all 

integ(irs s > tho dimensions of /Pf.S': *S', *S — P*,, ; *S', — Pk) and 

J\ , (1; Pn < , d) are m, by 'J'lioonun 5.9, and it follows that dim ^ 
m, and eonseciiioiitly <lim ^ 

N(‘x(, Huppos(i «f finite dimension, h. Tlicn by Theorem 5.13, dim 

s= /i. By d’heorems 2.10 and V 18.10, = hr(jS), so that dim 

hrOS) » /i L{d 7 i , •" , 7 ? bo compact cotjyclos of S, linearly iiulcpendent 
dilative lo eohoinnlogy in jS. Lot i l>e any integer large enough so that ]\ 
contains carriers of ull ilic {-ocyclos yl , • • • , 7 ? • By reasoning similar Lo that 
employed in the i)ro(‘(’ding paragraph, there exists an iut(‘ger t such that dim 
/AOS: J\ , 0; J\,, , 0) = f>, and this holds for all integers t" ^ L Jiy f.iMnmu 
5,(5 there exisLs a homomorphism of //,AS: P., 0; P,*, , 0) onto P ,; P,*,). 

It follows that dim P. ; P,*,) ^ h. And because of the fact that i and 

I may be taken ns largo ius wo please, it follows that dim h" ''{S) ^ h. 

Thus if citlicr or is of finite dimension, tlicii the other is of 

finite, but not greater, dimension. Hence if either is of finite dimension, their 
dimensions are equal. And since if both arc of infinite dimension these dimen¬ 
sions arc aloph-null, the required duality follows. 

5.16 Lkmma. Let S be an orientable n-gm which is the union of a countable 
colleclion of compact point sets. Then ~ KiS). 

pROor. We showed in tho proof of Theorem 6.12 that dim ^/(S) is at most 
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a denumerable cardinal. That dim hriS) is at most denumerable follows as in 
the case of dim h'iS), except that the fact that S has property (P, Q)r (of. 
Theorem 1.1) is used instead of Corollary VI 3.8. 

Now if either or KiS) is of finite dimension, then = KiS) by 

Theorems 6.13, 2.10 and V 18.16. The only remaining case, then, is that where 
both And hr(S) are of dimension aleph-null. 

As a corollary of Theorem 5.14 and Lemma 6.36, wo now have: 

5.16 Lemma. Under the same hypothesis as in Lemma 5.15, hr{S) — h’'~''{S). 

6.17 kjmdamenial system of infinite r-cocycles of S may bo dofinod analogous 

to that for the infinite r-cycles. If Pi , ■ • • , P, , ■ • • arc as in Thoorom 5.12, 
we apply Corollary VI 3.9 to obtaii^a base Pj, ♦ • • , of infinite ?‘“Gocycles 
lelative to cohomology mod ;S — Pi ; augment this to obtain a base relative 
to cohomology mod — Pa ; nnd so on. The corresponding space is 

then defined as the subspace of -^r(»S) gonoraied by the homology classes of 
the P's. 

6.18 Lemma. Under the same hypothesis as in Lemma ~ 

Proof. It was shown in the proof of Theorem 5.14 that dim ^^{8) is at 
most denumerable. The lemma now follows easily from Theorem 2.5. 

As a corollary of Theorom 6.14 and Lemma 5.18 wo have: 

6.19 Lemma. Under the same hypothesis as in Lemma 5.15, ViJ(aS') = 

6.20 Hbmark. In the applications, particularly to o])on 8 ubs(‘tH of an 
oi'iontable n-gem, the abovo results will continue to hold whonovor the number 
of components is countable. This will bo tho case whonovor the ?i-gcm is ijor- 
footly normal, as will bo shown later in another connection (Theorom XI 2.17). 
It is necessary to show, however, that in such a case condition D' holds for oacli 
component: 

5.21 Theorem. If S is a perfectly normal orientable fHjm, and M a closed 
subset of S, then every component of S — M satisfies condition J')^ 

Proof. Let be a component of 8 - ill, and Z" an infinite cycle of C that 
is on a closed (rel. C) proper subset F' of C. By Lemma 0.1 liclow we may con¬ 
sider Z" to be a cycle mod 8 ~C = M'. Let C — F' - Uy, By Lemma VII 2.3, 
there exists a minimal closed subset F oi S — Uy containing M' sucli that 
Z" ^ 0 mod F. By Lemma VII 2.6, F is unique and a closed carrier of Z'\ 

Suppose P n C 5 ^ 0. Then there exists x ^ C r\ F such that a: Ip C ~ F. 
Let f7 and 7 be open subsets of G such that x&V GU and p"{x\ U, V) = 1. 
Then there exists a relation 

(5.20a) aZ" + &y" 0 mod S ~ V, a, 6 £ 0 ^, 

where 7 " is the fundamental cycle of S and not both a and b are zero. Now 
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a 0 by Lomma VII 3.G; and if & = 0, (S.20a) implies F is not minimal since 
(5.20a) can bo considored an idontifcy, inasmuch as »Si is n-dimensional; and 
with a 0 5, C5.20a) implies 7 " = —afWF on V. This is impossible, 

sinco tho set ^S' — H F is not empty and S carries 7 " irreducibly. We con¬ 
clude, then, that Z" = 0 and D' is satisfied. 

6.22 Remark. For the sake of completeness, it should bo stated that here¬ 
after the general open ?i-gni S is considered oriontnble only when each of its 
components satisfies D' and S Games a nonbounding infinite cycle that is not 
homologous to a cycle on a closed proper subset of S. 

6 . The Alexander type of duality for a closed subset of an n-gem. First proof. 
If P is an open subset of an 7 i-gm such tliatP is compact, and P is an F ,, then 
a group IFfiS) S, S — P) may bo defined relative to P in the same manner 
as was defined relative to S, except that instead of a fundamental system 
of infinite cycles of S, avg set up a fundamental sy.stem of cycles mod S — P. 
Wo fir.st prove the following lomma: 

0.1 JjEMMA. Tf P is an open subset of an n-gm such that P is compncl and P 
is an F„ then there exist natural isomorphisins §’‘(P) = IP(5; S, S — P), and 
^■);(P) = IFriS; S, S ~ P). 

(.'p’(P) and .Sp)(P) arc determined from P just as ^'>''(8) and are dc- 

tormiiKHl from 8.) 

Prooe. If r' is a cycle mod 8 — P, then V' dolermines an infinite cyele 
on P us follows' (.'onsider any covering ll{P) of P by a finiti' number of open 
scils. As the okunents of U(P) arc also oik*ii in S, ami F{P), th<' bomnlary of 
P, is ('ompiL(!(,, tliero exisLs an obvious covering U of 8 l)y a (mile laiinhor of 
opiiu K(!(,s consisting of the olomonts of ll(Pj and of a collect ion {) sudi that 
each V, conLains points of 8 — P and does not cover any ck'mt'ni of IhP). 
'I’he coordinate 1^(11) of an element of an iiifinilo cycle' r" of P on 

U(/’) may Uu'ii lie dob'rniiuod from the eoordinale of the given I’’ on U. It is 
easily sliuwn that, such a collection of coordinates yields an inliniti! cycle of P. 
And if tho cycle 1”^ mod <S‘ — P is liomologous to zero mod 8 — P, the liorre- 
s])onding iiilinito cycle I’’ of P will lie a bounding cj'de There exists, iken, an 
obvious lioinomorphism ‘I> of IP{S; S, 8 — P) into OTP) 

Ckmsidor an inlinitc C 3 a‘lo F' of P. By the dofinilion of infinite cyi'k;, the 
clement r[ of I”" on Pi is a cj-clo mod P — P^ such tluil IT = I’T, mod 8 ~ 

If U is a ooA^ering of 8, the collection U P is a covering of P, and there exists 
an integer Ic = /c(ll) sucli that U r\ Pi(u> = U Pi P and hence such that 
rbu,(UnP) = rhu)..{Un2^)foralU->0. LetFat) = rl(„,(UnP). Then 
^TU) is a cycle mod 8 ~ P on U, since AyTU) lies on 5 — Pi(U) and hence on 

— P. And if 93 > U, ira^y'i^) '--' 7 TU) mod<3 — P, since with k > max (/r(U), 
/f(93)) and the fact that rUs a cycle mod 5 — Pj,, we have 7riiiarA(93) r^U) mod 
iS — P* , which implies the former homology. Evidently if Ff , FJ are infinite 
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cycles in the same homology class, the corresponding cycles 7 ! , 72 mod >S ~ P 
will bo homologous mod S P. 

The proof that ^f(P) = H/{S; S, S ~ P) is loft to the reader. 

6.2 Lemma. Let Shea space suefi thal pa(-S) = pr'C'S) = 0. If M is any 
closed subset of S, then = Hp^{S', S, MI). 

Proof. Consider a, cycle (augmented) 7 ! on M. As p^iS) = 0, 7 I ~ 0 on 
S, and by Lemma VII 1.4 there exists a cycle rr' mod MI sucli that 

(6.2a) 3 rV*^ 7 l on MI. 

Now suppose that is any otlicr cycle mod MI such that dP^ ‘ ~ 7 ! on MI. 
Then since d(ri'*'‘ — F^') ‘~'0 on MI, them exists by Lemma VII J.O a cycle 
P’’^* such that rV' - r;'’* mod MI. By hypothesis, P" ‘ ~ 0 on S, 

and hence pV* 0 “lod ML Therefore by the above procioss a iini([UG 

homology class of S, M) is detennined, and denoting homology (dasses 

by parentheses, wo define a mapping : ( 7 I) ^ (Pf ‘). Lvidcmlly this dclinos 
a homomorphism : Ba{MI) — S, MI), 

The mapping 3 ms "onto.” For let (P'’^^) G. S, MI) 'I'licn by L('injna 

VII 1.1, dP'"^* is a cycle 7 ' of MI, and wc can use and dl""' ‘ as tlic 
and 7 ^ of relation ( 6 . 2 a), giving that‘P(dr"'^') = (P^"'). 

Finallj’', 'I is (1-1). Suppose ^( 7 !) — 3>(72), Take PI", PV' siu-li I bat 
drV^ y' on MI, { — 1,2, Fl"^* Iwing a cycle mod MI. liy liypotlK'.iis, I’L ‘ ~ 
mod MI and, by Lemma VH J.5, d(rl''‘ — PV‘} 0 on .1/. Ibaicc 
dPl'^* drP‘ on MI, implying that71" -^73 on MI. 

Remark. The augmented case of the “/-spac(}.s'’ is again (i<‘iio(»'<l by lhc> 
addition of an index "a”; such as7/Ja(jl/), for instance. 

6 3 Lemma. If MI is a compact Gt and S is Ic/, tlun the /i^oukh j)hif.fii 
3’ : fr„{MI) —> Hy^{S', S, MI) established m Lemma 6.2, vlrn apphal to 
is an isomorphism 3» : irf„{AI) Ilf^'iS; ^S, MI). 

Proof. Let { 7 !} bo a fimdamcntal system of (auginciiti’d) /-cycles ol M 
determined relative to a system of open seta {t^, | as in Thcoi'inn 5.1. For 
1, ■ ■ • , n(l), let dPj'^* = 7 ^ on S. The cyeles Pi' mod arc, lith mod 

Ui. For if thcro exists a i-clation «'Pr*'v Lemma 

VII 1.9, there exists a cycle Z'*^ mod 11/ on 17, such that 

n<t) 

(6.3a) Eo’r:^’ mod MI. 

Relation (6.3a) implies (Lemma VII 1.2) that d(X)"lV dZ'"' on MI\ 

i.e., dZ'*'’ ~ But since lies on Ui , this implies (bat 

a'y, ~ 0 on C/i, contradicting the fact that the cycles 7 ^ arc lirh on IL . 
Now suppose ia any cycle mod Lety" =dr''^'. Then 7'" 
on Ui . HencebyLcmmaVHl. 6 , them exists a cycled'''’ such tlmtZ''^ ~ r'“'^ 
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- EiiV mod . Since p:*\S) « 0, Z'-^^ 0 on S and therefore 

Hcncotho 1, ••• , n(l), formabasoof (r 4- l)-cyclos mod i¥ relative 

to homologies mod Ui . The i-omaindcr of tlic proof should bo clear. 

The duality theorem of Alexander tyi>o for an ?i-gcin may now be stated in 
the following form: 

0.4 O'liicoRTOM. Let S be a perfedly normal oricniahle n-gem and r a non¬ 
negative integer < n such thaip'iS) ~ pr‘(jS) = 0,?/f < - 1, and pT'(S) = 0 

if r = n — L (or pl(S) = 0; cf. Theorem 4.2). If M is a closed subset of S then 

HUM) - hr^\s - m- 

Case r < n - 1. By Lemma 6 . 3 , U)a{M) = ITfViS) S, il/), and by Lemma 
0.1, I-VfViS] S, - M), By Lemma VII 3.6, if 7" is the funda¬ 
mental cycle of N, 7” 0 mod M and hence bj'- Lemma 0.1, there is a non¬ 

bounding infinite 7i-oycle on S — M. Thus S — M is an orientablc n-gm 
and by 'riioorem 5A4, - M) = - M). 

C-ase ?■ = u — I. By Corollary 3.2 and condition C, the hypothesis of Theorem 
VII 5.10 is satislied and consequently M is rt-cxtendible (VII 5.1) at every 
poini,. Hence 'riieorem VIT 5.9 applies, with m = L, and p'‘~\i\I) = k — 1 
(k may = £»). By Theoiem VII 5.7 and Corollaiy VII 5.8, k = p,XS; S — .1/, 0). 
That IS, dim ]iy\M) = dim N — Af, 0) — 1, which by Thonrem 2 12 = 
dun li„(S — M) — 1; and the latter, by liOmma 5.1(5, = dim /<"(N — M) — [ = 
dim hll{S — J/). 

7. The Alexander type of duality for a closed subset of an u-gem. Second 
proof. In this s('clio]i we give a jjroof of the Alo.xnndor lyjic' of duality winch 
l)rings out iiilcir(ilationship.s of a typo not ilisccniililc in the proof given !il)0\e. 
For tJu; lusv [iroof we need the following (lieorcm. 

7.1 d'j)i;()iU‘;Ar. If »S' is a locally compael, le' .space such (hut for some r, 

p"(A) — /fbi(N) = {), M isacompaelOt siihsel of S, and {7') is a base for eoryclcs 
mod .S' — M irlutivc to cohomologies nunl .S — M, dclcrnihivd as in Theorem 
VI 5,8, Hint the eoeyclcs 7', i = Sy' foim a lnt.se for compact (r -1- ])~coc}/('les of 
.S' — M relative to colKmiologics in S — Af. hicidentaUij, then, = 

” ¥)■ 

PiiooF. Witli sets Um as in 'riicoi'cm VI 5.8, if y,^x is a compact cocyc^ of 
.S — i!/, tlion llicro exists (/„ such that 7r 11 is a compact cocyclc of .S' — 17,„ . 
Since Prn(A’) = 0, there exists a covering U ai^ a chain F,. of U such that 
^Fr = Tr m(U). Then Fp is a cocycle mod 5 — f7„ and because of the manner 
in which lire cocycles y\ were determined in Theorem VI 5.8, there exists a 
cohomology 

n(m) 

a,7J mod S — AI. 


(7.1a) 
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Relation (7.1a) implies the existence of a chain such that 

*•(«) 

(7.1b) Wr-i = r, - T,a,yl-\-Cr , 

1-1 

where Cr is in 5 — M (wo leave out the symbols for coverings and projections 
for sake of brevity; we may assume all coverings employed to be of the typo 
IQ of Lemma V 8.7). Applying S to both members of (7.1b), recalling 5^^ = 0, we 
get 

■i(n) 

(7.1c) 6 Cr = 2 a,yUi - 7 r+i • 

Relation (7.1c) implies that 7 r+i S?-™’ ^iTr+i in /S ~ il7. 

The Gocycles 7 J +1 arc lircoh in iS — M. For suppose not. Then there cxi.sls 
a relation dCr = diyUi in S — M. But then aM — C'r is a cocyclo 

of S and, since Pr(*S) = 0 , is a cobounding cocyele. But as Cr is in S — M, 
this would imply 22?!? OiYr 0 mod S — M, in contradiction to the fact that 
the cocycles yi are lircoh mod S — M. 

7.2 The second proof of the duality proceeds as follows: In case r < // — 1, 
it follows from Theorem V_18.31, Theorem 1.1, andJfjommus 5.0-6 8 (with 
P - S - M,_Q = 5 - UJ, that Ilr.xiS: S ~ U,„ , 0; .S’ - .1/, 0) - 

S — Um I S — HI), where the sots M, U„, are as above. Wo recall 
(cf. proof of Lemma 5.0) that tliis isomorphism is induced by a mapping 7 r 11 
yr+i /-s r", where F" is the fundamental cycle of S. In particidar, the cycli'.s 
^ r", i g n(m), foiTu a base for cycl(\s of S — Um rolalivo to 
homologies in >S — M. The collection { 7 ^'^"') determined in UiIh way for all 
TJm determines a base for /^"'"'(S — M). For (1) any compact cych* of .S' — M 
lies in some S — U,„ , and (2) any homology_rclating a finilo nuinhin’ of llio 
cycles 7 r""' in 5 — M would hold on .some 5 — , and imply nonindopcndi'iico 

of the corresponding cocyclos yj*, in tlic isomorphtsm referred to aliovi'. 'Tho 
theorem now follows, for this case, from Thoomm VI 5.8 and the aliove 'I'heonim 
7.1. 

7.3 Now the chiefly noteworthy featum of the above proof is that it .s(“ts 
up the desired isomorphism in a natural way; to each 7 ! of the liase of cycles 
onM is made to correspond a cycle y?"’’"* of 5 — M in such away lliat tlio cyclo.s 
7 " ’’ ‘ form a base for {n r ~ l)“cyclcs of 5 — il/ relative to homologies in 
S — M. It would bo desirable likemso to determine a base for the augmented 
0-cycles of .S — M in an analogous manner. In order to accomijlish tliis, we 
need an analogue of Theorem 7,1 for the case r == n — 1: 

7.4 Theorem. IJ S is an orieiUabU n-gm such that p„-i{S) = 0, M is a 
compact Gs subset of S, and { 7 i_i} is a base for cocycles mod S — M relative to 
cohomologies mod S ~ M d^rmined as in Theorem VI 5.8, then the cocycles 
y'„ = Sy’-i , together with a fundamental cocyele r„ in S ~ M, foim a base for 
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comi:)act n-cocycles oj S — M relative to cohomologtes in S — M. Incidentally, 
- dim K{S ~ M) ~ 1. 

Proof. Lot 7 ,, bo a compaot cocyclc of jS — 0 ia — M. Thoro 

exists Urn as before such that 7 ,. a-nd r„ ai *0 in, S — C7„ . As r„ forms a base 
for cocyclos of S relative to cohomology on S, y„ ^ aP,, on S. Accordingly, 
on somo covering U, there exists a mlation. 

(7.2a) bC„., = 7 ™ - or«. 

Let L„_i be the portion of C„-i on . Then is a cocyclo mod S — U„i , 
and therefore 7/„_i ^’,‘- 1 ’ a, 7 ,',_i mod S — M. Hence on somo 93 > U, 

there exists a relation 

B<») 

(7.2b) 5C„_2 = 7rSo7/„_i - 2 + Qn~i , Qn-i in <5 ~ M. 

1-1 

Applying 5 to both sides of (7.21)), 

n(m> 

(7.2c) • 

From (7.2a) and (7.2c) it follows that 

(7.2d) 5(7ri'ituC,i_i 7rusjZ/,|_i Qn-i) = ’•'utTii fl'S’uioPii ^ 0 / ni7n • 

.-1 

Halation (7.2d) impUc's that 7 ^ ^ «Ph + '*, 7 ^ in S — M. 

That the cocyclos 7 ,', arc lircoh in S — Al follows as in the last paragraph of 
the proof of Tli(!oroin 7.1. Now .supi)o.s(* that there ovists a relation 

(7.2c) 56'““^ = X; rt. 7 ; + «r„ in - M. 

Then not all the a, are zero, .since r„ wumot coboiind m S — d/. And a ^ t), 
siii(‘<! tlic 7 ,'. arc linaih in .S — .1/ Wc may' Lhoi-eforc rewrite (7.2t“) in tlic feriu 

(7.2f) 60"^' = E «.t; + Ih hi 6 ' - M. 

Th(‘n, since Sy’., = y'„ , wo have from (7.2f) that — XI '’h 7 »-i) = 1'.. . 

contradicting the fart that 1 ',. dot's not cobound on S. 

7.5 f-'a.se r = n — 1. d'his may now be established by noting that t.lie 
cycles 7 ? ~ 7 ", whore y° — ^ P", 7 ® = P, .-s P“ form a base for (angmentod) 

cycles of N — M relative to homology in S — AI. 

7.0 Inverse form of the second proof. AVe now I’aise the (lucstioii: Can wo 
not reverse the above procedure, starting with a base for cycles of S — 21 
and making correspond thereto in a natural manner a fundamental system for 
cycles of A/? It is easy to see that the answer is affirmative. Indent, in case 
r < — 1, starting with a base 7 ?“'”*, • • • , yBru"* fo*' cycles oi S ~ Ui relative 

to homology in 5 — M, we pass to the set y^+i = T*y”~''~\ i ~ 1, • • ■ , nfl) 
which forms a base for (r -f l)-cocycles in 5 — Vx relative to cohomology in 
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S ~ M, Since Pr+ii^, sO — tiicre exist relations dCj. - on S. The 
chains Cl ai’G_cocycles mod S ^ Ui and are easily proved to form a base for 
r-cocycles of Ui relative lo cohomology mod S ~ M by methods similar to 
those used above. Ilcnce there exists by Theorem V 18.30 a base of cycles 
y’j on M, i = 1, • • ‘ such that C^jyJ = . The cycles y] form a base 

for 7 ‘-cycles of M relative to homology on 17,. __ 

In the case r = n — 1, a bMO for (augmented) 0-cycles of iS — Ui , lirh in 
S — M, consisting of n(l) nontrivial Onjyclcs, determines exactly ?i(l) -\- 1 
components!),, j = 1, • • • ,«.(!) •+■ 1| of— M, that meet S — Ui (cf. Theorem 
V 11.10). Lot ill, r,\ , ••• , n'*’ bo fundamental cocyclos such that 1 ’,' lies 
in Dj r\ {S — Ui). Since P® on 5, f = 1, • ■ • , n(l), thoro exist chmns 
Ci-i such that SCl-i — P® — Pi . The chains arc cocyclos mod — Ui , 
lircohmod S — M, and thoro exist cycles 7 ""^ of il! such that 7 ’,'”'= 8', . 
Wo leave further details of the proof to the rentier. 

8 . Linking theorems. The significance of tlie second proof of the duality 
above becomes plainer if wo consider a relationship of cycles which may l)o 
called “geometric linking.” Here w considor only subsets of a gem S and wc 
assume that S is spherelike in the dimensions considered (otliorAvise wc are in a 
position similar to that in which we would be if wc disciissod cut poinhs of 
nonconnccted seisl). 

8.1 Definition. A cycle 7 ’’ will bo said to ImJc a s(d of points M in ,S' if 
y’' is on a compact subset of iS — M and docs not bound on a comiiacl. set tluM-cnn, 
(Compare the use of lire term “link” in the euclidean case, as in (lui proof of 
Theorem II 5.22.) 

8.2 Definition. If 7 '' and 7 ""''”‘ are cycles with disjoinl, closc'd eairiers, 
and neither bounds in the complement of a closed caiTi('r of Lli<i oilu'r, llx'ii 
we say that 7 ’’andy'’"'ni’c imfccd In iS. Two homology classes { 7 'i, [ 7 " ’‘‘I 
of compact M, S — M, resiicclivcly, will be called linked in .S’ if every eleineni. of 
the one is linked in S witir ovciy clement of the other. 

(In the case of both 8.1 and 8.2, wc shall freiiucnlly leave oul. (.ho plirase “in 
5” ^^dIenever 8 is the sjraco under consideration.) 

8.3 TiiEonEM. Let S and M satisfy the hypothesis of Theorem G.l. Then in 

the isomorphism between and — M) established in the second 

proof {and tls inverse) of Theorem 6.4, correspofiding homology classes arc linked 
in S. 

Proof. We may as well considor the classes corresponding to y\ and 71 "'"' 
in the notation used above. Lot 7 ’’ ~ 7 I on M and 7 '*"’'"^ ~ ‘ on a closed 

subset of iS - M. Let W be a canler of in S - M. Wc shall show that 7 ' 
and 7 ’'”"”‘ are linked in j?. Suppose there is a closed carrier (7 of y'”’ such that 
7 '" 2 :; 0 on a closed subset T oi S - C; evidently we may suppose C r\N C S 

— Ui. for some/f. Let Q bo an open set such that C H iV C Q C iS — (U* U P). 
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By Lemma 6.4 there exists a cocyde 7 ,+i - in Q such that 7 r+i_^ 

r" in >Si — M. Now fronithe isomorphism between S — Vk, 

0; ” M, 0) and S ~ C/j,; jS — iW) (7.2) as established above by 

products of type y,+, .-s r‘, wo know that ^ Tr'"’ in S - M implies 
Tr+i in S - M. 

If U is a covering on which y^+j , i and yj have representatives, there 
exists a relation 5C'r(93) = irusuTr+i — TuoyJ+i in 5 ~ M, This relation together 
with the relation SttW, = irUyln gives 5[Cr(5S) + TrSavi] - rg^y.+i . 
Since yr+i is in S — (Uk W T), the portion of Cr(S5) + TrSoyr on Uk U T is a 
cocycic Zr mod S - {Uk W T). And evidently ^r-yf - yj-yf = 1 . Butyl 
y" 0 on M 'U 3', so that Zr -yl = 0. 

Suppose that there is a closed carrier K of y*^ such that y""’""* 0 on a closed 

set J G S ~ K. Let P bo an oper^et such that J G P G S — K. This time 
we^lect Uk so that 7" r\N GS ~ f/* and the cocycle y,n = rV'”""* in P A {S 
— Uk)- Note that ym ^ 0 in P. (See Lemma 5.4.) Let us take Cr{^) as 
before, and let 5L,(9i) = TrSmTr+i in P. Then irS«yJ -j- 0^(33) — Lr(^) is a cocycle 
of S, and as pr{S, S') = 0, there is a covering SB such that 

(8,3a) TvUyl + T%^Cri^) - irUUm ^ 0 on S. 

Now .since ir^jnCri^) is in S — M, rclation (8.3a) implies that yi — Z, , 
whore Z, is the portion of Lr(9$) on M, is a coboundmg coeycle mod S ~ M. 
I-Tcncc (yr — Zd-y’’ = 0. However, Zr'y’’ = 0, and therefore (yl — Z,)- 
y' = y'r-y' = yl-y\ = L 

We may slate, then, as a result of the second proof of Theorem 0.4 and its 
inverse, LluiL 

8 .‘J 'J'liKOHi-'.M. }f cycles y\, i = 1, 2, • • • , form a Junflamcnlal synlem of 
r~cyclcs for Ihc set M of Theorem 0.4, llicn a base Z" f = 1,2, • • • , for compncl 
cycles of N ~ M rclalii'c to homologies in S — M can be seleclvd in such a manner 
that the homology classes (yi), nrc linked for each value of i Conversely, 

if cycles i — [,2, ■ ■ ■ , form a base for cycles of .8 — Af relative to homologies 

in N — il[, (here can be, found a fundamcnlal system of r-cycles, y\ , i =], 2, , 

of ]\[ such that the homology classes {yl}, arc linked. 

8.6 Tiimouem, Let il/ and S be as in Theorem 6.4 Thru if y[ , i = I, 2, 

• • • , form a fundamental system of r-cyeJes of il, every uonbotmding {n — r — 1)- 
cycle of S — M is linked with some cycle yl ; and if ZG' \ i = 1,2, • • • , form 
a base for compact cycles of S — M relalive to homologies tn S — il/, then every 
nonhoumhng r-cycle of il/ is linked v>ith some cycle 

Pitoor. Given the base of cycles ZN’’"', let a fundamental sj’stera yl , 
f = L, 2, • • • , of 7 ’-cyclcs of M bo determined as in the inverse form of the 
second proof of Theorem 6.4. Lot y'' be a nonbounding cycle of il/. Then 
Er-. a<yl on il/. Let a,„ be the coelBcient of smallest subscript that is 
not zero, and suppose n{h — 1) < m ^ n{k) in the notation used above. Then 
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with Ui as in the proof of Theorem 8,3 it may he shown that 7 " and ‘ arc 
linked. 

Similarly, given the fundamental system of cycles 7 ", wc may determine the 
base of cycles 2 ""’’"* as before, and if is a nonboimcling cycle of .8 - M, 
then in S - M. And if a,^ is a nonzero coefficient, 

then Z""''"’ is linked with 7 ^ . 

8.6 Corollary. With M and S as in Theorem 6.4, if y’’ is a nonhounding 

cycle of Hjiheny'islinkediviih a compact cycle Z''~’'~^ of S — M. And if Z" ’’ ^is 
a compact aycle of S ~ M that fails to hound in S ~ M, then is linked 

with a cycle y' of M. 

Evidently the above method of proof also shows: 

8.7 Corollary. If systems ( 75 } and {Z'r'~^] are selected as in Theorem 
8 . 4 , then every finite linear comhination of cycles of one system is linked with a 
cycle of the other system. 

Sometimes, in the sequel, wc shall be concerned not with a complete funda¬ 
mental system of cycles of a closed set, but with a sot determined in the fol¬ 
lowing manner: Lot M be compact, and G' a subgroup of the group of ?’-cyclo 8 
of M. In the above proofs wo may confine our attention to cycles of C?" in the 
following fashion: In Theorem VI 5.8, lot 7 !, • ■ • , 7n(n 'JO sot of cycles of 
(?'■ lirh on and such that if y' is a oyclo of then 7 ' is homologous on IJ\ 
to a linear combination of the cycles 7 I, ■ • ■ , 7 ^( 1 ) , etc. In tho manner indi¬ 
cated there may be obtained what might bo called a fundamental system of 
cycles of relative to homologies on M, 

8.8 Theorem. If M and B are as in Theorem O.L and G' i.‘< a rpmtp of r- 

cycles of M, then there exists a fundamental system, 7 ' , z = 1,2, • • • , of cycles 
of Q' relative to homologies on M, afid a system of hrh compact cycles ZT^~\ 
f « 1, 2, • • • , 0/5 — M such that tho homology classes ( 7 '}, [Z'r'~^\ arc linked far 
each value of i. Moreover, every finite Unoar comhination of cycles of the system \y ") 
is linked with an element of and conversely. Indeed, if is a com pact 

cycle 0 / ^S — ilf 5 Mc/i that ~ in S — M, lohcre each c’ ^ 0, 

then Z'*"’'”' is linked with each of the cycles y\^„ . Similarly, if 7 ’' 2’/-i d' 7 hi> 

on M, d‘ 9 ^ 0, then y’’ is linked with each of the cycles Z'l~ff\ 

Similarly, we lia'\’'e the following theorem: 

8.9 Theorem. If M and S are as before, and E is a subgroup of the set of 
all compact (n — r — l)-cycles of S — M, then there exists a complete set 

of cycles of E lirh relative to homologies in S — M and a system { 7 I} of cycles of 
M such that the respective homology classes { 7 ^}, {Zr’’~') in M and S — M are 
linked for each value of i. More generally, if Z""’’"^ is a cycle of E such that 
^ c‘Z1If')~^ in S ~ M, where each c' 7 ^ 0, then is linked with 

each of the cycles 7 ^,) . Similarly, if y" 2"-! d'y\i,) on hi, d' 9 ^ 0, then y' 
is linked with each of the cycles 
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Finally, if 7 i j • * • > 7 * arc lirli cycles of 5/, finite in number, there exisDi. 
(Tlieorem V 19.7) an open set XJi containing M sucli that these oyeles arc lirh 
on Ui . Hence the cycles 7 i, • * • , y* may bo included in a fundaracnlal system 
of r-cyclcs for M. On the other hand, if • • • j are lirh compact 

cycles of jS — M, then for a choice of I7i such that B — Ui contain^compact 
carriers of all those {n — r — l)-oyclcs, the latter arc lirh in — Ui . We 
can state, then, 

8.10 Theorem. If M and S are as before, and , • • • , 7 ! are lirh cycles 
of M, then there exists a ficndamenlal system of r-cycles for M of which the cycles 
7i } • ■ • ,7* arc elements. Consequently there exist compact cycles Zr'~\ • • • , 
in S ~ M such that y'i and arc linked, i = 1, • • • , /o. Conversely, 
if Z1~''~', • • • , Zr''~^ ai'C lirh compact cycles of S ~ M, then there exists a base 
for compact cycles of S — M having these cycles as elements, and consequently 
there exist cycles 7 ^ of M such that 7 ' and are linked, f = 1, • • • , /c. 

9. A duality for nonclosed sets. The duality tiicorcms of the last three 
sections relate only to the cycles of a compact subset of a manifold and its 
complement. For certain purposes it is convenient to have a duality relating 
compact cycles of an arhitrartj subset of a manifold to compact c 3 ’’clos of its 
comploraonl. 

9.1 Tiiicorem. Lei il/ be an arbitrary subset of a perfectly normal oricnlablc 
n-gem B and r a nonnegative integer < nsuchlkal ifr<n — ], p^iS) — = 0 

and otherwise pT'(.B) =0. If y', , i ~ h ” ' t k, are com2}act cycles of M that are 
linearly independent relative to unrestricted homologies on M, then there exist compact 
cycles Z'r''~\ i = 1, • • • , Ic, of S — M suchthaty] and are linked. 

Proof. It follows from Theorem "NT 4 (5 tlmt (here exists an ()i)cn siihscL P 
of B (ionliuning J/ sucli that tlic cycles 7 ' are linearly intl('poii(I('ni in P relalivo 
to liomologii's on compact .subsets of P. lienee b,v Tlieorem 8 10, L]u‘r<‘ (‘Xist 
eompncl cycle.s Z\ of B — P C. B — M of the typo desired. 

PioMARK. Since j\[ is arbitrary, there is obvioiishv no need of a ‘'eonv<'rse” 
case (coviM’ing the case whore the cycles Z\ arc given insleud of y\j as in 
Tlieorem 8,10. 

B!BLTOGR.\i‘iiic.\l Notes 

§1. The dcfinilion of n-gm as given hero is that of IJogle [li] with an un¬ 
necessary axiom (reciuiring the .space to lie Ic") deleted. Earlier deliiiitions given 
by Cecil [b, c], Lcfschetz [c], Wilder [n] and AloxandrofT-Pontrjagin [i] did not 
utilize the (at the time nonexistent) Iheoiy of coeycles. 

§2. Compare Bogle [b]. 

§-l. References to Poincare’s papei-s and the original form of the Poincard 
duality may be found in Veblen [V]. The proof given here is based on Begle 
[a]. 
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§§6, 6, 8. For proofs of Theorems 6.14, 6.4, and 8.3 in the case where the 
Betti numbers of S or M are all finito, see Begle [b]. The original stalcincnt 
and proof of the Alexander duality theorem m\\ bo found in Alexander [a], 
Subsequent extensions, as for instance to closed subsets of a manifold, appeared 
in Alexandroff [c], Fronkl |a], Lefschetz [b, Lg], and Pontrjagin [a, b]. If M is 
a classical manifold and K ahoracomorph in M of some complex, Llicn Pontriagin 
showed in [d] that thorn exists an Alexander type of duality bct^vccn the cycles 
of K that bound in M and the cycles of M — K that bound in M. See also 
Alexandroff (k). For a discussion of an extension of his duality to spaces of 
infinite dimension, see Alexander (d]. The first proofs of dualities for goiioralizod 
manifolds appeared in Cech [b] and Lefschetz [c]. See also Lefschetz [L; VI] 
and Alexandroff [j]. Euclidean analogues of linking theorems of the typo 
given in §8 will be found in Pontrjagin [c]. 

§9. Theorem 9.1 was stated and proved for arbitrary subsets of S" by S, 
Kaplan in his dissertation [a, b]. 



CHAPTER IX 


FURTOER PROPERTIES OF n-GMS; REGULAR MANIFOLDS 
AND GENERALIZED CELLS 

In this oliaplci' wo shall prove furLhcr “justification” theorems for the n-gcm, 
establish certain avoiclability properties, and discuss some equivalent or alternate 
definitions. 

1. Case n — 1. Since the is tlic only 1-dimonsional closed manifold in 
the classical senso, \vc would like that the metric case of the 1-gcm also recliico 
to the N*. Without the metric roquii’emcnt, however, one may expect the 
l-gcm’.s to present an infinite variety of topological categories, dirforing, for 
example, in their properties in the large, such as in the cardinality of a minimal 
base for open sets, as woM as in their properties in the small, such as the cardi¬ 
nality of local bases (“character” at a point). 

Turning then to the metric case, let M be a metric 1-gcm. By Theorem 
VIII 1.1, is a Poano space. As such, it cannot be acj'clie (III 3.31), since if 
it wore it would have an end point p, and Pi(il/, p) = 0, by the following lemma. 

1.1 liEUMA. If j\f is an acyclic Peano space, and p is an end point of M, then 
Pi(M, v) = 0 . 

PitooF, Let e > 0 be arbitrary, and let x bo a point of j\f .such that M — 
.r = I/i U il/j soparulo and p G ii/", C S{p, «). IjoL 8 l>c any positive mimlx'v 
< e .such that d/j H S{p, 8) _= 0. Lot Z' be any cjtIc mod M — /S'(p, e). 

Now yf is a cycle mod and consequently liy Coiol^laiy VII l.iG thero 
exists a cycle 7' mod (.r) on d/, such that 7^ ~ Z' mod d/^ . Sinca; 4)7’ is on 
a-, hence ~ 0 ^ .a, there exists by Lemma VII 1.6 a cycle P' on d/, sucli that 

~_7‘ mod d/2 on d/, . But r‘ ~ 0 on M, since M is acyclic, lionce 0 
mod d/y . The combination of those homologies gives Z’ ~ 0 mod dlj , and 
a fortiori mod i\[ — N(p, 8). I-Icncc p'(d/, p) ~ Pi(d/, p) = 0. 

Continuing with d/ as above, in the remarks prcceding Lemma 1 1, we ]-:no\v 
by Lemma 1 1 that d/ contains a simple closed curve J. And by condition D 
of Chapter VIII, it follows at once tliat M = J. Thus we have. 

1.2 Theorem. The separable case of the l-gc7n reduces lo the i-sphere. 

Remarks. As a matter of fact, condition D is not needed in the 1-dimcnsional 
case if it be assumed that J\I is connected. For if M 7 ^ J, let A be an arc of 
M having only one of its end points, x, in common with J. Given a neighbor¬ 
hood P of X, lot A' be a subarc of A which has x as one end point, has an end 
point y on F(P), and lies entii*ely in P mccopt for the point y. Lot B be an arc 
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of J containing x and lying, except for its end points x' and y', which tire on 
F{P), entirely in P. Lot Q bo an arbitrai'y neighborhood of x lying in P. 

Then B carries a cycle Zl mod M — P such that Zl 0 mod M — Q since 
M is 1-dimcnsional. Likewise, the ai*c consisting of the portion of B from x' 
to Xt together with A‘, carries a similar cycle Z\ . The cycles Z[ and Zl aro 
lirh mod S ~ Q because of the 1-dimensioiiality of ilf, and honco p'{M, p) ^ 2. 
Hence a l-dimensional separable continuum M such that Pi{Mf .r) = 1 every 
point a: E M must be an (cf. Corollary VI 6.12). 

One may go even further than, this, as a matter of fact, since, as jVlexandroff 
has shown [f, p. 12, Corollary 2], a 1-dimensional separable continuum M such 
that x) has the same finite value at each x E M is an »Sh 

2. Case n — 2. For tlie oriontable case of the 2-gcin the proof that the 
separability condition leslrictsit to the classical case is very simple, and derives 
immediately from the following lemma which, being fundainontal in our later 
developments, may as well be introduced at this point. The nonoriontable case 
requires more extended treatment and will be deferred to a lat(!r si'ction. 

2.1 Lemma.. An orieniahle n-gem is n-exlendiblc at every point. 

Proof. This is a dimeb consequence of Theorem VII 5.10. 

2.2 ConOLLARY. Every point of an orieniahle n-gem is a locaUy [n — i)- 
avoidable point. 

Proof. This is a consequence of Lemma VII 5.3 ami the above lemma. 

2.3 Theorem. The separable case of the orii’iitablc 2-ij(‘>n irdnirs to (hr 
classical closed 2-mamfold. 

Proof. This is a diiiict consequence oCThconun VII 1.23 and (’oi-ollaiy 2 2, 

3. Avoidability properties. Wc saw above that ilic oriciilablc //-gcni is locally 
{n — l)-avoidable at every point Wc next show that it is comphUcly /-a\ oid- 
able at every point for r < n — 1. 

3 1 Lemm.a. Let S be a locally compact space and ,v E •'> ^>irli lhal (I) N is 
r-lc at .V and (2) p'^^(x) = 0. Then S is completely i-avoidnhlo at .r. 

Proof. Let a; E ^ and P an open set containing .r. Then then! c’xi.sl o[)en 
sets Q and li such that» E P € Q C P and such that (1) r-cycl(‘s on Q bound 
on P and (2) p' Q, p) = 0. 

Let y' bo a cycle of P(Q). Then 7^ 0 on a compact subset M of P, and 

accordingly by Lemma VII 1.4, there exists a cycle mod F{Q) on M such 
that 

(3.1a) 0nP((3). 

By (2) of the preceding pamgraph, ^ 0 mod B ~ R, and therefore by 
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Corollavy VII 1.17, Ihoro exists a oyde mod MKJ (S — R) on R such that 
dy'"^^ ^ Z' mod S ~ R an M. It follows easily that is homologous 
mod F{Q) on P to a cycle y''*'^ mod P(Q) which lies on P — R, and by Lommn 
VII 1.2, dZ'dy'’"' on P(Q). Hence, by relation (3.1a), y"" 0 on P — P, 

and S is compleloly ?’-avoidable at x. 

3.2 CoROLLAiiY. If S is an n~gm and r < n — 1, iheJi S is completely r- 
avoidahle at every point. 

And now to propai'o for a complete characterization of the oricntable n-gcin 
by means of avoidability properties, we introduce the following lemmas. 

3.3 Lkmma. Let S he a locally compact space which is sejni-r-coiinecled and 
completely ( 7 * — l)-ayoidaWe at x G Then p,{S, x) — 0. 

l^toop. Lot //, V, and W bo open sets such that x G IVV C U, r-cycles 
of U bound on jS, and fr — l)-cyclcs of P(F) bound on U — IK. Con.sidcr 
any cycle y' mod S — U. Tli^portion of y^ in F is a cycle 7 I such that dyl 
is on I\V). Since Syl ~ 0 on E7 — IF, th^ exists by Lemma VII J .6 a cyclo 
r’’ on U such that V’' 7 I mod S — IF on t/. But r' ~ 0 on *5, lionco 7 I ~ 0 
mod S - IK uml y’’ ~ 0 mod S - IK. 

Note tluit ijy virtue of Lemmas 3.1 and 3.3 \vc have: 

3.4 Lii^mma. If a locally compact space S is rdc and semi-(,r 4- l)~c(»ineclcd nl 
•T-’ G '-S', then I'omplele r-auoidabilily at x is equivalent to v'*'{x) = 0 . 

3.5 fnoMMA. Let S he a compact spcfce such Ihali/iS) — injinile, all i-ryrirs 
on proper closed subsets of >S being bounding cycles of .S. Then for any x G R, 
r-c.vlcndil)ilily at .r is equivalent to p'ix) = m. 

Proof. That ilio condition p'(x) = m implies that S is r-(‘xt(*ndil)l<! 1ms 
already l)een i)rov(‘d m 'riioorem \'tl 5 10 Now supp<'s'\ couvi'i'.si'ly, that -S' is 
r-cxLendil)le at .1. By hypothesis there exist eycIo.'< r[ , t = 1, • • • , m , tlmt. 
form a base for r-eycles relative lo homologies on -S, and l>y JaMniuii \’II :i.7, 
those cycles are lirh mod S — P for every nonoinply open .set 1\ lad l)e 
any open set coulaining .r, and V an oi>cn .subset of U conluining .1 .sucli llmt 
if y'' is a cycle mod -S — U, then there exists a cycle 1"’ of N such lluil. 7 ’ ''' V' 
mod S — V. Now the cycles are lirh mod .S — V', au<l if i/(x‘, (', I') \\4;r(‘ 
greater than vi, there would exist by Lemma A' 18.20 a cycle 7 ' mod -S' — U 
such that y*", rf , • • • , r^, are hrh mofl S — V. But with 1" as above, tluM-e 
would then e.xist a homology P’’ » which would hold a fortiori moil 

S — V, implying y*^ ~ 23 ^ ~ V. It follows that 7 /(.v) = ni. 

As a consequence of the above lemmas and Corollary VI G.12 we have: 

3.6 Tueorem. In order that an n-ditnensional compact space S should he an 
onentahle n-gem, the following conditions are necessary and sufficient: 

(1) p"(»S) = 1 and all n-cyclcs on closed proper subsets of S hound on S. 

(2) S is semi'-r-connected for allr ^ n — 1. 
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(3) jSi is completely r-avoidable at all points fcr all r S n ~ 2. 

(4) S is n-exlcndible ai all points. 

4. Chai'acterization by means of local Uniting. Anotiicr of tlio equivalent 
forms by which the oricntable n-gem may bo defined doi)ends on the notion of 
a simple local duality. 

4.1 Definition. A space 8 will bo said to "satisfy a simple local duality 
Q.tpG S rcl. n” if for arbitrary open set U containing p there exists an open sot 

V such that x ^ V C. U and (1) if M is a closed subset of V and 
Z' {0 <r <n~ 1) is a compact cycle of 7 — il-f which links M in U, thoii there 
exists a cycle 7""''”’ on M such that Z' and 7""’^“’ arc linked in U; and (2) if 7""’’“' 
is a cycle on M that fails to bound on M, then thoro exists a compact cycle 
Z' in V ~ M such that Z’’ and 7"''''“^ are linked in U. 

4.2 TnEOHEM. Every perfectly nor7nal orieniable n-ycm S salifics a simple local 
duality aix S 8 rel. n for every point x of 8. 

Indication of proof. Given U, an open set containing x G 8, wv. scfiect 

V so that cycles in V bound in* U and cocycles in V of dimension < n l)oun<l in 

U. Lot M C V and let .2', 0 < r < n — I, be a compact cycle of V — il/ 
that fails to bound in f7 — M. Wo may now proceed exactly as in tlie so(!on(l 
proof of the Alexander Duality in Chapter VIIl to obtain a cyc^lo of 

the type desired. A similar remark applies to the proof of condition (2) of 
Definition 4.1. 

4.3 Lemma. If the compact space ilf is n-extendihlc ul curry point, scmi- 
{n — l)-connec/£?d, and such tfiat p"(ilf) > 0 hut every n-cyde on a proper dosed 
subset of M bounds on il/, then M is 0-lc, locally {n — [)-avoidnhle and complddy 
Q-avoidable. 

Proof. That il/is 0-lc follows from Theorem VII 5,4. Asd/ is a-cxU‘ndil)lc 
and somi-(a - l)-connocted, it is locally (» - j)-avoidal)lo l)y r>omina \'l I .") .‘1. 
Hence, given p G d/ and open set U containing j), there exist open sols \' and 
ir such that .r G ir C 7 C t/ and such that — t)-cyck's on /'’(!’) bound 
on il/ — IF. Since il/ is 0-lc, wo may assume U eoimccLed. 

Now suppose U ~ p = AKJ B separate. Then A Pi IF ^ i) 9 ^ B n 11^ 
And if r" is a nonbounding cycle of AI, the portion of P’* on A Pi F is a cycle 
Z" mod [7(7) W p] whose boundary dZ" boimds on {M - IF) W p. llenco 
by Lemma VII 1.6, there exists a cycle 7" on (A P IF) U (M — \V) sucli (hat 
7" ~ Z"' mod (il/ — TIO ^ V' But 7" is on il/ — 5 P IF and consequently 
bounds on il/. But this implies Z* 0 mod (il/ ~ IF) U p which in turn implies 
P" ~ 0 mod ili — A P \V\ this is impossible by Lemma VII 3.0 Iloncc by 


‘Hereafter, unless otherwise specified, when wo speak of a cycle in an open sot U wo shnl! 
Incan a cycle on a compact subset of 17; and by bounding in U will be meant bounding on a 
compact subset of U. 
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Theorems IV 3.1 and VII 6.15, must be a local non-O-cut point of M, and 
that M is completely 0-avoidablo at p will follow from the following lemma. 

Remark. In view of Lemma d.3, the case r = 0 in (3) of Theorem 3.6 may 
be deleted. 

4.4 Lemma. If a locally com'paci space S is Ic' and p is a local non-r-cut 
point [VII 6.11] of S, then S is completely r-aooidable at p. 

Proof. Let U bo an open set containing p such that U is compact, and 
V Q U an open set containing x such tliat r-cyclcs on /'’(V) bound in U — p. 
Let W C y bo another open set eonlaining x. By Corollary VI 3.8, there exists 
a finite set of cycles = 1, • • • , m, forming n ba-se for j'-cycles of F(V) 
rol. homologie.s in 17 — IV. Each Zf bounds on a compact subset ot U — p, 
and it follows that there exists an o^^en set R containing x and lying in W such 
that every r-cyclo on F{V) bounds in 17 — 72. 

The following theorem may now bo proved: 

4.5 Theorem. In order that a perfectly normal, n-dimcnsional compact space 
S shoidd be an orieutahle n~gcm, U is necessary and sufficient that, in addition to 
satisfying conditions (1) and (4) of Theorem 3.6, it be sc}ni-{n — i)-connccted 
and sttlisfy a simple local dmlity at <ill points rel. n. 

T'o provo the sufiiciency of tlio conditions, in)te that tlio condition that 8 
satisfy a simple local duality rol. n implies that S is r-lc us wcdl as that every 
point of S is a loc'al non-r-cut point, for r *= J, • • • , a — 2. By'riieoroin VII 6.4, 
S is 0-lc, and by Lemma 4,3, S is completely O-avoiduhle By Lemma 4.1, 8 
is completely r-avoidablc for r = 1, ••• , a — 2. Thu.s Ibo sullieioncy of tlio 
theorem follows from Theorem 3.6. 'Pho necessity follows from Thoorom 1.2 

5. The case = 2 without the orientability condition. It was ]‘(‘iuaik('il 
above in §2 that for the nonoricniod cjisc a inor<) (sxlouded ))roof was needed 
to show that in the separable case tlic 2-gin is locully ouclideun In mow of 
the fact that, for the general n, the nonorienlcd (Use seenns to rcniuiro (.lor local 
dualities, etc.) the imposition of local orioiUahihly (tins lerm will l)o didined 
below), it is remarkable that in the case « = 2 this U lumeoessary. An incidental 
result is a noteworthy characterization of the cUis.sical 2-nmnifol(l as well as 
of the euclidean plane in terms of the local niunbens p'iHI, .r). 

5.1 The following example is instructive: In a euclhh^an space 8, let K 
be a 2-cell (in the sense of I 11.16) and lot x be a nonbouudury point of K, Let 
P\ , • ■ • , F,i, ■ • • be a sequence of projective planes ui 8 — K having in .suc¬ 
cessive pairs a single common point, but otherwise disjoint, and such that if 
Pn G. Pn > then X is the sequential limit point of the sequence {p,,}. Let 
M = ^ P„'0 K. Then with the integers mod 3 as the field ff, p^{M, x) == 1, 
since no P„ carries a nonbounding 2-cycle. The set M will be seen to lack the 
property which we mentioned above by the name ^*local orientability”. Note, 
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however, that jc) ^ 0, since if ax is an arc from some point a of one o 
the sets P„ , to x, lying except for a? in VJ P„ , and hx is an arc of K, then th 
arc ah ~ axU hx carries a 1-cycle mod aVJ h which fails to bo homologou 
to zero mod M — Q on M for all sufliciently small open sets Q containing x. 
We shall need the following lemma: 

5.2 Lemma. In a metric space S, let M be an irreducible membrane relativ 
to the fundamental l-cycle (tf a l-spkere J. Then M is a continuum and M ~ , 
is connected. 

Proof, By Lemma VII 1.4, tlioro exists a cycle 2® mod .7 on M such tha 
dZ^ on J\ we may as well assume that OZ® — Z\ Were M — A \J 1 
separate, then J would lie in ono of the .sots A, B, say A, and consequently 
denoting by Z\ the portion of on B, wo would have dZ] = 0 and hone 
d{Z^ — Z\) ~ Z'^ on A, violating the iri-educibility of M, 

Suppose M — J — Mi\J Mi separate. As before, there exists a cycle 7j 
mod i7 such that 

(5.2a) ~ 2' on J. 

The portion of 2* on M, , f — 1, 2, ig a cycle 7A, such that dZi is on .7. If fo 
either value of 52^ oo o on then tlicm exists a homology cOZ't ~ 2‘, c ^ fT 
on J, and hence 2‘ 0 on J W Mi , again contradicting the facd tliat il7 j 

an irreducible membrane I’clativc to 2*. On the other hand, if OZ'i ~ 0 ou .7 
then thei‘e exists a cj'cle 7^ on il/, VJ J such that 

(5.2b) y] ~ 2; mod J on M, W J. 

Because of the way in which 2^ was chosen, wo also hjive 
(5.2c) 2" 2j mod i17 — il/, on j\[. 

Relations (5.2b) and (5.2c) give 2‘ 7® mod il/ ~ M, on M and h(‘iH'<‘, 1); 

Lemma VII 1.2, 32^ 37* on il/ — M, . But 37^ = 0 and tluirefore 

(5.2d) 32" ~ 0 on M - i\I, . 

Relation (5.2d) together w itli relation (5.2a) gives 2‘ ~ 0 on M — J/, , (ionlra 
dieting the,fact that il/ is an irreducible membrane rel. 2'. Wo must concliKlc 
then, that il/ — J is connected. 

5.3 Definition. If M is a locally connected, locally compact metric; space 
and p ^ il/ disconnects some domain of il/, then p is called a IocmI scparalui 
point of il/. 

A point which ts not a local separating point of such a set M is easily seen b 
be a local non-O-cut point of M, and conversely (of. Theorems VII 0.15 and IV 3.1) 

5.4 Lemma. If M is a 0-lc, locally compact^ connected metric space withou 
a local separating point, and x,yEiM,X9^ y, then there e.vist three arcs of A 
having x and y as end points, and which are othermise disjoint. 

(It will be noticed that the method of proof used will show, by induction 
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that “three” can be replaced by “n”, where n is any positive integer. As a 
matter of fact, Whyburn has shown that “c” may be used, where c is the cardinal 
niimber of the set of all real numbers. Of. G. T. Whyburn [i].) 

Peoof. As il/ has no local separating point, it has no cut point. Hence 
by Corollary III 3.32a, there exist two arcs A and 5 having a: and y as end points, 
and otherwise disjoint. 

On the arc A let .'Ci and iji be points such that in the order from x toy, x < 

•"Ti < Vx < y- Hereafter we denote subarcs of A by their end points—for 
instance, Xiy^ denotes the subarc of A having x, and ?/, as end points. On 
xxi let X 2 , X 3 , • • • , ' be points such that for each n, x < .-Tn+i < < x, , 

and having x as sequential limit point. And on let ya j 1/3 , • • • , . • • 

be a sequence of points such that for each n, yi < y„ < ?/„+i < y, and having 
y as sequential limit point. 

Let Vx be a positive number < 1 and < pfxiy,, B). If p E x,?/i , let Uip) 
denote a 0 -ulc, connected open subset of M of diameter < vi that contains p 
and whose closure is compact; such a set exists by Theorem III 3,3. Let f/i , 

• • • , be a simple chain of_the sets U{p) from x, to iji (Theorem I 12 3). 
By Theorem III 3.6 the sets U, are 0-lc, hence their union, which we denote 
by Cl , is a Beano continuum. 

Let V 2 be a positive number < 1/2 and < p(XiX 2 ,B), and if p E Xi-Cj let 
7 (p) denote a 0 -ulc, connected open sub.set of M of diameter < vi that contains 
p and has a compact closure. Let C\ be the clo^uie nf a union of a -> 111^)10 
chain of the sots V(p) from Xt to Xa . Let AL 1«* a Mmilar P<‘aiu) conlinuum 
covciing . And in general, having obtaine«l a hOt i\ , n > 1. i-.ivering 
.i„_i.r„ , let Vn*i l>o a positive number < 1 'i/i + U and < pi 1 . /L. and 
cover r„r„ 4 .i by set.s analogous to the sets Vlp) above of diainou'r < v.-\ • aiid 
from these obtain the contmiium • In Muiilar la'^hiun .1 conniiuuni A, 
is oblaiiied covering 

The set C = x 'U y U Uc„wU AL I-* a Peano continuum cniiiaining r 
and y l^ut no other point of the an* B. AKo, iince no puini of .U n a li>'‘.d 
.separating point, it is easy to see that C has no cut point. C’on^*‘MUontlv r 
contains two arcs having x and ij as end points and othorwi>.e di-joint 

5.5 Tiieoriju. Let -1/ he a 2-dimensional, locally compact nvlnc .^pnr. n'i/. /■ 
that for each x E d/, po(-U, x) - Pi(d/. rl = 0 and /' = 1 Th. n - oW, 
point of M has a neighborhood homeomotphic mth the ruclukan plane 

Proof. By Theorem ^T 7.9, M is Ic'. _ 

Lot X E d/. There exist open_sets U and V containing r such that U is 
compact, .X E P C U, 2 -cycIes of U bound on M, pHx; C, V) = 1. and T' lies 
in one component, U, of U. Let L = Throughout we shall suppose tluit 
all coverings used are 2 -dimensionaI. 

Since p"(.x; U, V) = 1, there exists a cycle ^ mod M - V hrh mod d/ - 1 . 
Since L' is open, by Corollary VII 1.16 we may suppose that L is a carrier of 
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Z^. The chain dZ^ is a nonzero cycle on L — L'. Let K' bo an irreducible 
carrier of the homology dZ^ 0 on L (in the sense of Lemma VII 2.8), and 
continue to use to denote the chain malizing this homology on K'. The sot 
K' is unique. For if dC^ == dZ^, (f on L, then — Z^ 0 on M, hence ~ 0 
mod M — U, and as M is 2-dimcnsionaI this implies that = Z'^ mod M — U. 
Let K' nU = IC. 

The set K is 0-lc. For suppose K is not 0-lc y G: K. Lot P and Q 1 )g oiDcn 
sets such that y G Q C P C fl-nd infinitely many components of K D P 
meet Q, but otherwi^ arbitmiy except that P) Q) - !• There exisis a 
decomposition IC DP = AU B separate, where AnQp^OT^BDQ. The 
portions of on A and B respectively form cycles Z^ and Z^ mod il/ ~ P, 
that cannot be lirh mod M — Q. Jlonce aZi ~ bZz mod il/ — Q on il/, a, 
6 £ if. As il/ is 2-dimonsionaI, aZf = bZ^ mod M ~ Q, so that cither a or b 
must be zero. If o = 0, however, then Z^ = 0 and K' is not an irr(!(lucil)lc 
carrier of the homology Z‘ 0. 

Since IC is 0-lc, wo may henceforth suppose IC is comioctod. Idu; sot IC has 
no cut point. For suppose p ^ K such that IC — p — Ki U separate. 
Then by considering the portions of on Ki U ?; and IC 2 W 7), it can roadil}’ 
be shown that 73'^(il/, p) ^ 2, contrary to hypothesis. As a con.scKjueiico, K is 
cyclicly connected by Corollary III 3.32a. And by the same type of Reasoning 
it may be shown that IC has no local separating point. 

No point of K is a limit point of f7 — K. For suppose the contrary. Tiu'ii 
some component, C, of U — IC, has at least one l)oundaiy point, (j, in K fx't 
tq be an arc from a point Z of (7 to the point g, which wo may suppose inocMs 
IC only in the latter point. Lot sq bo an arc of K. Then for a small onougli 
neighborhood P' of q, there exists on the continuum si = sq U Itj u I -oy{-i(! 
Z^ mod M - P' lirh on si mod S — Q' for all open sets Q' siuili tliat 7 C£ Q' C P'. 
Now fis pi(il/, q) - 0, there exists a Q' such that 7/(7; P', tP) - 0. il(‘ii(’<‘ 
~ 0 mod il/ — Q'; i.e., there o.xists a cycle 7^ mod si U sucli that 

dy^ mod F{Q'). We can assert that q is not the only limit i)oiii(. of T — K 
in Q' K. For suppose it wore; then the portion of y'^ in Q' n ff/ ~ A') would 
be a cycle yl mod si U P(Q') whose boundary would consist of a cliaiii /} on 
tq and a chain on FiQ'), Avhere Z\ ^ on Iqmod F{Q'). Ihit this is iinpossil)l<!, 
since the portion of on tq is not a cycle mod F(Q'). The same type of argu¬ 
ment shows, incidentally, tliat M itself has no local separat ing i)oint. 

Now suppose Q' small enough that absolute 1-eycIcs of iV H Q' bound in 
P'. Let R be an open set such that q E R C Q' and such that (OP lies in 
one component, M', of Q', (2) K r\ R lies in one component K" of K Pi Q'. 
Let s' and i' be points of the components of 55 and Iq detorminod by q in R. 
By Corollary III 3.32a, there exist 2 arcs from s' to t' in ilP having only s' and 
t' in common, and hence there exisis an arc ab of M which lies in C P Q' except 
for its end points a and 6 which lie on K". And as K" has no local separating 
points, by Lemma 5.4 there exist in IC" three arcs Hi ,i = I, 2, 3, from a to 
h which meet in pairs only at a and 6. Each simple closed curve U //, 
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carries a cycle j\ nonboimding on. J, , and by ih.e choice of Q' there exist by 
Theorem VII 2.22 irreducible mombran.es M, rel. in P\ By Lemma 6.2, 
each sol M, is a continuum, and the set = Mi — Jt is connected . 

Each continuum ilf, meets K only in the arc Hi . For otherwise there would 
exist a point x' G K, limit point of Mi — K, such that p^iM, x') ^ 2. Also, 
the continua M, h/ivo only the arc ah in common. For suppose Mi Pi C ah, 
for instance. Then Ni P iYg ^ 0. And since IIi contains limit points of Ni , 
Vi — iVi P Va 0. Of the two sets Vi P Na and Hi — jVi P A'a, the former 
is clo.sod rel. iVi and hence contains a limit point Xi of the latter. It now easily 
follows that p^{M, Xi) ^ 2, since M is 2-dimensional and each of tho membranes 
Ml , M 2 contains tho point a:i . Wo conclude, then, that the continua M, meet 
only in ah. 

But consider a point X 2 ^ ah — a —■ h. Lot Ui and Vi bo open sets such that 
.r, e Vi c (ft , j. r\ Ui c ah - a - b, i = 1, 2, 3, /(x. ; U, , VO = 1, 
and if a,hi is lliat siibarc of ah containing X 2 which lies in Ui except that its 
end points lie on F{Ui), Llicn 7i P C dihi . The three cycles 7 I are homol¬ 
ogous on a ,61 , mod aihi — Vi , since ai 6 i is an arc, It can now bo shown that 
p^(a ’3 ; Ui , 7i) ^ 2 , contrary to the choice of Ui and Vi. 

Tho assumption that K contains a limit point of [/ — /C has thus led to a 
contradiction, and wo thoroforo conclude that IC is open. And since M is 1-lc 
and 2 - 1 ( 3 , wo now Icnow that tho samo holds for K. 

It can now he shown that K satisfies the throe conditions of Tlicorcm III 0.2. 
Let F 1)0 a (!omi)acl aubsoi of K and p' G F. Lot U 2 and 7a be open sots such 
that p' G F 2 C Ua C K, and l.-cyclos of 7a bound in (Ja ■ Lot / bo a simple 
closed curv (3 of F in 7a and tho fundamental 1-cyclo of J. Let Mi l)o an 
irreducible moinl)rano rel. in Ua ■ Then the sots Mi — J and K — Mi are 
separated; otherwise, iKcrc would exist a point wi G ~ that 

p\^f, m) ^ 2 (voeall that K' i.s an iiToducil)lo carrier of tho homology 0 Z‘* 0 

on L) It follows that there exists a number as in tho theorem just cited, 
satisfying condition ().21) of that theorem. As K lias no local separal ing points, 
it contains simple closed curves of diameter <((F) 

Suppose II is an are of K such that K — II — K\ W K-i separate. Tho 
])ortions of '/P on /v, ami AL are relative cycles Z\ and 7j\ whoso boundaries 
arc on II W Fill). Condder tho portion of dZ\ on //; it is an absolute cycle 
7 ', and 7 * 0 on II. 'riioreforo Llicre exists a cycle 7 ? mod F{U) on A', \J II 

such t]uit 7 ? mod U \J F{IJ). Lei 70 be a similar relative cycle on II. 
Let ?• bo a non-end point of 11, limit point of both Ki and Ka (such a point 
exists since K has no local separating point), and 17i , Wa open sots containing 
r such tliat IIL C K and p\r-, ITL , IIL) = L Then there exists a homology 
07 ? + 67 ? ~ 0 mod M ~ Wa ,a,hE 51, where not both o and h are zero. Sup¬ 
pose a 7 ^ 0. ^rhen 7 ? 0 mod (M — Wa) VV H, so that .2i 0 mod 

(M - 17a) ^ Ka U 11, implying that = 0 mod (M - Wa) W Ka ^ H. 
But then IC is not an irreducible membrane rel. dZ‘^. We can therefore conclude 
that no arc of K separates K. 
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Thus K is an infinite 2-dimonsional manifold in the classical sense, and the 
conclusion of the theorem follows. 

In contrast to the many characterizations of the various types of 2-raanifolds 
that either require or directly imply the local connoctcclncss of the space under 
consideration, and which make no use of the dimensionality invariant (use is 
made of the dimensionality condition bj'- Vaughan [a], ho^vovor, in liis charac¬ 
terizations of various 2-dimensional surfaces), we can now give the following 
theorems. In each case the theorem is cither an obvious specialization of 
Theorem 5.5, or follows therefrom by a simrl argument employing previous 
theorems (such as Corollary VI 6.12) and well knovTi classifications of the classical 
2-manifolds. 

5.6 Theorem. In oi'der Uial a 2-dimen8ional metric continuum il/ should be 
a closed 2-manifoId in the classical sense, it is necessary and sufficient that 
Pi(il/, rr) = 0 and ViiM, a;) = 1 for every x G 

5.7 Theorem. In order that a 2~dimensional metric continuum M should be 

a 2-sphere, it is necessary and sufficient that p’(il/) = 0, > 0, and for 

every x 6 M, piQI, x) = 0, p^iM, .!•) *= 1. 

5.8 TiiBOREJt. In order that a ^dimensional, connected, locally compact 
separable metric space M should be a 2-diincnsional injinile manifold in the classical 
sense, it is necessary and sufficient that pi{M, x) = 0 and -r) = 1 for every 

X e ii/. 

5.9 Theorem. In order that a noncompacl, 2-dimcnswnal, ronncclrd, locally 

compact separable metric space M should be a euclidean plane, il is ncrcssaiy anil 
sufficient that = Oandlhat for every xS ~ i) nni\ p‘(M, x) ~ I. 

5.10 Remark. The analogue of Theorem 5 5 for llio cnsci n = I stale's 
that if M is a l-dimensional, locally compact mclrk space such that for every 
X G M, po{‘^I, r) s= 0 andpi{j\I, .r) = 1, then each point of .1/ has a nviijhborhood 
homcomorpluc with the open real number inlerval (0, 1). U .such a set, .1/ U coiu- 
pacL, or contains a simple closed curve, then the jn-oof of (Ium s(!i(<’incnt is 
essentially as m §1 above. If M is acyclic and x G M, then us a {•on.s(’.([uon('(' 
of Lemma 1.1, there exists an arc pq in M having x as a non-cud point, and it 
is easily shown that M — pq doc.s not have .r as a limit point.. As a corolliu-y, 
the homeomorph of the unbounded real number continuum may he charndvrized as 
a noncompact, connected, separable mebic space M such that for each x G d/, 
Pi{M, .r) == 1. (Actually, the condition on pi{I\I, x) may lie wc'akcned; cf. 
the remarks at the close of §1 above.) 

6. The general non-orientable case. In order to oxteud the results of §§3 
and 4 above to the general nonorientable case, it seems (\vo have no example to 
offer m order to prove the necessity) to bo necessary to augment the conditions 
A, B and C defining an n-gm by the following: 
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6.1 Definition. An n-gm S will bo callod locally oneniable if oveiy point 
of (S' has a neighborhood which is an orioniable 9i-gin (i.e., a neighborhood P 
which carries a nonbouncling infinite cycle P", and such that ii F is a proper 
closed, r(jl. P, subsGt of P, cvoiy infinite n-cycle on F bounds on P). Obviously 
every orioniable manifold is locally oriontablo. 

Remahk. As shown in §5, condition 6,1 is unnecessary in the 2-dimensional 
separable inctrio case, and in view of Theoi’ems 5.6-6,9, it is trivial that the 
various types of locally oriontablo 2-gms reduce to the classical types. One 
might invostigato, to bo sure, whether the general (i.e., not locally separable 
metric) case of the 2-gm is necessarily locally orientable. 

An alternative, dofniition embodies a condition analogous to condition D' of 
Chapter VIII, §5: 

D". If X G P, there exists an open sel P containing x, and an infinite n-cycle 
r" mod (S — P, such that T" no 0 mod S — U for every open set 1/ C P- 

One can proves: 

0.2 I'liEOiiEM. In order that an n-gm should be locally orientable al every 
point, it is necessary and suficient Uiul it satisfy condition D'*' at every point. 

[Tlio noco.ssity i.s (piito obvious, and Iho suflicicncy follows easily by use of 
Lemma VTI 2.1] 

That a locaUy orienlahlc n-ym which is perfectly normal sulisjie.'^ n simjdc local 
(liadily al every point rel. n. may he shown by the meUitHls of Chapter V’dll. 

Ill oi’iler to compb'l.o ilie eak'gcu'y of avoiclahility pnijaMiles found (‘ssenlhil 
above to tin; cliuraelerization of the orientable w-gem, it is iKH‘<\ssary lo (s\U'ii(l 
tlie notion of local r-avoi(lal>ility and /'-{‘xIorulabiliLy in the following manner- 

6.3 DmI'TNITiun. A space *S' will bo called lornlly r-aetndahle al p G in 
the relative sense if tliere exists an open set P conlaining -p sueli lhal lor e\’(‘ry 
open s('t V conlaining p and lying in there exist open s<*ts 1' ninl (!' Mich llnil. 
p G lb C b C C and such that if Y i^ cycle on F{V), llu-ii y'’ 0 mod 
(S' — P on iS' — 11'. 

6.1 I)i’;iuNi'i'LON. A spiic<‘ M will be called r-cxlcndiblc at p G -if in the 
relative sense it' tlun-e exists an opim s(*t P containing p sui'h that if P is any 
opc'ii s<’t containing p and lying in P, then there exists an open set I’’ sucli tliat 

G b C and sucli that if Y is any cycle mod M — U, then tluirc exists a 
cycle 7/ mod M — P snch that Y niod M — V. 

6.5 As in Chapter VII (J-.emmn8 5.2 and 5.3) we may show that (J) local 
(r — l)-avoidabUUy al p S S in the relative sense imphcs r-e.Uendability al 
p E. ^ in the relative sense, and (2) if S is r-extendible al p E: S in the relative 
sense, r > 0, and there e.vists a neighborhood of p such that all (r — l)-cijcles in 
that neighborhood hound on S, then S is locally (r — l)-avoidable at p in the relative 
sense. And as in Lemma 2. L and Corollaiy 2.2 above, it may be shown that 
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a locally orientable n-gm is n-extendMe at every point in the relative sense and} 
locally {n — l)-avoidabl6 at every point in the relative sense. 

6.6 One can now characterize a locally orientable ?i-gm as an n-dimensit 
locally mnpact space S such that p„(Sj x) = 1 at every x ^ S a?id salisj 
cojiditions (2) and (3) of Theorem 3.6 as well as condition W. A cliaractoriza 
more closely analogous to Theorem 3.4, perhaps, may be obtained by employ 
instead of the condition on Pn{S, x), tho w-oxtondibility in the relative st 
together with a strengthening of condition D” which implies the cxistenc' 
a single P" in tho neighborhood of each point—the latter condition being 
local analogue of condition (1) of Theorem 3.6. 

7. Comparison of the case n > 2 with the classical case; regular manlfc 
and generalized n-cells. Having shown tlio relations to tho classical typo? 
manifolds in the cases == 1, 2 above, it is natural next to inquire just 1 
closely the cases n S 3 confoim to the classical tjq^es of manifolds. Here 
encounter for tho first time the actual magnitude of the generality obtainoc. 
Hie introduction of the ri-gm concept. 

7.1 Tho example of van Kampon, of a 3-gcm incapalile of subdivision ii 





L 


3-ceIls of the classical type, has already been given in §1 of Chapter VII 
However, in this example every point has neighborhoods whose boundaries ai 

2- spliercs, and it is natural to ask whether this is necessarily tho case in ever 

3- gcm. An example to show that the answer is negative may be constructe 
as follows: First, in ordinary euclidean 3-space consider (see the figure) 
straight line interval L, which is the limit superior of a sequence of ancho 
rings Ri , Ri, Rn ‘, interlinked in finite sots as shown in the accom 
panying figure. Let us delete the interiors, J„, of the rings R„ from tho spac< 
7?®, supplanting each 7„ by a space M„ of type M such as was used in Chapte 
VIII, §1, in the construction of a Poincar4 space. This is done in such a waj 
that the knotted equatorial curve on the torus boundary of tho space of typ< 
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M goes into a moriclional curve on the boundary of 2t:„ , just as in the above- 
mentioned construction of the Poincar6 space. The metric is so adjusted that 
L is still the limit superior of the sots M„ . The resulting space is a 3-gm, but 
points on L do not have arbitrarily small neighborhoods with 2-sphere bound¬ 
aries—nor even boundaries that are closed 2-manifolds. (It would be inter¬ 
esting to know if all small enough neighborhoods of such points will of necessity 
have boundaries B such that p^iB) is infinite.) 

7.2 Tire above examiDlo suggests investigation of the properties of a type of 
gonoraliml manifold more closely analogous to some of the “generalized mani¬ 
folds" that have beon introduced within the framework of the classical combi¬ 
natorial topology (as for instance by van Kampen [b], or see Lofschetz [La]). 
The chief characLoristic of these configurations is their neighborhoods formed 
by the join of a point with a sphei'olikc (in the sense of homology) manifold of 
dimension (a — 1). Such characterizations allow of inductive formulation, and 
may bo simulated within the compass of the present investigations by such a 
definition as the following (only compact cycles and homologies on compact 
sets arc employed throughout this discussion): 

(1) A regular Q-manifold is a pair of points. A regular closed Q-manifold is 
a pair of points, and the nontrivial 0-cycle carried by it is called iinfimdamenial 
cycle. 

(2) A regular n-manifold, n. > 0, is an n-dimcnsional, locally compact con¬ 
nected space whicli is semi-r-connected, r Sn (in the sense of compact cycles), 
and such that if p G 'S' and f/ is a neighborhood of p, then there exists a sphcrc- 
likc^ regular closed (n — l)-manifold K sueh that S ~ K = A \J 5jeparatc, 
where A Q IJ and the fundamental cycle T""’ of K bounds on A as well 
as on B mod .S’ — U. If r’'”‘ bounds on B, then S is called a regular closed 
n-mnniJoUL 

We .shall show that regular n-manifoltls arc special cases of the locally orient- 
able 7i-gms, and that tlic regular closed n-manifolds arc special cases of the 
oriontable 7i-gcms. 

7.3 Lkmma. If S is a locally compact, connected space and x is a point of 
S such that for every open set U containing x there exist two points p and q such 
that S — {pKJ q) — A'U B separate, where x ^ A (Z U, then S is 0-/c at .r. 

Proof. Let U be an open sot containing x such that U is compact. By 
liypothesis, there exist two points p and qinU such that S — q) = A UB 
separate, where x G A C Consider any component C oi A. Smeo C is 
compact, C has p or q as a limit point by Theorem IV 1.10. Hence A is com¬ 
posed of at most two components, containing p and q respectively. That 
component which contains .^ forms, when p and q ai’c deleted, an open set con¬ 
taining X which lies in one constituant of U. 


^As in the case of tho n-gom, this means that the homolo^ groups are isomorphic with the 
corresponding groups of tho n-sphere. 
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7.4 Lemma. In a locally compact, 0-k ^ace S, let K be a 0-lc continuum 
such that S — K = A^J B separate, where A is compact. Then K U A is 0-lc. 

Proof. That K\J A is 0-lc at points of A is trivial. Consiclor x £ K and 
an open set P containing x. There exists an open set Q such that x E: Q C P 
and such that 0-eyclos of Pi $ bound in 7C P P; and there exists an open 
set a such that a: £ P C Q and 0-cycles of R bound in Q. Hence if 7j° is a 0- 
cycle in P Pi {K W A), there exists a cycle Z'’ mod K \J J in Q such that 

(7.3a) in(3P(KU.4), 

and dZ' is on K P Q. By the choice of Q, 

(7.3b) in/CPP. 

Relations (7.3a) and (7.3b) imply tliat 2“ 0 in P P (/f W A). 

Analogous to Lemma 5.2, and proved in a similar manner, wo have: 

7.6 Lemma. In a compact space S, let M he an irreducible memhrance relative 
to a cycle Z", where Z" is the single lirh n-cyde of a compact subset J of M. Then 
HI is a continuum and M — J is connected. 

7.6 Theorem. A icgular n-manifold is a locally orienlahlc n-tjm, and a 
regular closed U'-manifold is an orienlable n-gem. 

Proof. The theorem is trivial for h — 0 and wo use mathematical indiustioii 
for the proof, assuming the theorem holds for the dimension /i — 1. 

Lot 5 be a regular n-manifold. Then, 7 i boing always > 0, B is O-lo. Per 
the case = 1 this follows from TiCmma 7.3. Tn tho caso n > I, consider a 
P ^ S and U an open set that contains p and lias compact closure. 'I'lnai I licie 
exists a regular closed (n — l)-manifold K such that A’ — K => AU B Ht'jiaralc, 
where p Q A C U. AsS and K arc connected, A U K isjionuoctcd ('riioorcin 
19.S), and it follows that S is 0-lc. Moreover, K U ..4 = .^l i.s a 0-lc (iontimuiiu 
by Lemma 7,-i. (To obtain tho lasL-mcntioncd propiudy in (ho (‘aso n 
we may use the additional property that tlio fundamental O-cych' of K bounds 
on A, together with the fact established in tho proof of L(unnia 7 3 that all 
components of A have boundary points in K, to establi.sli that K U .4 is a 
continuum. That it is 0-Ic at each of the two poinU of K is an easy oorollarj' 
of the O-lo property of S itself—compare tho proof of Lemma 7.4.) 

Wc next show that for every x ^ S, p"(5, = 1. Given .r S lot U be 

an open .set containing x, such that n-ci'cles of U hound on S, and lot us confine 
ourselves to n-dimensional coverings throughout. Thoro exists in U a sphero- 
lilce (n ~~ l)-gcm K such that S - K = A U B separate, x ^ A C U> and 
the fundamental cycle r"“* of K bounds on A as well as o^B mod S — U. 
Let A' be an irreducible membrane (Theorem III 2.22) on A relative to F""'; 
by Lemma 7,6, A' is connected. Let 7 " bo a cycle mod K on A' such that 
dy" r”“' on K (Lenma VII 1.4). 

Since F" ^ 0 on P mod S ~ U, tlmve e^sts by Lemma VII 1.13 _a cycle 

Z''-^ on F{U) such that F""' on 17 P P. That is, F""' 0 on 17 P P 
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modf/n/i— f/. Lemma VII 2.4-, with D = 17 there exists a i^ximnl 
open juibsc^P of U r\ B eontaimng^ C/ H B such that 0 on U r\ B 

mod U r\ B — P. TiOt F = Bj;- P\ then is a minimal closed subset 
of F{U) such that r'‘2^ (^on U r\ B mod F. Ixt 7 "“* be a cycle on F such 
thaj^r''“2.'^ 7 " * on XJ r\ B, and lot H l)e a minimal earner of this homology 
onU r\ B. Then the set A' tj 11 is comioctcd. For suppose A' \J H = , VJ 

separate. Wo may assume A' C since.4' is connected, and hence K C’4i . 
'Then clearly we may write 11 ~ Hi U //a separate whore K C 77, . And 
since r'‘“’ ~ t""' on II, wc may write 7 "”* = 7 i~‘ + 73 "^ whore 7 "“' is on 7/, , 
i =: 1, 2 , J_Uil llron r"“‘ 7 ?“* on Hi , and consequently 1 ’"“’^ ~ 0 mod 

F r\ III on U r\B, But as F r\ 11^ 7 ^ 0 and F was minimal, this is impossible. 
I-Ionco 4' U II must bo connected. Furthermore, A* VJ 77 is a minimal carrier 
of the homobgy V* ~ 0. For if 7 "“_^~ 0 on 77, then there exists an absolute 
cycle r" on U such that F" 7 " on 4 mod K, and as T" 0 on S wo would 
have 7 " ~ 0 mod K, lumcc dy‘ 0 r"“‘ on K. Ilcnco if L is an irreducible 

membrane relative to the homology 7 "“* 0 on 4' U 77, there must exist 

points of L in 4' — K, and it easily follows that A' would have to be a subset 
of L, tincl (!onsc(iuenLly_UiaL 7 '‘~^~ F""^ on a proper subset of II, unless L H) 77. 

Now suppose 4' 5 ^ 4. As A is connected and 0-!c, and 4' is closed, some 
compoiK'nt (' of A — .1' luis a boundary point, q, in A'. Lot P be an open sot 
containing q sucii that C — P 9 ^ 0 and P C XJ. There exists in P an (n — 1)- 
gem K' such that <.S' — IC = -t' U IF separate and <7 G 4' C XJ. But since 
4' \J II is an irreduciblo momlrrane relative to 7 ""^, it follows readily Lliat 
K' C -1' tj //. 'rhis is impossible, since /v' A f' 5 ^ 0 and C r\ f.-L W 77) = 

rn i.\'u B) c ((xr\A')U{cr\ii) = o. 

ft follows tliai p'‘(<S', r) ^ 1. Now if p'(S, .r) ^ 2, there wouhl exist an 
open .s<‘l. U containing x siu'h (hat 7 >“(a*; U, T) S 2 for all opcai sets T' C XJ. 
l-[ow(!V('r, with a V such as A above, and cyckxs Zi , mod >S — I', the bound¬ 
aries, on K, of the iiortions of Z'l , Zj hi 4 would l)e lioinologous on 7\ siikm' /C 
IS splu'i'elike. ('onse<iuenlly lliem would exist !Ui abholuU' /(-cycle F” on A 
such that F" ~ aZ" -b hZ] , a, h P ST, mod K on ..I, implying, since F" 0 on 
.S’, th;i(. (iZ'l ~ —hZ'l mod .S — J Thus /j"(*S, .r) muht he 1 

’Fhat jKB, . v ) — 0 for r < n is sliown as follows' With I’ small (uunigh so 
that r-cvi'les of bound on B, lake K and *l as aliove. Tlieii if is a I'yele 
mod B — U, llie iiortion of Z’ in 4 is a cycle y mod K As dy’’ is on K and 
IS of diimuision <//—!, and K is spher<‘like, it follows that f)y'’ 0 on K. 

Ilimce llicri' exists an absolute ej'cle F"" on .1 such that P’’ 7 '^ mod K on vl. 

Bill. F’ 0 on .S, lumce 7 ’’ ^ 0 mod B — -I, impl 5 ’'iiig that 7A 0 mod .S' — A. 

d'hiis .S' is an a-gin. 'Fhat it is locally oricntablo follows easily from the proj)- 
erties of 4 and K above. 

If iS IS a regular closed /i-manifold, so that, with K and .-I as above, F" ' 0 

on B, then il^may be shown, by methods similar to those used in studying 4 
above, that B is an irreducible membrane lelative to r''"^ and that no proper 
closed subset of S carries a nonboiinding n-cyclo. In this case, then, S is an 
oricntablo a-gem and carries a single nonbounding n-cyclc. 
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7.7 Since in the metiio separable case the 1- and 2-dimonsional generalized 
manifolds reduce to tlm classical manifolds, one may state obvious corollaries 
of Theorem 7.6 for tliis case. Howevw, in the case n = 1, the conditions imposed 
arc much stronger than needed, since it is known (sec K. Monger [a, Salz XXIV, 
p. 303]) that a compact metric connected space liaving llie property that every 
point can be e-separated by a pair of points is an »S'‘. In the case ?i = 2 tho 
characterizations obtained are closely analogous to those of hliss GaAvohn [n], 
whose conditions, however, include the Jordan Cm‘\'e Theorem locally or in 
the large, in place of the condition placed on T" * in tho definition of regtdar 
?^manifokl above. 

7.8 Of course the problem arises as to how much closer one gets to tho 
locally euclidean manifolds by the use of regular manifolds instead of ?i-gms. 
The van Kampen example of Chapter VIII, §1, is a regular 3-manifokl, .so that 
apparently the regular manifolds occupy a position bet\veon the n-gms and 
the classical cases. No attempt will be made in the prc.scnl work to invcsUgalo 
their general properties. Some of these properties will emerge as corollaries 
of properties of the n-gm, however. For example, as a con.scqiionco of Iho 
positional properties of (w — l)-gms in orientable «-gcms which will bo estab¬ 
lished in Chapter X, together wth the fact that tho set — K discu.ssed in 
the proof of Theorem 7.6 is by Lemma 7.6 a domain, it will appear that the 
regular closed n-manifolds have bases of open sets which arc r-ulc for all dimensions 
r (see Definition X 1.6). It will be recalled that we showed in 'rh('or('m III 3.3 
that in the metric cose, the locally compact, connected, “le” ( = {)-lc) spaces 
have bases of “ulc” (=0-ulo) open sets. For the regular closed manifolds, even 
in the nonmetric case, tWs property still holds, as well as an analogous properly 
for higher dimensions. 

As will become evident in Chapter X, however, for llio i)oinls of a locally 
orientable n-gm to possess arbitrai’iJy small neighborhoods \vhich have tho r-ulc 
properties mentioned above is equivalent to the propcjrly of each point liaving 
arbitrarily small neighborhoods bounded bj’’ {n — l)-gcins. Plainly, for di¬ 
mensions r > 0, a hierarchy of "homologj'’* local connectedness properties of a 
locally compact space B suggest themselves (cf. VI 8), as for instance: 

(1) The r-lc already defined above in terms of compact cycles. 

(2) Given x E. B and an open set V containing x, there cxisls a simply r- 
connected open set V such that x EV C.^> Ike., p^iV) = 0 in terms of com¬ 
pact cycles.] 

(3) Given x E S and an open sot U containing x, there exists an r-iilc (in 
the sense of Definition X 1.4) open set V such that x E V C. U. 

(4) Given .t; £ 5 and an open set U containing x, there exists a simply r- 
connected, r-ulc open set V such tliat x E V C. U. 

(5) , (6), (7)—these are respectively the same as (2), (3), (4) with tho addi¬ 
tional condition in each case that the properties staled hold for all r ^ some 
fixed integer n. 
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The above lisl of properties serves to bring out the extent of the difference 
between the n-gm and the regular ?i-manifold, since the n-gm has in general, 
presumably, only local connectedness of type (1), whereas, as will be proved in 
Chapter X, the regular -n-manifolds have local connectedness of typo (7). 
Whether, and in ^vhat cases, some of those typos of local connectedness coalesce, 
wo have not investigated. 

Another general observation should bo made here, as a result of the investiga- 
tion.s of this chapter. As the reader will have observed, the types of generalized 
manifolds which wo study are what one might call “homology manifolds.-” 
Even the strongest type of these, the regular manifolds, do not merge with 
the classical cases when n > 2. A closer approach to the classical case in higher 
dimensions would probably be afforded by “homotopy manifolds.” Such a 
manifold could be obtained from the n-gm, for instance, by the imposition of 
local connectedness in the sense of homoiopy. Wo recall that if 5 is a space, 
K the n-sphcrc rui -]-••• d- = 1 in and A the set .'r? + • • • -h < 1, 
then a continuous mapping / : 7C —> S is called homolofic to zero in S if there 
exists a continuous mapping g : KU A S such that for a; 0 K, /(.^) = g(x). 
Then, for example, analogous to type (1) local connectedness we have: 

7.9 Definition. A metric separable space S is r4c in the sense of homoiopy 
at X E 'S if for arbitrary e > 0 there exists a 5 > 0 such that every continuous 
mapping of the j'-sphero into -SOt, 5) is lioinotopic to zero in SCtj, e)- This 
property may bo denoted by the symbol r-LC. 

Similar motlifications are obvious for tho other typos of local coiinoetcdncss. 

Wlietlior the investigation of such “homotopy manifolds” would Ido wortli- 
whil(i we are not prepared to say. Apparently the existing state of the literature 
on iioinotopy might iioccssitato restriction to the moti'iu separable ease llow- 
ovor, sucli a restriction seems not to bo inevitable if Llic generalized concepts 
wo have been discussing are cmjDloyod. For example, homoLopy to zero of 
the O-.sphoro jS” in a space ilf could conceivably bo cousidorod as an oxlcnsion 
to S of the mapping of tho end points, into »S’“, of a compact space S which, 
ox(!(‘pt for its two cud iDoints, satisfies the condition Lhui pi{'S, .r) == 1 at. cvcM’y 
.r E (see Remark 5.10). More generally, one might replace, in the ileiinition 
of homoLopy, the ?i-sphero by a sphcrclikc a-gem and the clo.scil n-coW by a 
generalized closed n-coll defined as follows: 

7.10 Definition. A generalized n-cell is a noncompact, orienlable /i-gm 

which is cell-like in the sense that its compact homology groups of diinimsion 
r < n reduce to the identity. A generalized closed 7i-cell is a compact space »S' 
consisting of a splicrolike (n — l)-gcm K and a goiicralizod a-ccll A such that 
(1) K r\ A = 0, (2) if r""' is the fimdamontal cycle of K, then r’‘"‘ 0 on 

K U A, and K VJ A is an irreducible membrane relative to r"“‘; and (3) 
p,{K W A, .r) = 0, r ^ n, for all x G K. 

7.11 In the separable metric case the generalized 2-cell is an ordinary 2- 
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cell (Tlieorem 5.9) and a generalized closed 2-cclI i.s tiie oi-dinury (do.scid 2- 
This may be established in the following manner; Let A he. a 2-rcll and 1 
»S‘ constituting a compact tnelnc space such that (1) K H A — 0, (2) if r' i 


S' coiistituting a compact melnc space 
fundamental cycle of K, then r' 0 on K U A and K U A is an irredu 
membrane relative to r‘, and (3) pr(K U A, x) == 0 for r ~ 1,2 al all x C 
Then K U A is a closed 2-cell. To prove this, note first that K \J A is O-l 
Corollary VI 6.12 and Theorem VI 7.9. Tlicn lot i\I he an are, wit.li ('iid pc 
a and spanning a:. We shall show Uiat those t (A'Ud) - il/is not counee 
Suppose that {K\J A) — Af is connected. As A is a 2-(;{'l], the s('t A — J 
U As sepm-ate, where A^ and A^ arc 2-coil.s. We hIulII show that th(! 
Al n K and Aa H /f are connected. As Ai is ii 2-(:elI, it is hoineoincn’phie i 
thq domain p < 1 of the (p, 0)-pInne under a iH)meomori)iiism 0 . Donolc 
simple closed curve in Ai that cori'csponds iind (^0 to the circle p := l - 
by K n = 1, 2, ■ • • , and Icl IC = M U (A, r\ K). blvidcilly li,„ 
A„ - A . Letx,i/GK',mdx„,y„ E /C.sueh tliiit.r = lim.r„ and // lini 
By application of Theoim IV 1.14, it readily follows that sonu- cc.inponeiK 
hm sup 7C meets both a; and y. Hcnco IC is eonneeU'd, TJum. if A , O A 
not connected, it must consist of two (possibly dogenci-ahO aics of A' mcrl 
M m a and b respectively. Consequently p'(K') = 0 
Now there exists on X W .4 a 2^yclc Z’ mod K siiei, 1 , 1 ,,^ ^ r' „„ 

The portion of Z md, isacycIoZfmod A", and us p'f/v") = (), ,)Zr (I „„ I 
Hence thei^ exists a 2.cyolo r“ on d. siieh lhat . Z,' .nod k". Ii„( 

f„An ^-chmensional, we may restrict ourselves U, 2-dii,.ensio„al e„v,ai, 
ai.tpm„eth.r^ = ^^ . 

and Z- - r= is a chain on (A' W d) - d, such 'that in// - "rV‘-"l"'‘on A 
implying T ~ 0 on (IC W 4^ _ a 'pi • ... , ’ ' 

K' I ) j . , * ' ' I • ^ ^'entradicls (lu‘ usMim))l inij (li 

«.l i n"i",'”'*"'....... 

.. 

set IS supposed to be connected and 1 ;ni<l f ’ iiiid sincr (li 

must have a common po.rp ’fll'}; f ,= 7'" ..- ' 

if N. and A% are the two eompononts of A - (f ^ m' 'T 

(A, r\ A'l) Pi (B, n K 'i — r, iU 1' ^ ^ ^ I ‘‘‘>o(ainh p, nri 

both contain a W 6 ’ “ ^ ^ •'. A' and ..l! n , 


l»theo,,enw7o.nnhrt!Xptar™^^^ by ll.e felk.wi.iK eoiMii.le: 

t^he circle p = ]. Let the confi^iafion K' U 1 f 7^' 7 ^ * 

between g ^ ^ ^ V dofomiotl ns f.,]l„ws; the, arc 

and =. ,p/3_,n a wav thatT'‘vro liclwoon , 

(h V^J and the deformed ff'ia still wS7 to c<nnci(]( 

cf .his de onnation, kt R also beXTuy dSlr < 

no pair of the points of A coincide; ie A is^I ^ f ii ^lo deform 

^ - (h t/C), p^iK KJA,x)> 0. ' ’^“^‘“dary K, Then at tho 
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Lot xy bo an arc of jB, Pi and q ^ xij — x ~ y. Then with Z\ as above 
and Zl tlie portion of in Az „ there exists a homology 

{7,Ua) cdZ\ + ddZl ^ 0 mod {K\J M) ~ {xy), c, d £ iJ. 

From the homology (7.11a) it easily follows that p^{K ^ A, q) > 0, and a 
conti'adiction of (3) results. 

Wo conclude, tlien, that K 'U A is disconnected by every arc that spans K, 
and hence, by Thoorom VII 9.6, /C U d. is a dosed 2-coIl. Thus Definition 7.10 
gives a definition of the closed 2-colI principally in terms of compact cycles 
and their homologies (compare H. E. Vaughan [a], Principal Theorem B): 

7.12 'I’heorem. If M is a 2-di7n6nsional compact Tnctric space containing a 
simple closed curve K such that (1) M is an irreducible membrane relative to the 
fundamental cycle of K, (2) p\M ~~ IQ = 0 (in the sense that all compact 1- 
cycles of M — K bound on compact subsets of M ~ K) and (3) p\M, .r) == 0 
or all a; G il/ and p^{AI, a;) = 0 or 1 according as x S K or x G M — K, them 
M is a closed 2-ccll with the boundary K. 

[Note that by Lemma 5.2, M — K is connected and hence is a 2-cell by 
Theorem 5 9.] 

It also follows from tlic various imilts of this chapter, particularly Theorem 
7.G, that: 

7 13 'I'nuoREM. Every point of a regular n-manifold has arbitrarily small 
generalized n-ccll neighborhoods. 

However, returning to the discussion of Definition 7.10, there is evidently a 
weakness due to the fact that for the nonseparablc case the corresponding con¬ 
figuration i.s evidontly not topologically unique, and uniquenct'S would be 
virtually a sine qua non for a generalization of horaotopy. Tlio problem arises: 

Determine, for the nonseparablc case, rondUions which, when added to the condi¬ 
tions defining the spherchke n-gm and the generalized n-edk yield topologically 
unique configurations. 

For n = 1,2, solutions of tliis problem would pi'ohai)ly not lie formidable. 
(For (iKainjilc, topological homogoiuty and equivalent earcliiiality of bases sug¬ 
gest thems('lves as conditions to be consulored ) For n > 2, it would seem to 
bo of Iho .same order of difiicuUy as the problem of charucb'rizing the 3-sphore 
among the Poano spaces. However, {ushlo from tlie question of homoLopy, the 
generalized «-cell deserves rocognitum as a special typo of configuration of the 
“homology” category to whose study 'Vc return in the next chapter 

BrniJOGRAPiiic.VL comment 

§3. The characterization embodied in Theorem 3.6 was given in Wilder [n], 
except that local n-avoidability was used instead of local ?i-cxtendibility. 

§6. It seems probable that the local orientabilily property of an n-gm is 
equivalent to Axiom 7° of Coch [f; p. 686]. 

§7. Results concerning regular manifolds were abstracted in Wilder [Aa]. 
Regarding r-LC spaces, sec Lcfschelz [Lj]. 



CHAPTER X 


SUBMANIFOLDS OF A MANIFOLD; DECOMPOSITION INTO CELLS 

We shall now tum to the study of positional invariants. Wo have already 
discussed the subjeot in a general way in I G. 

1. Positional invariants. Topological invariants arc a special ease of a more 
general type of invariant which we call positional topolo{]ical invariant, or simply 
positional invariant. 

1.1 Definition. If a space IW is imbedded in a space aS, Lhonhy a posilional 
invariant of M in we mean a property P(M, S) which remains invariant 
under all topological transformations of M in S. 

A positional invariant of iW in iS may be merely a topological invariant of 
jW;'for a topological invariant of M is always a positional invariant, no matter 
what M and S may be. Tliat a positional invariant of M may bo topological 
is frequently suggested by the intrinsic nature of Lho j^roporty. For oxamplo, 
if one proved the duality of Poincar6 typo for an n-gem III by tlio device of 
imbedding it in some jS* (ns a matter of fact, this is easily dojuj if M can bo 
imbedded in an S"*'; see Wilder (nj), one would Juivo the duality only as a 
po.sitional invariant of M and S'", but would certainly susjxiot it to bo a topo¬ 
logical invariant. Properties that arc not topological invarianiH may Imj posi¬ 
tional invariants, however, such as, for instance, certain metric i)roporti(iH of 
the complement of an >3"“* in 8“. If a domain oomplomt'jifary (o an 8''"^ in 
S'' is subjected to topological tmnsformations, these inoLric proporiios (sucli 
as the ulc property; see Thoomm II 6.35) are not prosorved. But as S" ‘ is 
subjected to topological transformations, within 8", lIu'scj ijropertuvs i-(']iiain 
invariant, and are thoi-efore positional invariants of in A'". 'Plu! Jordan 
Curve Theorem shows that the number of domain,s of the complt'inent of an 
5 in >3 is a positional invariant of the A* in 8^. More gonoi'ally, d'lieorcm 
Vril 6.4 shows that if M is any closed subset of >3", then hl{8 - iM) i.s a positional 
invariant of M and S, 

In the present chapter, M will usually be a clo.sed subset of an a-gin A. And 
since we shall wisli to apply the duality thcoiera of ^Vloxaudcr type, ^vo shall 
assume that all n-gms are perfectly noiinal and locally oi'ieni;al)lo, iVlso, unless 
statement to the contrary is made, if U is an open subset of a compact space, 
then by p'(U) will be understood tl\c dimension of h'{U). And if Z' is a compact 
cycle of an open set U, then by Z’’ ~ 0 tn U is meant that Z' bounds on a com¬ 
pact subset of U. 
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1.2 We shall find useful the notion of Betti nwT^er around a point. Specifi¬ 
cally, if ilf is a closed subset of a space S, and x^M, then we may define num¬ 
bers p'{S — M, a;), pr{S — M, x) in the same way that we defined the numbers 
p'{x), Pt{x) for a point x of a space Sin VI 6 , except that P and Q are replaced 
hy P ~ M and Q — M, respectively. And we may likewise prove: 

1.3 Theorem. Ij x S M C. where M is closed, then p'{S — M, a;) = 
Pr{S - M, x). 

1.4 Theorem. If Pr{S, x) = Pr*i{S, x) — 0, where x E. M C S and M is 
closed, then Pt(M, x) = pr+i(iSi -■ M, x). 

Proof. Let 17 be an open set containing x and k an integer such that Pr{x; 
U r\ M, P r\ M) ^ k for all P, and let P be such that pr(x', U, P) = 0. Let 
Q be an open subset of S such that a; G Q C P- Let , • • • , be cocycles 
of ilf in Q that are lircoh on M in C/ (i.e., lircoh mod S — M in U). Then 
8Z'r , i = 1, • • • , fc, is a cocycle in Q — M. If the cocycles SZi are not lircoh 
in P — M, there exists a relation dCr = in P — M, U being a 

covering on which the cocycles Zt have coordinates. Then w*^a,Zr — 
Cr is a cocycle in P, and there exists a relation 

h 

(1.4a) 5Cr-l — — T 8 ®Pr lo U. 

i-l 

But since TrIroC'r is m P - M, (1.4a) implies that the cocycles Zl are not lircoh 
in U. Wo must conclude, then, that the cocycles SZI are lircoh in P — M. 
It follows that Pt{M, x) ^ Pr+i(B — M, x). 

For U, k so that pr+iC'c; U - M, P - If) ^ A- for all P, let P, Q be open sets 
such that X E Q C P C U and Pr+iC-r; P, Q) = 0. Let 7^1 , i = I, ■ ■ ■ , k, 
be cocj’clcs in Q — M that arc lircoh in U — ilf. Tlieic exist iclations 

(1.4b) 6C;(35) = vUyUi inP, i = 1, ■■■ ,k. 

If Zl{^) is tlu; portion of C’XS) on M, then is a cocycle of M in P If 

the cooycles are not lircoh on M m U, tlicrc exists a relation 

(1 4c) = ttIo E - Umi 

where C'r_i(9B) is on M in U and Lr(fl&) in U - M. Then, applying 6 to both 
sides of (1.4c), we get E o'^^XSS) = 5L.(9B); and, utilizing (1 4b), and 
the fact that 5Z;(95) and are cohomologous in P - iM, we get a chain 

LJ(3B) in U ~ M and a relation irJa, E = Shim), contradicting the 

fact that the cocycles yUi are lircoh in U — M. Hence the cocycles Z)(55) 
are lircoh on M in U, and it follows that pAM, x) ^ pr+i(*5 - AI, x). 

Analogous to Theorem 1,4, we may also prove a “localization” of the Alex¬ 
ander Duality Theorem in the following manner: With x, M, S as before, let 
P, Q be open sets such that a; G Q C P, and denote by q^x] P - M, Q - M) 
the maximum number of compact r-oycles in Q — M that are lirh in P — ilf. 
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Using thcsG numbers, we may define a number q'iS — M, x) i)y the usual 
limiting process (Chap. VI, § 6 ). Then we may state: 

1.5 Theorem. Lei M he a closed subset of an n-gm S. Then if x G 
x) = gr~\S - M, x)for aUr^n-L 

The proof utilizes the same machinery tliat 1ms been used above and in the 
proofs of the duality tlieoi’ems in Chapter VIII, and will bo left to the reader. 
We call attention to tho fact tliat any neighborhood of x contains opon sets P, 
Q such that x e Q C P, Prix; P, Q) = Vr^i(x; P, Q) = 0, p,fx) P, Q) = 1, and 
P — M and Q — M are orientablc n-gms. 

In contrast to the property of r-Culc defined in VI 2,5, but in analogy to 
the r-ulc property defined in II 5.31, wo define: 

1. G Definition. An open subset P of a space S will bo called r-ulc if for 
arbitrary covering (£ of iS there exists a covering © of »S .such that if 7 ' is a 
compact cycle (augmented) of P of diameter < 3), then Y 0 on a compact 
subset of P of diameter < (S (IV 3.5). 

[We shall understand a compact 7 ’’ to bo of diameter < T if it has a carrier 
in some element of 2 ).] 

We can then state the following corollary of Thoorom 1,5: 

1.7 Theorem. Lei M be a closed subset of an n-gem .S'. 7/ p'iiM, x) = 0 
for all a; G A/, r ^ n — 1, the7i S — M is (11 r — l)-ulc. 

Proof. Lot S be any covering of S. For each .r G il7 there e.\isi open sols 
P*, P, such that X S L>i C IHz, P, lies in an clement of G, and ( 1 ) P, C .17 
if X $ P(j17), (2) if :r G F{A7), then (using Theorem 1.5) ify' '('.r; /i’, — ;1/, 
Dt — M) = 0. Fora; G 5 — jl7wcletP, C ^*be open.s( 5 ts oontainiiig.v wilh 7i?, 
lying both in 5 — M and an clement of G and such that (using Corollary 
VI G.15) g'{x; , Df) = 0. Let 2) bo a finite number of the .seLs that cover N, 

1.8 CoROLLAUV. If M is a k-gem which is a sulmi of an n-yem S, then 

S — M is r-ulc ior r — n — k, n — k Y I, " ‘ — L 

(Compare Theorem II 5.35.) 

2. Uniform local co-connectedness; duality of r-ulc and (n — r)-couIc. 
Analogous to Definition 1.6 we have the following (which may bo shown 0 ([uiva- 
lent to Definition VI 6.3 in case D ^ S): 

2.1 Definition. An open subset P of a space S will bo called uniformly 
locally co-connecled in dimension r {= r-coulc) if for arbitrary covering G of 
S there exists a covering 2) = S)r(D; G) such that if Z, is a cocycle of D of 
diameter < 2), then 0 in D on a set of diameter < G. 

For locally compact spaces and D ~ D compact. Definition 2.1 is readily 
shown to be equivalent to the following: 
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2.2 Definition. An open subset D of a space S will be called r-coulc if 
for arbitrary covering © of 5 there e.xists a covering 5) of 5 such that if Z, is 
a compact cocycle of D of diameter < 3) (i.e, Z, has a carrier in some element 
of 3)), then Z, 0 in an open set whose closure lies in D and which is of diameter 
< S. 

For open subsets of an n-gcm a close relationship exists between the ulc and 
coulc properties, which we exhibit below. First, however, if U is an open subset 
of a space S, let us extend the notion of Betti number around a point .c G >S — U 
so as to include points of U] in other words, we do not restrict the position of x in 
the previous definitions, and hence p,(i7, x) = p^{S, a;) if x G U; etc.' 

2.3 Lemma. If U is an r-ulc open subset qf a regular space S, then for aery 
xE S, q'{U, .r) = 0. 

Proof. Let P be any open set containing x. Let (S be a covering of S 
consisting of P and an open set P' such that x $ P'. Since U is r-ulc, there 
exists 3) > (5 such that if Z' is a compact cycle of C/ H D, D G 3), then Z' ^ 0 
in some U r\ E, E E Select a_D G ® such that x E D] evidentl}' D must 
be a subset of P. Let Q = D — P'; then x E Q C. P- 

Consider a compact cycle Z' of 17 H Q. Since Z' is also in U H D, it bounds 
on a compact subset o( U r\ E, E E As Z' does not lie in P', evidently 
E = P and Z' 0 in U r\ P. It follows that q'{.U, x) = 0. 

2.4 Corollary. Let V be an r-idc open subset of an n-gm S, r ^ a — 1. 

Then if .r G 5 - I/, - V, x) = 0. 

Corollary 2 4 follows from Lemma 2.3 and Theorem 1 5. 

2.5 Theorem A iiecessanj and suPicicnt condiliun that an upen C uf 

a compact space S be r-ulc is that for all x E S, q'[U, x) = 0. 

(The sufficiency follows from an argument similar to that employed in pro\ mg 
Theorem 1.7.) 

2.(3 Corollary. A necessary and sufficient condition that an npin submit (' 
of an n-gem She r-ulc, r ^ n — Ijisthaifurallx E~ P, P^ ~ f- ri = 0. 

or, alternatively, that q'iU, .r) = 0. 

2.7 Lemma. If V is an r-coulc open subset of a space S, then for ta ry i G 
Pr{U, x) = 0 . 

The proof of Lemma 2.7 is similar to that of Lemma 2 3. 

2 8 Theorem. A necessary and sufficient condition that an open subset U of 
a compact space S be r-coulc is that for all x E S, p,iU, x) == 0. 

‘Ilenceforth we understand that only augmented cycles are employed unless specific state¬ 
ment is made to the contrary. We therefore usually delete the subscript “a”. 
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Proof. The necessity follows from Lemma 2.7, and the suflicioncy fol 
■from an argument similar to tliat used in proving Theorem 1.7. 

2.9 Corollary. A necessary and sufficient condition that an open subs 
of an n-gem B be r-coulc, r ^ n — l,is that for allx G S — U, PriU, .r) = 

2.10 Corollary. A necessary and sufficient condition that an open s 
IJ of an n-gem S he (r -{■ l)-coulc, r < n — 1, is that for all x G S - 
Pr{S - U, X) - 0. 

2.11 Lemma. If S is an n-gm, and il/ a closed subset of S, then for < 
X G M and 0 < r < n, p„-r(S — M, a;) — q'iS — M, .r). 

Proof. Since 0 < r, » — r is less than n and thereforo p„-r-i(S, x 
Pn-r{S, x) ~ 0. Hence by Theorem 1.4, x) ~ p„-r{S — M, x). 

Now pn-r-iQI, x) = x)f and since r < n, p""'"‘(il/, x] 

q^S - M, x) by Theorem 1.6. Hence - M, x) - q\S ~ il/, a:). 

By virtue of Lemma 2.11 and corollaries 2.6, 2.9, wc can now state: 

2.12 Main Theorea[. For open subsets of an n~gcm, and 0 < r < n 
properties I'-ulc and (n — r)-coulc arc equivalent, 

2.13 Theorem. If S is an orientahle iv-gcm and M is a closed suhsH ( 
having only a finite number of components, iione of which is degenerate, 

S ^ M is boOi (n — l)-«lc and l-coulc. 

Proof. By Theorem VI 6.9, pl(M, .t) = 0 for all .r G ilf. Hence by Corel 
2.6, S - M is (n — l)-ulc and by Tlieorom 2.12 is l-coulc. 

3. The Jordan-Brouwer of separation theorem in an R-gcm, and 
converse. Suppose j 1/ is an oricntablc (n — l)-gciu in an oihuitaLb' n-i 
S such that p""'(S) = 0. Then by Theorem \T11 6.-1, pl{B - ^1/) = 1, so I 
by Theorem V 11.10, S — il/ has o.xacUy two comi)ononls .1 and // I'Ik* 
il/ is the common boundary of A and B. For .Mippose x G nnd is an o 
set containing a:. Then p"'‘(il/ - P) = 0 by condllions A and 1) of tho d(5l 
tioii of (n - l)-geni and, by Theorem Till 0.4, p“[,S' - {M -701“ d- Coi 
quently AVJ BU (il/ n F) is a connected point sot. As .1 and B ar(‘ s{‘i)ai-ii 
and i)/ n P is closed relative to A U P L7 (il/ n P), it follows lluiL hot! 
and B have limit points in M H P. We have therefore proved: 

3.1 Jordan-Brouwer type of separation tiiisouem for an a-acM. 
il/ is an orienUMe {n — l)-gcm in an orientahle n-gem S such that p'‘~\B) = 
then S ~ M is the union of two disjoint domains A and B that have iU as L 
common boundary. 

Theorem 3.1 contains, of coui’se, the theorem (Brouwer) on tho soparal 
of the euclidean jS" by the iST \ or more generally by the oricntablc clo 
~ l)-manifold in the classical sense, as a special case. 

Continuing with as in Theoi-em 3.1, p,(il/, x) == 0 for r = 0, 1, • ■ • , 7 i - 
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and by Corollary 2.10, S — M is r-coulc for r = 1, 2, • • • , n — 1. It follows 
that A and B are respectively ?'-coulc for r = 1, 2, • • • , ?i — 1, and, by Theorem 
2.12, that both A and B are 7-ulc for the same range of values of r. We sliall 
show that A and B are also 0-ulc. 

Let X G Then x) — 1 and therefore, by Theorem 1.5, 

q°{S — M, x) = 1. Hence if P is a small enough open set containing x, there 
exists an open set Q such that x E. Q C. P and P — M, Q — M) = l. 
This implies that exactly one (augmented) 0-cycle of Q — M is lirh in P — 
which in turn implies (Theorem V 11.10) that exactly two components of P — M 
meet Q. Since A and B both meet Q, these components must lie in ..1 and B 
respectively. In particular, exactly one component of A P meets Q and it 
follows that A is 0-ulc (and B is 0-ulc). 

Remark. Note that the argument just given also shows: If the complement 
of an (n — l)-gcm M in an n-gcm contams two domains A atid B hamng M as 
common boundary, then both A and B are r-idcfor r = 0, 1, • • • , — 1. 


3.2 Theorem. The domains A and B of Theorem 3.1 are r~ulc for r = Q 

1 , ■ • • , - 1 . 


(Compare Theorem II 5.35.) 


Now suppose, conversely, that M is an (?i — l)-dimonsional’ closed Mibstu 
of an orientable ?i-gcin S such that p""^(5) = 0, and such that S - M is the 
union of exactly two r-ulc (?• = 0, 1, • • ■ , n - 2) doraains .1 ami B of whuh 
iV is the common boundary. Wc shall show that M is an oriontabh* u, - 1 i-gi m 
In the first place, = 1 by Theorem VUI 0 4, and lienee if 1/ i> an 

(n - l)-gcm it is orientable. And that condition D of the dclinitioii of i /< - 1 1 - 
gem is satisfied follows from the fact that M is the common houmhiry of .1 
and B. Wc may henceforth a^'^ume n > 1. 

Since A and B are r-ulc for r = 1. 2, aiul (- 1 )-uh- b\ I'hiuu m 

2 13. it follows that A U B = S ~ M has the wimo iiropoity 11.'m. 
Theorem 2.12, S - M is r-coulc for the same range ol v.iku‘> oi , and l'\ 
Corollary 2.10, .i) = 0 for all x G -1/ ami r = il. 1, n - 2 1 hu- 

condition B of the definition of (n *- Ij-gcm is ^all•'^lell 


It remains to prove condition C of the dehniliou ot ;/i — I'-ioin. lo tin* 
.(’) = 1 for every -f G d/. Since .1 and B are 0-ulc. ih.-ie eM'!> loi^ 
arbitrary covering S of S a covering T, sucii that if Z'" is a conipa. t cmI.' nl 
A [B) of diameter < T, then bounds on a compact .■^llb^et of .1 (Pi of diain. lei 
< G. Let . 1 - G il/ and P be any open set containing r. Let P' be an open -et 
covering S ~ P and such that .r ^ P', and denote by t2 the covering of .s’ 


2Sinee the spaces with which we are dealing are pcifectly normal, it secin^ hk.- v th.it .i 
frontier set in an n-gm is of necessity {n - l)-dimensiona! if it forims a loea burner Ih.wover 
this seems not to have been shonm m the htemture on dimension theory, and in the lack of sin-h 
a demonstration we place this dimension theoretic restriction in the hypothesis of this theorem 
It IS supplied only m order to give condition A of the definition of an (n - l)-gm 
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consisting of P and P', Lot S) be a rofinomont of (S such as just dcscrii 
above, and consider any ogen set Q such that x S Q G P and sucli tliat ( 
a subset of some set D — P', where D £ “D. That P ~ M, Q — 31) S 
follows from the fact that M is the common boundary of A and B. On 
other hand, if is a compact cycle of A (B) in Q, then Z°, being also in 
bounds in a, set A r\ E (B r\ P!) ^r some E S (B. Such a sot E must lio in 
and it follows timt A r\ P (B r\ P) has at most one component which me 
Q. Thus (/“(rt;; P — AjT, Q — if) ^ 1. We conclude that q°(S — 31, x) = 
and, from Theorem 1.5, that p'*~\3{, x) = 1. Wo have then proved: 

3.3 Converse op the Jordan-Brouweb separation TiiEoiiEiM for . 
ORiENTADLE R-acM. If 3f ts ati (n — l)-dme?iswnal closed subset of an oriental 
n-gem S such that p""‘(»S) = 0 and 8 — 31 is the union of exactly i 
r-ulc (r = 0, 1, • • • , n — 2) domains of which 31 is the commo7i boundary, th 
31 is an onoUable (n — l)-gem. 

4. Generalization. It might bo oxjiectcd that Tlicoroms 3.J-3.3, on tl 
positional status of an {n — l)-gem in an a-gcra, are tho (n — l)-dimonsion 
cases of theorems on the positional properties of a /o-gem in an n-gcin. It 
tho purpose of tliis section to show tliat this is the case. 

4.1 Definition. A compact cj^cle Z' of the complement of a cloHcd Hubs( 
31 of an orientable n-gem 8 is said to link 31 irreducibly if it links 31 but do( 
not link any proper closed subset of 31. 

4.2 Lemma. Let Z’ be a compact cycle of the coinplemnit of a closed snbsi 
31 of an orientable n-gem 8, which links 31 irreducibly. Then if x g 3f and j 
is an open set containing x, there exists in P — 3f a compact cycle 7 " such lJu 
Z' y' on a compact subset of 8 — 31. 

Proof. Let K denote a carrier of Z' in 8 — il/, and let Q be an oixm so 
such that X ^ Q C P — K. TJiou Z' bounds on a compact sul)set L of 8 - 
{M — Q), and by Lemma VII 1.4 there is a cycle 7 "^' mod K on L .such tiui 
Z' on K. Denote L — Qhy K'. Then 7 '" is a oyclo mod K' on L 
and by Corollary VII I.IC there exists a cycle 7r’ mod F{Q) on Lr\ ~Q such thai 
dy’^' dy\*' on K'. The cycle dy'G' is in P - 31 and «37[' ‘ ~ on K' C 

S - 31. 

4.3 Definition. If G is a special class of compact cycles, then an opoii 
subset P of a space 8 will be called r-ule relative to G if for arbitrary covering 
g of 5 there exists a covering 2 ) of <3 such that if 7 " £ G has a currier of diameter 
< 5), then 7 '' ~ 0 on a compact subset of P of diameter < g. 

Regai’ding the property of being r-ulc relative to a special class G, Lhooroms 
like those proved above for ordinary r-ulc may bo proved; in particular, wo 
want the following lemma. By q'(U, x] G) wc shall denote a number dcLorrained 
exactly like q^{U, x), except that only cycles of G are taken into consideration. 
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4.4 Lemma. A neccssanj and suJfLcicni condition that an open subset U of 
nn n-gcin S he r-ulc relalive to a class G of compact cycles is that the 7iumher 
q'iU, x; G) = Ofor all x e S ~ U. 

Tho proof of tlie nocossity of Lomma 4.4 is like tliat of Lemma 2.3, and the 
proof of Llic sufficiency like that of Tlicoi*em 1.7. 

Now Thooremis 3.1-3.3 are all derivable from tlie following general theorem: 

4.5 Theorem. In order that a hUimensional closed subset M of an onenlable 

n-gem S for lohich p^iS) = p^^^iS) = 0 */ & < n. — 1, and — Oif !c —, 

R — ], should he an orienlahle k-gem, k < n, it is necessary and sujficimi that 
(1) — M) = 1, hut that ~ F) ~ Oif F is a proper closed subset 

of M, (2) in case k > I, S — j\I be r-idcfor r = n — k, • ■ • , w — 2, and (3) 
>S’ — M he (n — k — l)-idc relative to the group G of bounding compact cycles of 
*S' - i¥. 


Proof of necessity. Conclilion (1) follows from Corollary VIII 3.2 and 
'J'hoorem VIII G.4, Condition (2) follo^vs from Corollai’y 1.8. 

'To prove (3), note that by Thcoi-cm VIII 8.4 thoro exists a base for 
(n — k — ])-(;yclos of »S' — .1/ I’clalivc to homologies in S ~ il/ consisting of 
a .single compact cycle The cycle 7 "“^"^ links iM irrcducibly. By 

T!ic()r<>in L5, if .r E ¥ there o.xist open sots P and Q such that .r E Q C P 
anil sucli that ff' P — ilL Q — M) = I- Then since by I.cmina -I 2 , Q — 3/ 
contains a cycle which is in the same homologj’ elass of S — M as 

ami licncc nonliounding in P — M, we may ehoos<' as a base- for eycl<‘s 

of Q — i\[ relative to lioinologies in P — M Let lie a liouiiding cycle 

of .S — i\f lliat lies in Q — M. Then 0 in — M. Por olbcrwiho 

there exists a homology cic"’''* -«-■ m P — But then 

7 "’' ‘ ill <S' — .1/, and im ~ I) m *8 — 3/, it \voul<i follow that 7 " ' ‘ 0 

in *S' — M. C’onscciucnlly q" — M, .i;*G) = 0 for all a* E 3/ and condition 
{',]) follow's from Lemma 11. (It should be pointed out lluil S — is obviou.dy 
r-ulc for all r < n — k — 1 also, but tins is not n('e(le<l to give a characteiizalion 
of the oricnl.ahlc A-gcm hy positional invariants) 

IhiooF OF suFFK’TENcv. fiOt 3/ be given satishing cimdilions (l)-(3j of 
the Llmorcm Condition (1) will yield the oricnlahility a.s well as eomhlion 1) 
of the dcnuilioii of Ai-gcin, And when A* > I, cimdition (2) yields condition li 
of th(‘ d(4inilion of A'-gm hy Corollarv 2 *1 and Lemma 2.13. It remains to provi' 
condition C', namely Unit for each .r E 3/, pd3/, x) — 1. 

Lot X E 3/, P an opim .set containing x, and Q an open sot sucli that .r E 
Q C. P and 11 houmling comi>act (n — k — l)-cyclo of jS — 3/ w'hich lies in Q 
must bound in P - 3/. Let 7 "'^"' be a base for compact cycles i-clative to 
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then in <S - K, c G ff. Then also ~ in ^ - A' 

i.e., - cz’''^~^ is a bounding compact cycle of iS — M. Consequent] 

^ 0 in P — il/. Hence is a base for compact cycles ( 
Q — M relative to homologies in P — — M, 3 :) ~ 1, and by Theorer 

1.3, x) = 1. 

4.6 Remark. For the case of the nonoricnfcablo Ic-gcm one may stale ai 

analogue of Theorem 4.5: In order Oiat a connected, h-dimcnsional {h < n — 1 
closed subset M of an nrgm S sttch as in Theorem 4.6 shoidd he a nononeniahh 
h~gcm, it is necessary and sufficient Qiat (1) ~ M) = 0, (2) S — M 

he r-ulcfor r ^ n ~ k, ‘, n ~ 2, and (3) Pkn{S - M, x) ~ Iforever^j 
X G ^I- The proofs of (1) and (2) are as above, and (3) follows from Theorem 

1.4. 

4.7 Corollary. The completnent of a la-gcm, orientahle or not, h < n ~ 1 
in an n-gem S such as in Theorem 4.6 is r-coulcfor ?■ = 1, 2, • • • , k. 

An interesting corollary of Theorem 4.5 relates to the po.sitionaI properties 
of the simple closed curve in the n-sphere: 

4.8 Corollary. In order that a closed subset M of S’', n > I, should be an 

S\ it is necessary and sufficient that (1) — M) = 1 but that p'‘^'‘^{S — F) = 0 

for F a proper closed subset of il/, and (2) S — J\I be {n — 2)~ulc relative to the 
bounding compact cycles of S — M. 

4.9 Example. The necessity of the condition rogartling (he hounding com¬ 
pact cycles above is made evident by the following example; L('t A (hmote the 
set of all points (. 1 ;, y, 0) in. cooi*dmaLc 3-8pacc such that 0 < x g 1/V, ij = 
sin l/.r; B the set of points (0, y, 0) such that — 1 ^ y ^ 1; and C an arc joining 
(0, — I, 0) to (I/tt, 0, 0) but otherwise not meeting A U B. If w<‘ make Iho 
coordinate space an >8® by adding the ideal point at infinity, then ^1/ = J W 
B U C satisfies condition (1) of Corollary 4.8, !)ui N* — M fails to la* J-ulc 
relative to the boimding cycles of ;S — Af; consider, for cxam|)l(;, small m-igh- 
borhoods of (0, 0, 0). 

5. Additional positional properties. 

5.1 Definition. Suppose tliat £/ is an open subset of a space B, and r and 
Jc are nonnegative integem sucli that if @ is any covering of N then there exists 
a coT^ering 2!) > S such that if D is an open sot of diameter < ® that meets U, 
then there exists EG® containing D such that priS: UnD, 0; O n B, 0) = k. 
^ye then say that pAU, x) is uniformly = h over U. 

It IS easily shown that/or an open set U to be r~coulc it is necessary and suficient 
that Pt{U, z) he tmiformly = 0 over U, so that we have here a generalization of 
the coulc property. 

5.2 Theorem. For open subsets of an onentahle n-gem, the properties of 
being O-ulc and of x) being uniformly = 1 over U are equivalent. 
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Proof. Suppose tho open subset 17 of an n-gcm 5 is 0-ulc and that (S is 
any covering of ^S. Lot S' >* (S, and 3) a covering such that if 2" is an augraentod 
compact cycle of U of diameter < 3), then 2 '* bounds on a compact subset of 
U of diameter < (S'. Then suppose that D is an open subset of S of diameter 

< ® that meets I/. Lot 7)' G 3) contain D. Then the union of all elements 
of (S' that contain D' lies in some ^ (S, and if p and q arc points o£ U D, 
then a nontrivial O-cycle on p U g boimds in U JE. It follows that U r\ D 
lies in one comiDonont of t/ n 2?. This component is open in S since S is 0-lCj 
and honco by Theorem VII 5.7, p„(8: U r\ D,0; U n E, 0) g 1 . That p„(S: 
U r\ D, 0] U r\ Ey 0) ^ 1 follows from the fact that D t/ H 0 . 

Conversely, suppose p„(U, ic) is uniformly — 1 over U, and lot ® bo any 
covering of S. Selocl 3) as in Definition 6.1, and suppose D ^ 3) such that 
D r\ U 7^ 0. There exists E ^ (S contmning D sudi tliat p„(S\ U H D, 0; 
U r\ E,0) ^ 1, and, the union of the components of U r\ E that meet D being 
open, it follows from Tlieorcm VII 5.7 and its pmof that the number of these 
components is 1 . 

5.3 Lemma. If U is an r-coulc open subset of a compact space S, P Q 

are arhilrarij open sets in S ayid (S a covering of 8, then there exists a covermg 
3)^ = 3)^(^7: (S; P, Q) > ® such that if Zr{\X) is a compact coegeie in Q r\ ZJ of 
diameter < 3)^ , then Zr{\\) 0 in an open subset of P r\ U of diameter < (£. 

PiiooF. Select a covering (S' > S such that St(Q, (S') C P, and let 3); > (S' 
he a covering such that a compact ?*-eocycle of U ofdianKdor < TJ coiiounds 
in an open subset of U of diameter < 

Similarly, wo have: 

5.4 Lemma. If U is an open subset of a compact space 8 such that Pr{U, x) 
is uniformly — 1 over U, P ^ Q are arbitrary open subsets of 8, and (£ is a covering 
of 8, then there exists a covering = 3>"(P: G; P, (3) > (S such that if 

and 7 r(U) are compact cocyeks in Q r\ V which lie together in a set of diameter 

< TJ', then aZ^iV) /) 7 r{U), «, h G El, in P r\ U in n set of diameter < (S 

PudOF Select a covering (S' > G such tlml St(Q, (S') C P, and let 3)P > (S' 
Ix' a covering siuii lliat if D is an open .set of diainctcr < TP that meets (/, 
then there exists E' G (S' containing Dsiieh that pd'b’: U C\ D,0; U r\E',0) = 1. 

5.5 Di'UUN'irioN. IIereafl<M', if a set is r-ulc for r — /n, + 1, ■ • • , k, wo 

denote this fa(4 liy the symbol ule', , wil.li tlic exception tluit the symbol uloS 
will 1)0 al)l)r('viuied to uleP Similar symbols may lie introduced for llio conic 
properties. 

5.0 Ljsmma. If U is a idc'’ open subset of an orienlabk n-gcni »S, P 3 Q are 
arbitrary open sods in 8 and (5 a covering of 8, then there exists a covering 3)* = 
3)*(f/: (S; P, Q) > (S such that if t*' is a partial co-realization of an at most 
{h + lydimensional complex K in Q r\ U of norm < 3))I‘ on some coveiing U, 
then there exists a co-realization r* of K in P r\ U of iwrni < <2 on. a 93 > U such 
that T*C' = 7 r?i«T'*‘'C’’ wherever the latter is defined for chains C' of K, 
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Proof- We shall use induction on the values r = 0, X, • • • , k. 

By Theorem 6.2, z) is uniformly -X over U. For r = 0, aolecl to 
be the same as the covering P, Q) of Lemma 5.4. Then if E'' is ft 

cell of K such that is not defined, T*'dE' is a pair of fundamental n- 

cocycles on U whidi togethei* cobound an {n — l)-chain in an open subset of 
P r\ JJ Qi diameter < 

Supposing the theoi'cm to have been proved for some r < k, let bo an 
open set such that F ^ f?- By Theorem 2.12, U m {n — r — l)-coulc, 

so that we may select SD'-r-i(t7: S; P, Qf) > (S as in Lemma 5.3. Wo may 
then select S)f (C/: ; Qj , O as given by the induction as.sumption. Let 

T*' be a partial coi'ealization of the at mo.st (r + 2)“dimonsional complex K 
in Q of norm < £)? on some covering U. Then if denotes the subcomplox 
of K consisting of all cells of dimension at most r 4- X) Lhoro exists a oorcalizntioii 
7*" of in Qi of norm < on some > U. 

Consider a cell of W. is defined, take = 

its norm is given < S)*, honco it is of norm < 1 ■ If 

is not defined, then consider T*"dE'*^. The latier is a cociyck* Z„-r-i of of 
diameter < in<3i ; it coboimds a chain oji a S > in an open 

subset of P of diameter <@. Let this cliain Jiy further 

projection if necessary, we may assume that all such chains ii{> on a fixed 
S > S3, and for chains C* already defined by r*" on ilk w(‘lot r'C' = 

5.7 Lejima. If U is a ulc‘' open suhsel of an orientnhlr n-prm .S', L a dosed 
siibsei of U cairyUig a cycle y', r ^ A: + 1, and P an open scl con/aiitind L, then 
there exists in P r\ U a compact cycle Z' such that y' ~ Z' in P. 

Proof. Tlio proof uses methods analogous to those' MS(*d in (Jin pi'oofs of 
Theorems VIII 4,2 and ATII 5.4; consoquoully we give only tlu' (‘H.s('n( iai dnlaiU 
insofar as they differ from llio.se of the previous proofs. 

Let (3i) ^2 and Qs )>o o])en sotsjiuch that P ^ Q\ ^ Qi Qa D L,_an(l lei 
U be a covering of Ssuch that St(f?3, U) C ■ Also, let > llUUi Qa, <2]), 
the latter being the covering defined in Tlieoi'em VI 3.(5, such Llml Stfkl'?, Q) C 
Q 2 . Lot llo }>o the covering introduced in Corollary Yl 3.7, rdativo, however, 
to P and Qi , and lot U, be an «-fIlmen.sional ixilinomont of Un such (hat Ih >* 
CE; Q 2 , Qf), the L'ovoring of Lemma 6.0, U, > ilk^U, lU ; Q-a > Qi) of 
Theorem VI 3.6, and such ihnt .St(U,, L) C Qa . 

In each element of II, r\ (7 them is a fuiidaraontal cocyiJo of .S' in U, and 
wc may assume these all on a covering IL > 11,. Let t’*'' assign to each vortex 
of III A U the corresponding fundamental cocyclo on lU . By Lemma 5.0 
there exists a co-realization t* of tlio complex consisting of all the at most 
(k 4- l)-dimensioual cells of Ui A L in Qa TA 17 of norm < (S on a covering 
il3 > II 2 , and t*'y’’(Ui) = 7 ,-r(U 3 ) is a cocyclc in Qa 1/ which wo may assume 
to be a compact cocyclo of Qa r\ U. 

To show that Z' — 7 „_, ^ p" y'' in P, wo first form a complex K from 
111 fA Qa just as the complex K of the proof of Theorem VIII 4.2 was formed 
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from Ui . And as in the latter pj:oof, wo may make a partial realization t* of 
7C on Ui of norm < U? on Ui A Qz , which can be oxtonded to a realization of 
K on (Ui W llo) A Qi . The proof now concludes as in tlio corresponding part 
of the proof of Theorem VIII 6.4. 

_5.8 Tiieoiiem. Ij U is a ulc^' open subset of an onenlahle n-gem S, then 

V is 

Proof. Consider .r 6 and P any open set containing x. Since by 

Lemma 2.3, q’'{U, .r) = 0, r ^ Ic, them exists an open se^C such that x ^ Q (Z P 
and q\x; P r\ U, Q r\ U) 0^ Let bo a cycle of U in Q, and let U be any 
covering of *S. Denote Q H U by A. Then by Lemma V 8.7, there exists a 
covering > U and an open set M containing A such that a cell of 35 that 
meets R also meets A. By Lemma 6.7 there is a compact cycle Z' in R r\ 
Q r\ U such that y’' Z' in R r\ Q, In particular, ■y’'(S 3) ^’’(33) on R and 

there exists a chain (7’'*^’(33) on R such that 

(6 8a) 3C^^*(33) = 7 (95) - -ZW. 

Now tlic relation (5,8a) lacing on R, must also bo on A, so that dTrusjC''*\^) ~ 
7riisi7d35) — 7rimJ^'(33) holds on A. Sinco 7' and Z' are on A, this implies that 
Y^U) ^ Z'(]X) oil A. Byjlio choice of <3, Z'' ~ 0 in P U. It follows that 
tT U) n in P r\ U, and 17 is r-lc at x. 

We can now prove a theorem which slrongthens the result of Lemma 5,7 for 
r ^ A” 

.5.1) 'rriF.ouFM. 7/ (' is a idc* open siihsd of an u)icnkibU‘ n-gem N, 7' is a 
ci/clr on a closed suhset L of U, r k, and P any open set coniiinunt/ L, llien [here 
rxlsls III P r\ U ([ com pad cijcle Z' such that y ^ Z^ on P Pi V. 

I’liooF. J.ei U 1)0 an ojicn .set such that P R Z) R Since U is IP liy 
'riK'oi-ein .5 8, ilu'rc exists liy Corollary \T 8 7 a covering U„ of .S’ such_th;it Jf 
7'' and 7/ ate two cycles on R P 7/ whicji^ are lioniologous on 11, A R U 
Hum 7' iuul Z' arc hoinologou.s on P P V Let > Ih, he jl c()\-(‘i'!ng and 
Q an open set. Midi tiiat R Z Q Z) R ami such that if a eidl of 3> meets (A limn 
It nu'cts L. 

I3y Lemma .5,7 llic’re twists a. eompnel cycle Z’’ in Q P V such llmt 7" Z' 
m (}. lienee there exists a cluiin r’*'(33) ^ueh that d7"'''’t33) = 773>) ^ Z't3>) 
on Q, lienee on L. Consequently xu, i.7'(33) 7ru.!iiZ''(33l on Ij anti ajortiml 

on Q P V, .so that tTUo) ^Z'(lln) on Q (A V and a fortiori on 11,, A 7f P U. 
'riietefore y'' ^ Z' on P (A V. 

By the sumo methods used m proving Lemma 5.7 and Theorem 5,9 wo may 
ju-o\’{‘ t lie follow mg lemmas: 

5,10 Lemma. 7/ P is_a idc open subset of an orienlahle n-gem S, K and M 
closed sets lying in C and U respectioely, y' a cycle mod K on M, r ^ /v + 1, and 
P any open set containing M, (hen there exists inP fA U a com^yact set M' carrying 
a cycle 77 mod 7v such lhal y' ~ Z^ mod K in P. 
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6.11 Lemma. If U is a vie* open subset of an onentable n-gcm S, K and M 
closed sets lying in U and U respeciiveli/, y'' a cycle mod K on M, r ^ h, and P 
any open set containing M, then (here exists inP r\ U_a compact set M' carrying 
a cycle Z' mod K such that y^ Z' mod K on P r\ U. 

6.12 Theorem. Let U be a ulc* open_subset of an orienlahle iv-gcni S, and 
T a fixed integer ^ /c. ThenKiJI) ~ 

Proof. Since U is Ic** by Theorem 6.8, Iho dimension of Hl{U) is a finite 
integer m by Corollary VI 3.2. _ 

Let , ■ • • , tI , ■ • • I T« be a base for j'-cycles of V relative to homologies 
en XJ. By Theorem 5.9^ihoro exist compact cycles Z'l , i ~ I, ■ - • , m, in U 
such that y1 Z] on XJ. The cycles Z\ must bo lirh in XJ, and consequently 
dimension/ifl(I/) § dimension 

Suppose that a finite set of compact cycles Zi in XJ are lirh in XJ and let K 
be a closed subset of XJ oanying the cycles Z'i . If there exists a hoinology 
aiZ\ '^_0 on XJ, a, G then by Lemma VII 1.4 there exists a cycle 
mod K on XJ such that 

(5.12a} £ a,Z\ on K. 

By Lemma 6.11 there exists in Cl a cycle mod K such that ~ Z'*^ 
mod K, By Lemma VII 1.2, 

{5.12b) dC'*^ on K. 

Relations (5,12a) and (5.12b) imply that dZ"*^ £ a,Z[ on K, and since 

aZ'”"’ 0 in i7, it foUo^vs that £ a,Z\ 0 in U, contradicting IhejjicL that 
the cycles Z\ are lirh in XJ. Hcncc dimension 1C{U) g dimension ITJU). 

5.13 Theorem. Let U be a ulc* open subset of an orimlnhlv n-gem A', and r 

a fixed integer g k suck ihc^p^{S) = 0, and is also = 0 ?/ r < u — 1. 

Thenli{XJ) ~ — XI), and their common dimension isjinilc. 

Proof. By Theorem VIII 6.4, ir(U, ff) == - 77), and the tlu'orein 

then follows from Theorem 5.12. 

In view of Theorems 3.1, 3.2 and 5.13 we have; 

6.14 Theorem. If M is an orieiitable (n — l)~gcni in a sphcrdikc n-gmi >S, 
and A, B denote the respective domains complementary to J\I in .S', then pJA) = 

^n-f-i(p) j.^^. ^11^ 

(For example, if T is a torus in 3-spacc, then in both its “interior” and its 
“exterior” there is a single lirh compact 1-cyclc.) 

Theorem 5.13 has another interesting corollary: 

6.16 Theorem. Let XJ be a vlc’'~* open subset of a spherelike n-gem S, and 
let B denote the boundary of XJ. Then the Belli numbers p''{B), k = 1, ■ • • , 
n — 2 are all finite and satisfy the Poincar& duality. p*{B) — p'*'*~‘(I?) relative 
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io the dimension n — 1 . (I.o., B satisfies the same duality relative to the mim- 
bors ?/(i5) as an oi’icnlablc {n — l)--goin.) 

Proof. By Thoorom 6.13, the folloAving relations hold: 

(6.15a) v\U) = - V), p\S ~ CO = 

Adding the relations (5.16a) gives ~ B) ~ ~ J5), and both of 

those numbers nrc finite since the numbers involved in relations (5.15a) arc 
finite by Thoorom 5.13. Hence by the Alexander duality 

5.10 Lemma. lf_U is an open subset of an oneniable n-gon S, K and M 
are closed subsets of U, K C M, P and P' open subsets of S containing M and 
K, respectively, and y' a cycle mod K on M,r ^ k + 1, then there exists a compact 
set M' in P CMJ car^jing a cycle mod P’ such that y' ^ Z' mod P' in P, and 
dY ~ dZ/ on P' r\ U. 

Lemma 5.30 follows easily from Lemmas 5.9 and 6.10: We may suppose 
P' C P- By Lemma 5.9 them exists a ^clo Z''~^ on a compact subset IC of 
P' n U such Llmt 37 " ~ Z'-' on P' r\ U. Let L K\J K‘ be a compact 
suhsot of P' r\ XJ carrying this homolog 3 '. Tlieu there exists a cycle C mod 
K' on L 'U M such that C' 7 ” mod P' on L VJ By Lemma 5.10 there 
exists \\\P r\U a compact set il/' carrying a cycle Z' mod K' such that C' Z' 
motl K' in P. Then 7 ' ~ Z"" mod P' in P and dy'' dZ’ on P' r\ U. 

Similarly wo have, analogous to Txmina 5.11: 

6.17 Lemma. Under the same hypothesis as in LemmaJ).^^), hut with r ^ k, 
there exists Z' as before, hut with y' Z' mod P' on P r\ U. 

6.18 Lemma, If U is a nlc'’ open subset of an orienlahle n-gem B, then U is 
completely r-avoidahle at every x E, U, r ^ k, r < n — 1. 

Proof._T]ic lonuna is trivial for x E U, since S is an n-gem (Corollary IX 3 2 ). 
J.et x E U — P^anfl P, Q, It open si'l.s simh that x E B Q Q ^ P, J^ed such 
that r-cycles ot U r\ Q bound on P r\ U. By Thcownn 5 8 amMJorolIai'y 
VJ 3 8 there cxi.slH a finito_base 7', « = I, • • • , m, of r-cyclos oi U D P{Q) 
ivhUiw to homologies in U D (P It). Racli of the cycles 7(_boimds on 
P Cl U, and hence there exists a cycle C'('‘ mod P{Q) on P Pi U such that 
dC'Y ‘ ~ 7 ^ on 17 P I''{Q). By Lemma 5 10, tlicro oxisls a compact sed M[ in 
P P P carrying a eydcZU' inodP — such that --'dZV * in (P — i^Pl U 
and C'U' ~ mod P ~ It in P. Then 7: -- m (P - R) r\ U, and 
hcnc(3 7! 0 on a closed subset L, of P such that Li r\ R E U. "Wc may now 

select an open set R' such that x E R' E R ~ ^ - Then if 7’' is an arbitrary 

cycle of L n F{Q), there exi^ a set of elements a, E ^ such that 
7 ' ~ a, 7 ( ~ 0 in (P ~ P') P U. 

5.19 Theoreh^ If U is a ulc’‘ open subset of an orienlahle n-gem S , k ^ 

n ~ I, then S ~ U is . 
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Proof. Lot r be an integer such tliafc 0 ^ r ^h. To prove that S_^ 
is (rt — r — l)-ulc, it is sufficient to show that p^iU, x) == 0 for all x S U,h 
Theorem 1.7. Let xSU and P an ai’bitraiy open sot containing x. Thon h 
Lemmas 5.S and ^8, there exist open sots Q and 2i .such tlmt x (E C Q ^ I 
r-cycle^ of I^r\ U bound on U, and_(r — l)-eycles oi U r\ F(Q) bound i 
(P ~ 7?) n C7. Consider a cycle y*" of U mod (;S — P). Thon Y is also a oycl 
mod S — Q, and by Lemma VII 1.16 Uiero exists a cyclo Z’' mod S ~~ Q o 
Q r\ U such that 

(5.19a) Z' Y mod S - Q on U. 

Since dZ' 0 on (P — P) H Cf, diere o^sts a cyclo C' mod K, whore K i.s i 
earner of dZ' on F(Q)t oii (P — P) U, such that dC dZ' on K. Jlj 
Lemma VII 1.6, there exists a cycle on P U such that r" Z' — C 
modje By the choice of P, P'' ~ 0 on U. Hence Z’ — C 0 mod S — I\ 
on 17. Combining this Jiomology with (5.19a), ^vc have that y’’ ~ 0 motl 
^ - P on t/. 

6 . The boundary of a ulc"““ domain in a manifold. Before conlijiuing with 
the general open subset of an «-gcm and its ulc proportio.s, wo eonsidor the 
case of a single domain. Hero we may obtain a remarkable g(Miorah/iitJon of 
Theorem 3.3, in that wc show that not only is it sufficient to imi)os<' th (5 ulc"'® 
condition on only one of the domains in quo.stion, but it is unnooc'ssar}' to make 
any assumption rcgareling the number of domains complemonlary to Liu' given 
closed set. 

6.1 Lemaca. If U is a 0-uIc open suhscl of a space S, and (! is a rompom’nt 
of the boundary of U, then C is on the boundary of one and only one voniponcnt of H. 

Proof. Let x E C. Since U i.s 0-iiIe, there exists an (jpen h(*|. P (ionlaiiiiiig 
X .such that every 0-cyclc oi P r\ U bounds in f/. Ihuire .r is on the boiindaiy 
of only one component of U. 

Let .r and y bo arbitrary points of C, and let (S Ix' any covering (jf .S', l-et 
3) > d such that a compact 0-cyclo of U of diameter < T> bounds on a compact 
subset of U of diameter < d, and let U > * T). A.s C is eomu'cted, there (‘xists 
a simple chain H, , • • • , P, , • • • , IJ„ of elomeiiL.s of U from x to //, eaeli H. 
containing points of C. Icl x, E V r\ U, . Thon a noiiliiviul O-eyde on 
X, W i = 1 , . •. j wr — 1 , bounds on a compact subset of and it follow.^ 
from Corollary V 11.11 that a'l and .r„ lie in the .same coinpoiu'iit of f/. The 
conclusion of the lemma now follows easily, 

6.2 Lemma. If x is a point of an orientahle n-ycni S and P an open scl con¬ 
taining X, then there exists an open subsefQ of P containing .r a?id a cycle y'"' on 
FiQ) such that if x' E Q andy E S ~ P, tJien y"~ ' oo o w 5 ~ .x*' ~ y. 

Proof. Let (3 C P be an open set containing such that every (a — 1)- 
cycle on F(Q) bounds in P. Then if P” is the fundamental a-cj'^clo of .S, P™ 
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is ajjyclc mod S — Q, and by Lemma VII I.IG there exists a cycle Z"' mod F(Q) 
on Q such that T" ~ Z" mod ^ - Q and ~ sr" on S - Q. 

Suppose .t' G Q, y G — P, and that 92“ ^ 0 on tST ~ .r — Let Ri ami 
R 2 be open sets containing x' and y respectively, sucli that Ri G Q, R 2 C S — P, 
and dZ" ~ 0 on <5 — R, where 22 = i?, W Ka . Then Z" is a cycle mod S — R 
on S ~ R 2 such that dZ" ~ 0 on /S — 5, and by Lemma VII 1.6 there exists 
a cycle 7 ” on S — Pa such that y'* 2" mod S — R. 

Now 7 " must bound on S, since it lies on a closed proper subset of S, and 
hence 2’* ~ 0 mod S — R. Then a fortiori 2" 0 mod S ~ Ri, and as T" ~ 2" 

mod S — Q, ii follows that r" ~ 2" 0 mod »S — 12, . But this is impossible 

by Lemma VII 3.6. 

G.3 Lemma. If U is a open siihset of anoricnlahle n-gem S, then every 
point of the houndanj of U is a limit point of S — U. 

Proof. Suppose .r is a boundary point of U that is not a limit pqmt of 
S — Uj_ Then there exists an open set P containing x such that P C. U and 
S — P 0. Lei <3 be an open subset of P contaming x such that 
P r\ U, Q r\ U) =0 (Theorem 2.S). Let y E: S — P. By Lemma 6.2, 
there exists an open subset P of Q containing x and a cycle 7 ”“^ on P(P) which 
is not homologous to zero in iS — j: — By Lemma 5 7, there exists a compact 
cycle 2"“^ in (Q — .^■) O C.'’ such that 7 "“^ 2"“‘ in Q — x. But by the choice 

of Rj 2""' 0 in P n C <5 — j: — I/, and therefore 7 "“' 0 in P — .r — 

G.-l Lemma. Let S be a space that is normal, connected and Ic, and such that 
all its compact i-cyclcs bound. Then if a compact set B is the boundary of a domain 
D in S, no component of S — D has boundary points in more than one com 2 }onent 
of B. 

Proof, yupposo B is a component of S — JJ that hu>' limit points in. two 
componcni.s, (\ and C? , of B. There exists a decompii>itioii B = Pi 'G P> 
separate, wlrere B, D C. , / = 1, 2, by Theoiein iV 1.1. Since //(N) = 0, S 
has property of C'liapter TT (see (‘orolliuy VJI 9 3 aiid the r<nnark loilowing), 
and ilu'rc e.xist.s a cloi>e<l, conucetod set K G S — B which -scpartitcs Ci and C. 111 
S. As E has limit iionils in both C, and C 3 , E G\ K 7 ^ 0, and it follows that K 
G E. But for the .same reason K C E. This is impossible since D r\E = 0, 

6.5 Lemm v. If D IS a ide""* domain of an orieniahlc n-up-m B. nnd p' (6') = 0, 
then each compunenl C of the boundary of D is the common boundaiy of two ulc‘ 
domains Ei and En such that S = C E) Ei^J Ei . 

Proof. By Lemma 6,3, Pjs the boundaiy of the nonempty open set B — D, 
and by Theorem 5.19, <S' — P is nlc"”h If C is a_component of B, then C is 
on the boundary of only one component, Ei ,oi S ~ D, by Lemma 6,1. Further¬ 
more, C is the coinpleto boundary of Ei by Lemma 6 -1. The set Pi is uk" 
For if ir G Pj there exists an open set P containing ^such that P r\ {S — D) G 
P r\ Ex , and consequently q'iEi , x) = — D, x) = 0, r ^ n — 1. By 
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Theorem 5.19, 6 ' — 5?i is iilc""* and consoqucnfcly is conncctocl by Lommas 0.1 
and 0.3. 

KEMA.RK, The necessity of the condition p’(iS') = 0 in Lemmas 0.4 and 0,6 
may be seen from tlie example of the torus. In the ease of Lemma G.4, if S is 
a torus and 5, , are two disjoint equatorial circles on T, then B — BiU 
is the boundary of a domain D of S such that S — Disa domain with boundary 
points in both 5, and Bt. And for the case of Lemma 0.5, the component J?i 
of B is not a common boundaiy of two domains of B. 

By the same kind of argument ns was used to prove Lemma 6.2 wc may also 
prove: 

6.6 Lemma. If S is nn oricniahlc n-gem, M a closed subset of S, and A and 
B are different convponenls of S — M, then M carries an (n — l)-c!/cle y""' which 
is not ho7nologous to zero in S — x ~ y no matter what the choice of ‘points x G A, 
y E: B may be. 

6.7 Lemma. Let S be an orientable n-gem, such that p\B) = 0, and D a 

do7nain in S such that 0* Then the boundary^ B, of D is co7inected. 

Pnoop. Suppose B =» P, U 5^ separate. TJion by Corollary VJI 9.3 tiicro 
would exist a continuum K m S — B separating points .v and y of B in S. By 
Lemma 6 . 6 , K would cany an (n — l)-cycIo nonbounding in B — x — ;/. But 
evidently K C And the existence of such a cycle would contradict the 
liypothesis that p”~^{D) — 0. 

0.8 Theorem. Let S be an 07'ic7iiahk n-gcin such that p\B) = 0, and D a 
domaininS 3tichlhalp’'~'{D) = 0. Thenlheboundary of ]), if /londegencralc 
and 7iot n-dwmsional, is an orientalde (n — l)~gcm. 

Proof. The boundary, B, of D is connected by Lemma 0 7. 

By Theorem 2.13, 5 — A is (n — l)-ulc. Consequently I) is (a — l)-ulo 
and by Lemma 6.5, B is the common boundary of two ulc''"' domidns D and 
B' such that 5 = B U B U B'. Since « 0 by 4’lieorc'm VIII 4.2, 

Theorem VII 6.9 may bo applied to show that - I and p'‘''(B') = 0 

for every closed proper subset B' of B. 

The remainder of tlio proof is exactly like tlic latter i)art of the proof of 
Theorem 3.3 above. 

As a corollary of Theorem 6.7 wc can state much stronger tliooroins than the 
converse of the Jordan-Brouwer separation Ihoorem: 

6.9 Theorem. If B is afi orientable n-gc77i such that p'(S) == 0, a7icl M is 
an {n — Xydimensmial set whidi is ike common boundai'y of {at least) two distinct 
domains A and B of S — M, one of which, say A, is ulc’'~'‘, then the set M is an 
orientable {n — \)-gcm. 

Proof. Since by Corollary VII 9.3, B has Property IV of Chapter II, M is 
connected. Hence by Theorem VIII 6.4, ~ M) = 0 , and it follows that 

p" ‘(A) =0 and Theorem 6.8 applies. 
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6.10 Theorem. If S is an mienlahle n'-gcm siicit that p^{S) ~ 0, and U a 
uIg''~^ open subset of S, then each componejU of the boundarij of U [if not n-dimen- 
sional]^ is an oHentahle (n — l)~gc7n. 

Proof. Suppose first that U is connected. Lot C bo a [not n-dimcu.sional] 
component of the boundary of U. By Lemma 6.5, C is the common boundary 
of two ulc"'' domain.s, and Theorem 6.9 applies. 

In the general case, since [/ is a O-ulc open subset of a compact space S, it 
has only a finite number of components £7, , i = 1, • • • , m. By Lemma 6.1 
each component of the bounda^, B, of U is on the boundary of one and only 
one £/, . Hence tlio continua 17, arc disjoint, and the sets £/< themselves aro 
ulc'‘“h Then each component of the boundary of U is also a component of Uio 
boundary of a ulo""^ component of U and is consequently, as just shown above, 
an oricntablc (n — l)-gcm. 

6.11 Theorem. If S is an orientdble n-gem such that p^(S) = 0, and D is 
a domain of S whose boundary, B, is a [not n-dimensional] continuum, then 
B is an orientable (a — l)-gcm. 

Proof. It follows from Theorem 2.13 that D is (a — l)-ulo, and hence 
Theorem C.IO applies. 

The following special cases have an intrinsic interest which justify separate 
statement: 

6.12 lliEOREM (R. L. Moork). If D is a 0~ulc, simply 1-coniiccted domain 
in the sphere then the boundary of D, if nondegenerale, is an S''. 

6.13 "I'liicoREM. If D is a r?c*, simply 2-conriccird domain in Ike sphere S^, 
then the boundary (nondegeneratc), B, of D is an orientable closed 2-divien&ional 
manifold in the classical sense. In particular, if p\D) — 0, then B is a 2-sphcrc 

From the standpoint of cxistxmce, the following theomm is of intoro.st' 

0.14 Theorem. If S is an oiientahle ^-gcni such that p'{S) — 0, and .S' 
contains a ulc^ domain [with 2-dimen8ional boundary], then S contains at least one 
orientable closed 2-dimensional manifold in the classical sense. 

Remark. Instcuul of the hypotliasis of Theorem 6.13, one may of course 
suppos(! that S contain.s a ulc^ domain which is simply 2-conncctod and has a 
nomnnpty 2-dimoii.sional boundary (cf. Theorem C.8). 

7. Additional converses of the Jordan-Brouwer separation theorem. In 
Theorems 6.8 and 6.11, the conditions on the complement of the (n — l)-gcm 

^IIoiG, and in n niunber of later theorema, we place a dimensionality restriction in brackets. 
The reason for this is that while it is ■well known to be unnecessary in the case of the n-sphere or 
classical n-mnnifolcl, wo do not know whether it is nocessaiy in the case of an «-gem. Since 
> 0 implies M at least {n — l)-dimenaional, we need not specify exactly “(a — 1)- 
dimensional’', so that the question reduces to whether a common boundary of two domains 
can bo n-dimonsional. Compare footnoto 2. 
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were placed entirely on one domain. In Theorem 6.9, although the principal 
(,ulc) conditions woi’e placed on one domain, use was made of tiio fact that tlio 
manifold is a common, boundary of (at least) t\^^o domains. In the present 
section, stronger use is made of the latter fact, and tlic iilc conditions aro dis¬ 
tributed over the two domains—somewhat in tlio manner in which this was 
done in Theorem 3.3 except that in the latter case the iilc conditions imposed 
were much stronger than necessary, as we have already obscr\^od aliovc. In tho 
first place, we may state the following theorem: 

7.1 Theorem. Lei M be a [not n~diinendonal] common houndary of (at least) 
two domains D, and Dg in an orknUtbh n-gem such that p'(/S) = 0. Also, 
suppose that is ulc"*, fc = 1, 2; ih + 7?2 = « - 2. Then is an oricniabk 
(n — l)~gm. 

Proof. By Thoomm 5.19, jS — Da is ulc!!I^,-i, and as + i = a — — 1, 

Di is therefore ulc""‘. Theorem 6.9 then applies. 

7.2 Theorem. Let M he alnotn-dimnsmial] common boundary of (at least) 
two domains Di and Dj in an oricnlaUe n-gon S such that //(A') — p’"(<S'} = 

= 0, and Di is uh”^, fc = 1, 2, where n, + n. = » - '6. Then if there 
exists a covering E o/ jS such that the («2 + l)-cychs of D.^ of diameter < (S bound 
in B'i , the set M is an oncntable {n — l)^cm. 

Proof. By Theorem 5.19, S - D, is ul(C«, -i , h<-nc(‘ Dj is likcwiMi. And 
as we already know that Dj is ulc“’ and iij, ~ n — n, — 3, wv. need only slioiv 
that Da is («2 -f l)-ulc; the thoorora then follows from 'rin'oroin (i 9, I'or iii.s(iuh'{‘. 

Denote ih T I hy r. To show that D* is r-ulc, it is sufnch'iit lo .sliow tliat 
q (Da j .r) — 0 ter all a; £ iS — Da bj' Ooroihuy 2.6 .;\s (ins is ol)\'ion^ for Llic 

case X ^ S — Di ,ht X ^ M. It follows from liio IiypolJn'Nis lliu( 1 licrc cxisls 
an open set P containing a: sucli that all compaci, (‘yclcs of /). in J* honnd in 
Da . By Lemma 5.18, D, is completely »,-avoidal)]c, I.(‘l, Q mid D be ojicn 
sets simh that x E R CQ C P and «,-cycles of 7), on /‘\Q) bound in Y), H 
(P - R). Let V bo an open set such that r G T C R and sneh (hut cycles 
of S ill V bound in R. Let y" be a cycle on a closod sub.st'l, K of I' O I). . Tlieu 
y bounds on a compact subset AT, of Dg a.s well as on a comiiacl. subset 
of R. If we denote ill H Q by A, and {M ~ Q) \J h\Q) by -U , tium tlio 
hypothesis of Theorem VII 9.1 is satisfied, iind-y' will bound in k - [^Z U Pfl?)) 
if it can be shown tlmt every (r l)-cyclc of A, U Aa boumts in A' ~ A, Pi Aj. 
Now Ai rh Aa c -il/ n F(Q), and therefore an (?■ + l)-eycl(! of A", W AT tliat 
is nonbouncling in S - A, H A^\s linked, by Ooroihuy VIIT 8.0, with an bi¬ 
cycle of M Pi F(Q). M C D, ,_and from the way in which Q was chosen, 
such a cycle bounds on D, H (P - P) C «S - ATi VA AT . 

7.3 Theorem, With S and M as in Theorem 7.2, and again Di tdc"*, Ui + 

Tia = Ji — 3, suppose that is finite. Then iVI is an orienlable — l)-^c/n. 

Proof. Let [Z,' }, j = ^ p"’''*'‘(Db), constitute a baso ter compact 
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(rza + l^cyolcs of Da relative to homologies in Da . The cycles are lirh 
in S - Di , and consequently there exists by Theorem VIII 8.10 a collection of 
cycles of Di such tliat every linear combination of the cycles is 

^ikcd with at least one cycle Thei’e exists an open set V containing 

Di such that the cycles arc lirh in V ((^ proofs of Theorem VIII 6.3), 
and such that the cycles all lie in jS — V, By Lemma 6,7, there exist 
compact cycles Z"'^^ in Dj such that ^ 7 ^** in V. 

Lot K be a closed subset of Dj carrying all tiic cycles Let .r £ ilf 

and P an open set containing x such tliat K r\P = 0. Lei Q ho an open sot 
such that X G Q C P and such that compact (Hi 4- l)-cyclcs of Q bound in P. 
Wo assert that Dg , Q A Da) = 0. For let Z be a compact (ih + 1)- 

cyclc of Q r\ Da, and suppose that Z rf-'QmDi. Tlien Z X) (where 

a, E if and not all «, = 0) onji compact subset D of Da . Also, Z ~ 0 in P. 
Honce X) c.Z"’"' ^ Q on L 'U P (Z S ~ K. But tliis contradicts the fact that 
every linear combination of the cycles is linked with a cycle Z"‘^‘. Hence 
Z 0 in Da . 

The thoorom is now easily obtained from Theorem 7.2. 

7.4 CoHoiiii ViiY. If S is a spherelike n-j/cw and M is a [tiol n-dimcnsional ] 
common houndanj of (at kasl) iwo domains Di such that ^s idc”\ k = 1, 2, 
»i -h »2 = n — 3, and one of the numbers p’**^‘{Djt) is finite. Then M is an 
oricnlnhle (n — \)-(fcm. 

7 6 Ck)iu)iiLAUY. If M is a common boundary of (at least) two i)-ulc domains 
ill (S', ami the nuniher is finite for at least one of these domains 1), then M 

is a closed ^-dimensional manifold. 

S. The general ulc"'" open subset of an «-gcm. Th<‘ gmu-ral ulc""' o])en 
sul)Hel of an n-gcni pr(\m!iiLs nuuiy inLoi'c-sting properties that niv worlli mention, 
altlioiigh w(' .shall nol go into exhaustive ileltiil here, an<l will Ic'ave l.o llic reader 
llu' (ask of supplying some of tlio proofh luformalion iTgarcling llie p()^ltu)tull 
pro|)<‘rti<'s of such sots has nliHaub’’ b(!en obtaineil above, piirtieuluilv in 'J'hcuri'm 
f), 1 f), w liicli .si ales that if P is tlie houiidary of sueh a set P in a splii'ielike /(-gem, 
tluai the miinlK'i's ;/(P), A = 1, ••• ,n — 2, aicall finite and sati.sfy the Poincaio 
duality i'(4al ive ton — 1. and LiMnma (> I, wliieh stales that, if C is a eomponont 
of ]i, then C is on the boundary of just one domain of T. Also, the argument 
usisl m the seeoiul ])ai‘agrapli of the iiroof of Theorem 0,10 show.s that V is 
the union of a finil<‘ set of domains whose closuie.s are di.sjoint, so that the .study 
of such a s<!t P eaii bo rodueed to the study of a single uIg''"‘ domain. 

Suppose, then, that D is a ulc"domain of an orientablc n-gem .S', and tbai 
C is a component of tho boundary B of D.. It is pi^iblc that C k a point—as 
in the case where .S' is a 27 qdiere and D is a single point. However, suppose 
D' is a component of .S' — D. If wo assume that p\S) — 0, then F(D') is in 
one component of B b^’’ Lemma 6.4. H^ce we can augment each component 
C of P by those components D' of P — D that have boundary points in C, to 
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form a connected set C*, and every point of ;S — D will lio in such a 0*. Lot 
us select a fixed C, say C\ and denote by D* the domain D augmented by all 
sets C* different from C*. The set D* is connected, and wo assort it is open. 
Obviously points of D and points of the sets of typo D' in D* are interior to JO* 
Consider m x ^ C C Let P and Q be open sets such that .t; G Q C C 
S — C', and such that all points of Q lio in one component of P. Then no point 
of a D' such that F(D') C O' can lie in Q, since if it did, then there would exist 
in P a boundary point of the corresponding D' —i.c., a point of C' in P. Thus 
D* is a domain whoso boundary is the contimmin O'. Wo shall show that D* 
is iilc”'*, and hence by Theorem 0.11 that C is an orientable (a — l)-gcm pf 
C' is not ?i-dimeiisional]. 

Let r be an. integer such that 0 ^ r < — 1. To show D'^ r-iilc, it will bo 

sufficient by Corollary 2.6 to show tliat if x G O', thou .^) = 0. Lot 

P, (3 and P be open sets such that .r G P C Q C P, compact ?'-cycIos in R 
bound in Q, and compact r-cycles oi D C) Q bound in D r\ P. Let 7 '’ bo a 
compact cycle carried by a compact subset K of R D*. Then 7 '’ ~ 0 on a 
compact sul)set M of Q, and by Lemma VII 1.4 there exists a cycle mod 
K on M such that ~ Y on K. Now by application of 'riioorom IV 1.3, 
K \J [(S U C'*) C\P] = .di 0 da separate, where di D C'^ r\P and da 3 1C 
Let V and 7 be disjoint open subsets of containing d, and da ro.spoctivoly 
(Lemma IV 1.9). The portion of on the set il/, = HI ~ U in a cycle mod 
K W F(U) whose boundary is dZ'*'' + Z', whore Z'' is on ill H F{U). 

Now Z' is a compact cycle of P in Q, since M lio.s in Q and no point of C* 
lies on F{U). Consequently, by the choice of Q, 7' 0 on a comi)act subset 
L 0 ? D r\ P. Then 7 ' ^ 0 on Mi U L C. D* r\ P, and wo conclude that 
q'(D*, x) = 0 , D* is ulc""®, and C" [if not n-dimonsional] is an oriontablo (u ~ V' 
gem. In particular, then, it follows from Theorem 2.13 aiul Lemma 0,5 that 
each nondegenerate component (7 of P is the boundary of a domain of typo /)* 
and of a ulc""^ domain in P' such that jS = 0 U P-^ U D '—Llio sot C* — C 
being the domain P'. 

Now if ® is an arbitrary covering of S, then at most a finite number of sets 
of type C* fail to be of diameter < S. Suppose the contrary. 'Then thoro 
exists a covering @ and an infinite sequence of sots Cf such that no Cf is of 
diameter < Let p G lim sup Cf and E an element of (S that contains p, 
Let E'l P and Q be open s^ts such that V ^ Q C. P C E' <Z E an(l_sueh that 
(1) every {n - ^-cycle on P bounds in E', (2) every (?i - 2)-cyclo of D (3 F(P) 
bounds in P' — <3 (Lemma 5.18), and (3) P — P lies in one component of P P'. 
Since infinitely many of the sets P? meet both Q and P — P, it follows from 
Theorem IV 1.14 that lim sup Cf contains a continuum ilP that meets both <3 
and S — E and contains P. ThenilP C E, and M, the component of B con¬ 
taining M' [if not w-dimensional] is an orientablo (71 — l)-gcm which is tho 
common boundary of two domains Pi and D 3 such that S = MO DiV Da < 
Without loss of generality we may assume all Of in Da . For the remainder of 
the argument we need the following lemma and corollary. 
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8.1 Lemma. Lei S he an orientahle n-gcm and M an (n — l)-gcm in S which 
hounds two disjoint domains Dx and Dj such (hat ^ = M U Di W TJwn 
M is orientahle and ilsf undamental {n — l)-cycte bounds on each of the sets Z>i, Dg. 

Proof. If P" is the fundfiinental n~eyclo of S, is a cycle mod S Dx 

and accordingly, by Lemma VII 1.16; there exists on Dx a cycle Z" mod M such 
that r" Z" mod S ~ Di . Lot 7 "“^ = 32". Then 0 on M, since if 

it woro there would exist by Lemma VII 1.6 a cycle 7 " on D, such that 7 ” 2" 

mod M, and from this Avould follow T" ~ 0 mod S ~ Di ; this is impossible 
by Lemma Vn_3.0. U follows easily that the fundamental (ji — l)-cyole of 
M bounds on Di and . 

8.2 Corollary. Under the hypothesis of Lemma 8.1, there exists on Dx a 
cycle Z" mod M such that dZ" is homologous onM to the fundamental {n ~ 1)- 
cycle r-'o/M. 

Continuing with the argument preceding the lemma, and using the notation 
of the corollary, the portion of 2" in P has as boundary a cycle 2""' such that 
2"”^ ~ r”"* mod S — P, and the portion of 2"“* in P has as boun^ry a cycle 
2"““ on M Oi F(P) such that 2"““ 0 on ^losod subs^ Li of D, O FiQ). 

By the choice of P and Q, 2"”^ 0 also in D {E' — Q) on a compact set 

L,. It may now be shown that Li VJ L 2 separates p from S —■ E (by methods 
similar to tho.so used in Cluiptor VII in like situations). 

Contradiction now r( 5 .sulLs from the fact that L, KJ La must meet (infinitely 
many of) the domains comploinontaiy to tim soLs^C', distinct from il/, although 
this is not possible since Lx W La C ^ D KJ Dx. 

8.3 Theorem. Let U be a open subset of an orienlnblc n-gcm S such 
that p'{S) =^. 'Llien (1) U consists of a finite numher of dumains 7), , • • , 
Z),„ such that i), P\ -D, =0 if i 5 ^ j; (2) each component of B, , the boundary of 
D, , i = I, • ■ • , m, is either a point or a continuum which [if nut n-dnncnsioital] 
is an orientahle (a — [.)-gcni whose complement consists of two disjoinl domains 
having the component as common boundary] moreover, B, = B,q VJ B., W • • • VJ 
B.k'O {B,„\, where B,(, is the set of point components of B, and B,, , j — 1, ••• , 
k or a, is a component of B which, in case S is spherelike, for j = a is spherchke; 
and (3) if (S ts an arbitrary covering of B, then at most a finite number of the sets 
B,, fail to he of diameter < G. (From this follows that the .sets B,, form a coimL- 
able collection, S being perfectly normal. Cf. Theorem XI 2.15.) 

8.4 Corollary. Under the hypothesis of Theorem 8.3, if S is metric, then 
the nondcgcneralo components B,, , g = I, • • - , k or a, form a countable collection 
such that, for arbitrary e> 0,at most a finite number of the sets B ,, are of diameter 
> 6 . 


9. Decomposition of the spherelike rr-gem into two generalized closed n-cells. 
One of the disappointing aspects of the topology of euclidean spaces is the 
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failure of the analogue of tlio Schocnflics extension Ihooroin in ilio S-splior 
According to this theorem, if M is an /S‘ in and A is ono of the domains con 
plementary to M, then A is a closed 2'Cell and A is a 2-cclL Tlowovor, os \n 
shown by a well-known example of Alexander [c] in 1924^if M is an in S 
and A is one of the domains complementary to il/, then A is not nocossarily 
closed 3-ccll nor A a 3-cell. However, in terms of our generalized concepts w 
can prove: 

9.1 Tiirorbm. IJ S is a spherelike n~gcm and M is a spherelike {n - J) 

gem in S, then~ union of Iwo disjoint generalized n-cells Ai , i = 

1, 2; moreover, ~ A(U M is a generalized closed n-cell. 

Proof. By Theorem 3.1, (S' — il/ is the union of two di.sjoint domains vli j 
Ai that have M as common boundary. That the coini)act liomology groups o( 
these domains of dimension < n reduce to the identity follows from Thcoron 
Vin_6.4. By Lemma 8.1, if r""* is the fundamental cycle of Ilf, then r''"* ~ 0 
on A[ , i ~ 1, 2, and it follows from Thooi™i VII 2.22 and Corollary VII 2.31 
that r”"^ oo 0 on a proper closed subset of A, ; thus A, is an oriontahic a-gin. 
Consequently A, is a generalized ?z-cell. __ 

Henceforth denote cither of the sets A, by A. Wo .sliall slunv that ^■1 is a 
generalized closed w-coll. It is necessary only to sliow i.luit x) = 0 for 
r 5 a and x S M, since the other properties of D(!/inition IX 7.10 have aliyMuiy 
l^en established above. By Theorem 3.2, A is ulc""*, and by 'I'hoorem 5.8, 
A is lc'‘"S Ilencc by Lornma 6.18, A is compleU'ly r-iu'oidable at all ])oi(ilfl 
for r < n — 1. It follows immediately from Lomnui IX 3 3 that pAA , .r) = 1) 
for r g — 1 . __ 

Suppose X € AI such that p„(4i > IL oxi,sL.s an 0 ]} 0 Ji set P 

containing x such that p"(.^; P D A, li A A) > 0 for all oiam wd.s H such llint 

E 12 C P. Lot Q, R bo open sots such that .r E 12 C Q C P and such that 
all (n — l)-C 5 ''clos of F{Q) bound in S — R (Corollary IX 2.2). Using only n- 
dimensional coverings, let 7 " be a cycle mod S — P 011 A 'I'lic portion of 7 " 
in Q has boundary dy” on F{Q) and dy” ~ 0 in S — li, so (hat by fjOmma Vll bC 
there exists a cycle Z'' on S such that 7 " Z" mod .S' — R. Hut on 7 J-diincii- 
sional coverings becomes identity, so that 7 " = Z" mod .S' — However, 
Z"' is on a closed proper subset of .S', since there are points of B — A in 72, and 
consequently^ Z" ~ 0 on S. It follows that V' = 0 moil B - R, and a fortiori 
7 " 0 on A mod S — R. Thus p’‘(.r; P r\ A,Rr\ A) = 0 in contradiction of 

the manner in which P was chosen. 

As a sorb of converse theorem, we can state iho following: 

9.2 Theorem. Lei S he a space which is the imion of iwo generalized closed 
n-cells C, ~ KKJ At ,i = 1, 2, where K andAi satisfy the conditions staled velatiH 
to K and A in Definition IX 7.10, and such that Aj D Ag = 0. Then S is a 
spherelike n-gem. 

Proof. Condition A of the definition of ?i-gm is satisfied, since dim B = n. 
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(See, for instance, E. Cech [g].) So wc firat prove condition B of the definition 
of n-gra. Evidontly this needs to bo done only for x E K. Lot U be an open 
sot containing x, and let r be an intogex* such that 0 < r < n (the case r = 0 
is handled by use of Corollary VII 6.12). Since pXCi ,x)==0 and (K, x) — 0 
there exist open seta P, Q, R and W such that x E W C R C. Q C. P C. 
such that Pr~i(x] K r\ P, K r\ Q) — 0, p,(a:; Ci r\ Q, Cx r\ R) = 0, apcl 
p,(a:; r\ R, TV) = 0. Consider any cycle Z' mod S — P on S. If 
Z’ is on either sot C, , then it is homologous to zero mod S — W. Otherwise, 
let Z[ denote the portion of Z' in /[, r\ P; then Z[ is a cycle mod (S — P)'<J Ci 
whoso boundary is a cycle y'"'^ on K U F(P). And since 7 '”’ is a cycle mod 
S ~ P, there exists, by the choice of Q, a cycle y' mod »S — (3 on K such that 
dy' mod /Si — <3 on K. Since ^Z\ ~ mod S ~ Q, wo thcrofove havQ 

(9.2a) d(Z[~y'')-^Q mod S ~ Q on K. 

Henco there exists a c^’^cle PJ mod jS — <3 on C, Q such that PJ — y' 

on Cl mod (S — Q) U L, where L is the carrier of the homology (9.2a) on K r\ Q. 
Now r[ 0 mod S — P on Ci , because of the way in which R was selected, 
and therefore wo have 

(9.21)) Z\ - 7 '0 mod (S - R) V L on C: . 

Since 7 ' is on K and L C A', relation (9.2b) implies (Jiat ~ 0 mod 
(jS — R) W C'a , and it follows that V () mod (S — P) ^2 . Honce by 
JiCsinma VII 1.9, there exists a cycle P' mod (N — R) on {H — R) U Ci such 
thill. Z’ 1” mod .y — R. By the (‘hoieo of IP, P' ~ t) mod S — IT on CU , 
and tli<H'efor<‘ Z' ~ 0 mod .S' — IT. We ean therefore eonchidc! that p,(*S', .r) = 0 
for r < H. 

'I’lirning to ili(’ easi! r — n, lot x again l)o a point of K ami V an aiBitrary 
open set eontuining .r. On C, there exists l)y J.emmii VIi l.'l a eyclu ZA mod 
K swell that ()Z'\ P'*'’ on K, 7 = 1,2. lienee by Lemma VI) l.(», thor(‘exists 

a eyel {5 P" on .S .sueli that P" Z” -\- Z^ mod K. If for some open set V such 
Unit . 1 ' E 1’ C L. 1”‘ d inod »S ~ V, then, since dim N *= n, wo may assume 
r" — 0 mod .S' — I'. But tills imi)lies that Zi = 0 m<«l (N — I') U Cy , which 
in turn implii's (hat P" ' 0 on (!, — V, contradicting tlu^ fact that (\ is an 

irriulueible membrane relative to P””'. 'Phus we conclude tluit p,.f.S’, .r) ^ 1. 

Now sinei; 7 ?„(Pi 1 r) = 0 and p„.i(K, a;) = I, Lhci'o exist, in L' opmi sets 
P, Qf H and IP such that x E II' C A C <3 C P C C aiul such that 
p„_,(.r; K r\ P, K O Q) - 1. p„(x; Ci Q, C\ O R) = 0. 35 ,.(.r; n R, 
Ci IP) = t). Sujxpo.se that P? and Pa arc cyckss of .S' mod .S’ — P Tho 
portions of tliese eyides in Ax O P, which wo shall denote by 7 " and 72 , rc- 
spoetively, iiave C 3 'clc.s ■yp' and 7 ^* mod jS» — P on K, respectively, as bound¬ 
aries mod S ~ P. Because of the choice of <3, thcro axisLs a homology a 7 r‘ + 
hyT' ~ 0 mod S — Q on_K. But then there exists by Lemma VII 1.7 a cycle 
Z'' mod .5 — Q on Ci H f3 such that Z’' ^ aP? -p- 6 rS mod {3 — Q) U C 2 on 
Cl n Q. And bcoausc of the choice of R, Z" 0 mod S ~ R on Ci . This 
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implies that crF? + 6 I 2 = 0 mod (S - C 2 on C, . Ilowovor, this in tut 
implies that al’? + bP? is a cycle mod S ~ R onCz, and hcncc = 0 on 02 mo 
(S — T7. A fortiori, aPj + bPj ~ 0 mod S — W, Wo conclude that p,XS, x) = ; 

Now suppose that S a proper closed subset F that carries an •w-cycl 
7 " o«-' 0 on )S. By Lemma VII 2.6 we may assume F to bo tho unique minimi 
carrier of 7 ’^. Evidently F K, since dim K — n — 1. Siipposo F r\ A i I 
but ^ Ai . Then Uie portion of 7 " in Ai is a C 3 ^<!lc 7 ” niocl K. If Oji ^ 
on K, then P""* 037 " on JC, c 5 ^ 0, whore r"”* is tho fundamontal cycle ( 

K, and consequently r"“* ^ 0 on tho closed proper subset F H Ch of Ci . TJi: 
is impossible since Oi is an irreducible membrane relative to r'‘~h Hone 
Qy1 ~ 0 on K. Thon by Lemma VII 1,6, there exists a cycle on Ci sue 
that 7 ^ Z” mod K. As S is n-dimensional, we may assiinu) 7 " = Z“ mo 
K, so that Z" is a cycle on (F r\ AO U K. Let x ^ F r\ Ai , and P and 1 
open sets such that x G Q C. P C. Ai , and p„(x] P, Q) — \. 'riioii with k 
such that dZi = r"“^, as above, there must exist a homology aZ'l ~\- hZ" ~ 
mod S — Q. Neitlier a nor 6 can be scro, since h ~ 0 would imply Ch not a 
irreducible membrane relative to P""', and a = 0 would imj)Iy F not an irn 
ducible carrier of 7 ". Then ZJ = cZ'' mod S -- Q, and the boundary of tli 
portion of Zi in Q is a cycle on F{Q) equal to cdZl , wlioni Zl is the portion ( 
Z" in Q. But as cdZl 0 on O Ci, this implies that 1 '"^ 0 on (\ — (, 
contradicting tho fact that Ci is an irreducible moml)ran<! i'('lalive to V"" 
F Az 9-^ Of and /S' ]> A* , a contradiction again resull-s as alK)vo. 'Phi 
leaves the ease whore F 3 Ai and F C) = 0, say. Hut jf x G A', tlxii 
exist open sets P and Q such that p„(ic; Cl n P, C'l f,)) = 0 siiiee p,.(C| , .r) = 
by deSnition, and 7 " 0 on Ci mod Ci — Q, implying lhat F is uoL an irn 

ducible carrier of 7 ". In any case, then, the assumption (hat a elostal propt 
subset of S carries a nonbounding m-cyclc leads to conl.radml-ioii, and jiondiLio 
D of the definition of ?^-gcm in Chapter VIII is satislicxl. 'i’hat p"{S) > 
was proved above, and that = 1 follows from 'riKsoiHiin VIU 3. 1. I lenc 
jS is an orientable a-gem. 

To conclude tho proof Uiat )S is a spherelike a-gem, it rennains to sliow thu 
p'{S) = 0 if r < «. From the fact that K is splierelik<i, it follows that an 
cycle 7 ' of S is homologous to tho sum of two cycles 7 I and 72 carried by C 
and C 2 , respectively. The sets A, and A 2 are ulc"‘'‘ (see (he Remark preccdiii 
Theorem 3.2). Hence by Theorem 5.12, K{A,) = //^A.) for )■<«-] 
i = J_, 2 . SincceachA, isageneralizcdw-coll,/to(A,) = Oforr ^ - 1 . Hone 

Hl{A,) = 0 and each cycle 7 'bounds on C,, f = 1,2. This concludes tho proo 

9.3 CoROLLA-RY. If K\J Ais a generalized closed n-cell, where K and A at 
as in Definition 7.10, then (he generalized n~cell A is a ulc''~' subset of K U A. 

Proof. It is only necessary to notice that K U A can be imbedded in 
compact space S which is the union of two generalized olo.scd ?i-Golls = 
7C U Af , ^ = 1 , 2, satisfying the conditions of Theorem 9.2 and whore oao 
set Ai is homeomorphic with the A of tho hypothesis of tho ilioorom. 
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9.4 C0110LI..AIIY. With K ^ A as above, the augmented homology 
K\J A all reduce to the ideniily. 

Remark. Tho reader will note hero that sincOj by Theorem IX 2.3, the 
separable case of tho orientable 2-gcm reduces to the classical 2-manifold, it 
follow.? from Thoonan 0.2 that tlio separable case of tho generalized closed 
2-coIl reduces Lo tho ordinary closed 2-eeIl—a fact already proved indopondently 
in Cnmplor IX, §7. 

9.5 Wo cited al)ovo tho example of Alexander [c] of an S'^, M, in such 
that ono of tho domains, A, complomontaiy to M is a 3 -cg 11 . (Tho domain 
A has an infiiiito fundamental group.) _EvidcntIy A is a generalized 3-cclI. 
Suppose jS is a space formed of two sets Ai , Aa homoomorphic with A, liaving 
in common the sots corresponding ^ M. Moreover, suppose that them is a 
homcomorphism h between Aj and A^ such that if Mi C. Ai , M 2 C Aa are 
tho sots corresponding to M and x E Mi , then h(x) = x. By Theorem 9.2, 
*S' is a sphoroliko 3-gcm. It would be intorcsling to know whether S is an S^. 

BiniJoanAPiucAL comment 

§1. Theorem 1.5 was given by AlcxandrolT [f), <5ech [f] and Bogle [b]. The¬ 
orems 1.^1 and 1.7 wore given by Boglo [b; Theorem 6.2, Corollary 6.6]. 

§§2, 5. 'rh(? “(;o-prop(!riies’' defined hero and their applications were discussed 
in an ab.stract, Wilder [A,il. 

§3. 'riio proof of Tlieoniin 3.1 for ^9" given by Brouwer was cited in I 6. For 
a manifold in tiio classical son.se, it is a corollaiy of a duality theorem of Ponti’- 
jagin [dj. llieorein 3.2 Wfis proved for in Wilder [c] and [nj. Tlicorcra 3.3 
for jS" appeared in Wililor [n]. 

§4. Theorem 4.5 was abstracted for ».S" in Wilder [A,]. 

§5. 'riHsorem 5.13 was stated for S" and Ic = n — 2 in Wilder [n; TlKiorcm 18|. 
Theorem 5.1 •! was proved for the euclidean case in Wilder [k] and [n; Theorem 5]. 
Tli(>orem 5.15 was given for /S" in Wilder [n; Theorem lOj. 

§6. For iS", Tlieorcm 0.8 appeared in Wilder fn; Principal Tlicnrom Cj. Tho 
Moore 'riieorom 6,12 for the plane appeared in Moore [f]. 

§7. For S", s(i(! Wilder [t]. 

§8. Tho general ulc’‘"’* open subset of an S” was discussed in Wilder [nj. 

§9. See Wilder [Ar). 
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LG" SUBSETS OF AN n-GM 

In the last chapter we studied the positional properties of a /c-gem imbedded 
in an 7i-gcm, k < n. The /c-gem is a very special type of le* set. In tlio present 
chapter we consider the general Ic* subsets of a generalized manifold. Wo 
make connection here with the work of Schoonflics on locally connected subsots 
of the plane, as well as with later investigations of the set-thoorotic properties 
of the plane (R. L. Moore, G. T. Whyburn, C. Kuratovvski, etc.). Wo recall 
that Schoenflies characterized the Peano continua in by meaiiH of tho diamoters 
and accessibility properties of the complementary domains; similar work was 
done by Whyburn (see Theorems IV 7.7, IV 7.8). Moore used the S property 
to accomplish similar results (see Corollary IV 6.4, Thcorcni IV 0.12). It is 
our intention to fit those and like results into their proper ])hiees in tho topology 
of generalized manifolds. 

As in tho last chapter, wo shall generally use the orientalile n-gem as tho 
scene of operations. However, as before, it is ovidont tiiat m many eases tlio 
oriontablo u-gm could be used if suitable hypotheses are ma<lo r(*garding com¬ 
pactness or local oompaclnoss of tho sot uiuler considi'ration, Here again (ho 
situation is like that regarding S" and if'*—the former lias Llu' advantag(‘ of 
symmetry, whereas use of tlio latter frciiuently ni'echsitates b<)iinile(ln('H.s n.s- 
sumptions. This is not to gainsay tho fact that we leave eerl.iiin ijroblems opiMi 
regarding tho typo of imbedding space which may he employi’d. But as we 
have stated in tlio Preface, our purpose is only to lay the gioiimhvork as to 
materials and methods, rather than to write a complete lliimry. 

Frequently wo wish to impose simple connoclediK'ss in ei'i’lain diiiKMisions, as 
we did in the theorems of the last chapter. Tlio symbol d(41n('d lielow is very 
convenient for this purpose: 

Definition. By the symbol M",, we shall donoLe an oriontablo n-gcin A' 
such that p'{S) = 0 for all i such that r ^ i ^ s. (Tims means spliere- 

like n-gem.) 

1. Duality of the S properties. We shall commence with an important duality 
relation between the S properties of a set and those of its coinplomont. 

1.1 Theoeem. If M is a dosed suhsei of an ibr".r +2 > where r < n — 1, 
then a necessary and sufficient condition that M have properly Sr rol, hounding 
cycles is that A — ilf have property S„_r -2 tcI, hounding cydes. 

(The sufficiency holds in an il/?,r+i and the necessity in an Af",i.r +2 ; how- 
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ever, if ?• « n — 2, the necessity requires only . These requirements 

are due solely to the use of Theorem VIII G.4 in the proof.) 

Proof of sufficiency. By Theorems VII 8.2 and VII 8.6 it is siifficionfc to 
prove the closed subsets of M almost locally r-avoklable rcl. bounding cycles. 
Suppose that M has a closed subset, K, and open, subset, TJ, containing K, 
sucli that no matter what the open subsets V and W of M, K C. W Q V CZ U, 
there exist infinitely many r-cyclcs of M on F(V) that bound in M and_are 
lirh on ilf — W, Lot Pi, P^ and Pa bo open subsets of S such that V "D M r\ Pi , 
and P. 3) Pa 3> P 3 D K- Lot M n P, - V, M n P^ - V', and Jll n P 3 = )V. 
Then on F(V) there exist infinitely many ?'-cyclos of M that bound in M and 
are lirh on M — IP. By Corollary VI3^, these cycles can be grouped in finite 
linear combinations that bound in S — Pz , and such linear^ combinations form 
an infinite set of r-cycles that bound in M and in *S — Pg , nnd are lirh on 
ilf — W. Lot G denote the group of all r-cyclcs of ilf that lie on F(V), bound 
in ilf, and bound in S — Pg . Then, as just shown, there exist infinitely many 
cycles of G that are lirh on ilf — W. 

By Theorem VIII 8 . 8 , there exists a fundamental system of cycles y' , i = 1, 
2 , • • • , of f? rcl. homologies on ilf — W, and a sy.stcm of compact cycles 
rr"”' of *S — (ilf — T7) such that every finite linear combination of cycles of 
{rr''"‘l is linked wRh a cycle of the system (tO, otc. The portion of each 
cycle r;"'"'* hi 8 - 2 ^ is a cycle nr'"' mod PfPa). Denoto by 

then is a oycjk' on PiPZ)- By Theon'in \^II 7 10, there exists an integer 
m such that ev<‘ry m of llto (?i — r — 2)-cycles of *S — df that he on compiud 
HubHcts of /'’(P.i) and bound in »S’ — .1/" ivi’o lirli in Pg r\ (S — M). Ilonco Lliero 
exists a homology 

(l.la) mPg - J\[. 

I") 

Lot /'i 1)0 a compact subset of Pg — M currying the homology (l.la), and lot 
F 1)0 a closed siibsot of .S’ — (ilf ~ 11') carrying llio cycle ''' 1^'* ’ '■ bet 
.•1 (lenoie tl)c union of Aiaud the closure of the set F r\ {S — i\), and B dt'iioh' 
die union of F and Iho set F H Pj . Then 1)V Lemma VII 1.1-1. liu'iv (‘\i.st 
cyclesand on .1 aiitl/i, l■cs[)ecLiv<'ly, such (hat/ii + Z] 

(''rV'' oil A VJ B. Tl is to be noted LlmL .1 C ~ -If and B C. B — 
(-1/ - 11 '). __ 

Without loss of generality we may assunu' c' 9 ^ 0, 'I'lion ZT' ' + ‘ 

is liiikcil withyl . However, let Zl.i ,j ^ 1, 2, denote a eoeyclo derived from 
a corealization sueh that Zl,i h a compact cocycle of .S — -If and 

Zl^i a com[)act cocycle of S — ilf — IK in . Let C, bo a chain (on some 
fcos of .S’) wlioso coboundary \^Z\m . Since ZjU 1 is in the .same cohomology 
elass of S — (M ~ IF) as the cocyde associated with oT"'"’ in the 

e.stablishmg of Llio dual systems y', F',' (see VIII 7.G), the number 
Cr-yi = 1. However, Ci-Ti = 0 since Cl ia a cocyclc mod S — M and 7 I ~ 0 
on ilf, and Cl-yl = 0 since Cl is a cocyclo mod Pg and 7 I ~ 0 on S — Pg . 



318 


LC* SUBSETS OF AN n-GM 


[XI 


Tlius the assumption that tho closed subsets of M arc not almost locally n 
avoidable rel. bounding C 3 rclGS loads to conti-adiction. 

Proof of necessitv. Let P and Q be open sots such that P ^ Q, Wo 
shall show that at most a finite number of the bounding {n — r — 2)-oyGloB 
of jS — M in Q arc lirh in P H (jS — M), from which it will follow, by Theorem 
VII 7.9, that S — M has property rel. bounding cycles. Supposo tliis 
not to be the case. Let Pi and Pj be open sots such that P ^ Pi S) Pa 2) Q, 
Since S is only finitely many of tho (n — r — 2)-cyclc.s of S that lie 

in Q are lirh in Pa . Consequently, if B denotes tho group of all compact 
(n — r — 2)-cycles of Q H (5 — M) each of which bounds in S — M as well 
as in Pa , then infinitely many cycles of B arc lirh in P r\ (S ~ M). 

By Theorem VIII 8.9, tliere exists a sot of cycles of 11 lirh rol. 

homologies in P H (5 — M) and a system ('yr‘) of cycles of S ~ P r\ (S ~ M) 
such tliat tho linking properties assorted by that theorem hold. Tho portion 
of each cycle 7 ^* in P, is a cycle y'V mod P(Pi) on lil, whose boundary is 
a cycle of M r\ P(Pi). Since the closed subsets of M arc almo.st locally r- 
avoidablc rel. bounding cycles of M, there exists by Theorem VII 7.10 a homology 

(1.1b) onilZ-Pa. 

• -1 

Let C* bo a closed subset of M — Pa carrying tho homology (l.lb), an<l P a 
closed subset o( S — P r\ (S - M) carrying the cycle £"'-1 Lot A 

denote the union of 0 and tlie closure of the set F r\ P, , and P tlu' union of 
C and the set F r\ (S — P|). Then by Lemma VII l.M, there exist cycles 
Z'l*'' and Z'i*' on A ondP, respectively, such that Z'F^ + Zf/' 2"-i 
on i U S. Note that ^ C and P C ^ - P ,. 

Suppose c\ for instance, 9 ^ 0 . TJien Z{*^ + Zl*' is linked wilh ZT' ^ Hut 
as a cycle of the group //, ~ 0 in 5 - il/ C S - A, and ZT"'^ 0 

in P 2 C S — B, and it follows by an argument similar to that used al)Ovo that 
a contradiction results. Tiiis completes the proof. 

1.2 CoROLLAiiY. In order Uial a subconlinuum M of an ill ",2 (if n = 2, 
then an is sufficient), sJiould he 0-lc, it is necessary and sii^fficicnt that Us 
complement have properly S „_2 rel. bounding cycles. 

Proof of Sufficibncv. Since M is & continuum, all its 0-cycIcs bound. 
Consequently by Theorem 1.1, M has property So , and by Theorem VII 7.13 
is 0-lc. 

For the necessity, we may use Theorem VII 7.17 (with ??. = 0) and Thcorom 
1.1. 

For our present pui'poses, wo need the following relation between property 
Sr rel. bounding cycles, and property Sr: 

1.3 Theorem. In order ffiat aselM in a compact space should have properly 
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Sr , il is necessary and sufficient that p'(M) hejinile^ and M have property Sr nel. 
hounding cycles. 

Proof, The necessity is obvious. 

For the suflicicncy, lot F bo any closed sot and P any open sot containing F. 
Lot m — 1, where w is a positive integer. Since M has property 

S, rol. bounding cycles, there exists by Theorem VII 7.10 a positive integer k 
such that every k compact ^’-cycles oiM r\F that bound in M satisfy a homology 

Wo assort that every mk r-cyclos of M H P satisfy a homology in M r\ P. 
For lot f = 1, • • • , ink, bo cycles o( M r\ F. Since p\M) = m ~ 1, there 
exist homologies 

ml 

(1.3a) 71== 23 0 on iW; t = 1, • • • , h. 

Since each of the cycles 7 I is a bounding cycle of M on F, there exists a homology 
(1.3b) ZotJ — O inflfnP. 

(-1 

Coml)ination of the homologies (1.3a) and (J.3b) givcK the desired homology 
relating the v.yc\oiiZ\ in J\[ r\ P. Ilcncc has property Sr by Theorem VII 7.10. 

Now with regard to a chwed subset of a manifold zind its complement, we 
can .state the following duality: 

J.l 'rnnuRKM. If il/ IS a closed subset of an il/p.ri -2 , where r < n — 1, 
llien a mressary and suffcienl condition that M have property Sr is that S — il/ 
Itai’i- properly S„_r -2 rd. hounding cycles and finite p’'~'~\S — il/). 

lht()()i'\ As for tlui ncc(‘ssity, if il/ has property S, , then by Tlworom 1.3, 
i1/ has propertv Sr nd. bounding cycles and finite ?/(<!/). Hence by Theorem 
VIII ()1, p" ’ \S — i1/) is finite, and by 'riioorcin i.l, 6 ' — M lias property 
S„_r-i! r<‘l. liounding cycles, d’ho proof of the aufricioncy is an obvious converse 
nrgunu'nt. 

.Vnotlior form of the duality lictwwn the S-proportiea is embodied in the 
following theorem; 

1.5 'I’nicouKM. In order that a closed subset il/ of an , S, should have 

properly Sr and fmile j/^'fil/), it is necessary and sufficient that S — il/ have 
propniy S„ r -2 and Jinile p''~''~'{S — M). 

Proof. Py Theorem 1.4, for M to have property Sr is equivalent to S M 
having properly S„_r -2 rel. bounding cycles and finite p"“'’"‘(jS — il/). If in 
addition M has finite p'"'^(il/), then by Theorem VIII G.4, the number 
p"~'"''^{S — il/) is finite and by Theorem 1.3, S — M has properly S„_r -2 • 

‘Unless oLliorwisc staled, horeaftor denotes the dimension of IfiM); or what amounts 
to the same tiling, the maximum number of cycles on compact subsets of M that are lirh on 
compact subsets of M. 
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One may also state: 

1.6 Theorem. Wiili M and S as in 1.5, hiii such that p (;!/) nral p '{jV) 
are finite, then a necessa^ry and suffidenl cmidiiion that M have property H,. is that 
S — M have properly S„_r -2 • 

In connection with, the number g(K’, G^) defined in VIT 8.7, wo may alwo wUUo, 
in view of Theorem VII 8.9 and the theorems above: 

1.7 'rHEOREM. If’Mis a dosed subset of an il/r.r .2 » ihen for ii") 
iobe ^o> for all closed subsets K^M {where S’" denotes the group of all houiulitig 
r-cycles of M), it is necessary and sufficient dial S — M have properly , a rsi. 
hounding cycles. Andifp’'{M) is finite, then for )S — Ilf to have property ,,, 
rel. bounding cycles is equivalent to g{K\ Z") g w {where 7/ is the group of r«<*|/WcR 
ofM). 


2. Duality between Ic and S properties. In Corollary 1.2 ab()V<*, wo liiivo 
already established a duality between the 0-Ic iwoperty fcjr a Kuiioonl.iiiiiiiiii 
of an n-gem and property S»_8 rol. bounding e 3 n’lo.s of its {•oniplcntn'ial Wo 
shall now give further dualities between local connocbKliu'ss projK'rlio.s nf 
closed subset of a manifold and the S propertion of its coinjilonK'nl. 


2.1 Theorem. In order that a closed subset M of an , S, .shnuhl hi 

lc\ where r is a fixed integer such that 0 ^ r ^ n - 2, it is ?/m'.s'.sa/.v ami sojhcun! 
that S - M should have properly rel. bounding cycles and that ;/ f .S’ }}) 
be finite for s = w - r - 1, • •. , n - 1 . 


^PiiooF. By Theorem VII 7.17, the lo*^ properly of .1/ i.^ ('(luiv’jilonl lo iln- 
So property of M. And by Theoi-om l.-J, property Sn of Af is (■(jui\Nih'itl tn 
property Sn'®-? of - ill rcl. bounding cycles and liiiip! p'f.s' - .U) for .s 
n - r - 1, •••,«- 1 . 

Anotherformof this duality may be obtained by nu-iins of ibe fitllowinj; leminu 

^2 Lemma. 2f V is an open subset of an il/",, , S, than a nerr.^san/ and 
sufficient condition that U have properly S„., is Ihcii he Unde; or, what is 

equivalent, that p°{S - 17) he finite. 


PHOor. yc necessity is obvious. To prove tlic siillicieuc.y, it MiillieeH, ),v 
Theorem 1.3, to show that U has property S._, rel. hoimdiiis ey.-les, I,el 

e coinpiiet {ii - I)- 

ejeies of S tlm he m £7 n Q and bound in U. As i' is Ic"'tlureo (evists nil 

a lllL sllTffV « homoh«o,.s to .«ro on 

A and B to he mi I, ™ ^ hBHUino 

».«. ,1, «. A u.. j'5 ;TmfZ 
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U Z) S — P and honce S' — U G P. IfJJiis case occurs, llien, let V bo an 
open sol such that P^VZ)(S— U)KJQ, Then every cycle 2'^"* bounding 
in U that fails to bound mU r\ P is homologous on K to a cycle 7 ""* on P(V), 
and as PiV) is a closed subset of the open sol P — (<S — t/), only a finite number 
of such cyclosT"”* arc lirh in P ~ {S ~ U) = U r\ P (Corollary VIS. 8 ). Then 
only a finite number of the corresponding cycles are lirh in U CsP. 

2.3 Tiieoeeai. In order that a closed subset M 0 / an MJ.r+a , S, should be 

W, 0 ^ r ^ -- 2 , it is necessary and sufficient that its complement have properly 

, as well as property S„-r-a Tel. bownding cycles, 

Remauic. The restriction r ^ n — 2 may be removed by the following 
considerations: Suppose that a closed subset M of an ?i-gcni has fmilo p''~''{M). 
Then by Corollary V 19.5, M is sorai-(n — l)-connccted. If x G. M, let P bo 
an open subset of S containing x such llial {S — M) C\ (S ■— P) 7 ^ 0 and 
such that every cycle of iV/ A P bounds on M. Let Q be an open set such 

that X G Q C P ami — l)-cyclGS of Q bound in P. Then using Theorem 
VII 2.19 it may bo shown that every such of M A Q bounds in M A P. 
Thus we have: 

2.4 Lemma. If M is a closed subset of an n-gem such that is finite, 

then M is {71 ~ \)-lc. 

Now with M as above, suppaso S — AI has properly SS"'- Then we can 
stale that »S' — M luus property S?"* and property So rel. bounding cycles, 
whi(:l\, by I'lu'ci’em 2.3, is equivalent to the Ic""“ properly of M. But in addi¬ 
tion 7 j'’(<S' — Af) is liiiito, so that is finile, and hence by tlic above 

lemma, M is (n — 1)-1{!. Clonvor.s(«ly, we need only rt'call tlmt if M is Ic"'’, 
tlien p’'~'{iM) is finite and honce ^**(>8 — Af) is finite. ('onsequontly wo can 
stall'' 

2.5 d’nioouEM. In order that a closed subset AI of a spherchke u-grm S should 
he Id'' ‘, U is necessary a)i(l siifftcienl that its complement have propnly 8 " 

In case AI is a eoniiiumm, one esm state: 

2.() 'J'liKOUEM. If AI is a subconlinuum of an APi.r^z , < 8 , then a iiecessartj 
and sufficieiil conditinn that AI belc\0 ^ r ^ n - 2, ts that S - AI have properly 
S"Ir-i and properly S „-._2 tcI. hoiouling cycles. 

(We make the convention that property SI for i > j impo.ses no condition on 
the sot in question; thus for r = 0 , property SH:®., may bo ignored.) 

And of importance arc the special ca.ses embodied in the following corollaries: 

2.7 ConoLLAUY. If AI is a subconlinuum of a spherelike n-gon 3, then a 
necessai'ij and sufficient condition Uiat Ad he Uf ^ is that S — AI have properly 
S^^ and pi'operly So rel. bounding cycles. 
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2.8 Corollary. In m'der that a subcontinuum of an M’i,^, >S’, sliould he 
0-Zc, U is necessai'y and sn^ident that its compleme7it have properly rel. bounding 
cycles. 

The case n = 2 of CoroJIaiy 2.7 implias; 

2.9 Corollary. In order that a subcontinmm M of the 2-sphere should be 
peanian, it is necessai'y and sufficient that S — M have properly So rel. bounding 
cycles. 

Lofc tis investigate the nature of an open set that has property So rel. bounding 
cycles. First wo sliow: 

2.10 L^!lM^^A. If S is an Ic space (hence, in the case of a locally compact 
space, 0-lc), U an open subset of S, and 0 a union of compone7ii8 of U, and y' a 
compact cycle of C which bounds in U, Oieny' bouTids in C. 

Proof. Let F be a compact subset of U carrying the homology y 0. 
Then F = Fi^J , wiioi-e F, ~ F r\ C, F^ = F r\ {U ~ C). liy Corollary 
II 3.2, C and C/ — C are open sets. Hence neither P, nor Fz contains a limit 
point of tlie other, and as Pis closed, F, and F^ are disjoint closed sets. 

Let ^ be a covering of 5, of which no element moots both l'\ and I'\ , and 
let S' denote tho complete family consisting of rofincmcnt.s of S. If U E 2', 
then there exists C7'*’(U) on F such that d(7'*'(U) = r'(ll). Now « 

Cr‘(U) + Cr‘(U), where er‘(U) is on F, , i ^ 1, 2. And r)C^^‘(U) » 
dCV'(\X) + aCr‘(U) =* /(U). Sincet'(U) is on F, , and dar‘(U) is on F, , 
aCr‘(U) - 0. It follows that dCr'(U) - y'{U) where CV'dl) is on Fi . 
Hence y’’ ^ 0 in C. 

2.11 LEM^^A. If S is an Ic space, U an open subset of and C a cumponciil 
of U, and U has properly S, rel a group G\ then C has property Sr rel 

Proof. Let P ^ Q be open subsets of S. Tlicn by 'Jlioorcm Vll 7.9, at 
most a finite number of cycles of (?' in H A are lirli in f/ A P. A fortiori, 
at most a finite number of cycles of (?' in C A Q arc lirh in U A P. Let , 
• ■ ■ , .21 be a base of cycles of (J' in 0 A Q rel. homologies in U A P, ami oon.sider 
any 2'' E G' in A Q. Then there exists a homology 

(S-lla) 2'~2c''2: inf/AP. 

1-1 

Now C A P is a union of components of H A P; for if .t: E C A P, tho com¬ 
ponent of C/ A P determined by a:, as a connected subset of XJ, is a subset of 
a single component of V, hence a subset of G. It follows from Lemma 2.10 
that the Jiomology (2.11a) also holds in (7 A P. Hence some subset of tho 
set of cycles Z\ forms a base for cycles of C A Q rel. homologies in C A P. It 
follows that C has properly Sr ml. G\ 

2.12 LEMftrA. In order that an open subset U of an Ic compact space S should 
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have properly So rel. hounding cycles, it is necessary and sufficient that the cui 
pononis of U have properly So , and that for arbitrary covering ® of S, at most a 
finite number of components of U are of diameter > 

Proop op nhckssity. Tlio components of U have properly So rel. bounding 
cycles by Lemma 2.11, and os every 0-cyclo of a component bounds in that 
component, each component must havo property So. Consider a finite covering 
(S of S, and suppose Ci , Co , • • • , ■ an infinito sequence of components 

of U all of diainoLor > Lot U and S) bo fees of S such that U ?$> 3) > * @1. 
Then each C,, moots two elements of U that have disjoint closures, and since 
U is finite, wo ma)^ assume the situation where every C„ meets both Pi, (9i G U 
such that Pi r\ Qi — 0. Lot P, Q bo open subsets of S such that Pi C P, 
Qi C <3, P Pi Q = fi- Since Pi V C P (3, and U has property So rel. 
bounding cycles, at most a finite number of bounding O-cyclos of U in Pi '<J Qi 
are lirh in U n (P U Q). But if .r,. e C ^ Pi , and y„ ^ C„ r\ Q, , and Zl 
i.s a nontrivial O-cyelo on a:„ U y„, then Zl is a bounding cycle of U. However, 
the cycles Zl an; lirh in U r\ {P\J Q). 

Proof op suppicij'INgy. Lot P S Q be open subsets of »S. Since S is com¬ 
pact, there exists an open set P such that S — — P. Let ($ denote 

the covering of S <!.onsisting of lire sots P and R. By hypothesis, at most a 
finite number of (iom{)Oii(mts of U aro of diameter >®. I.Gt U' bo the union 
of Lho.S(; comi)oii{!nt.s of U that meet Q. Then U' = Ui) '■J (U Uf)* 

where the k .sets f/, are Uioso components of U that fail to lie in P — finite in 
iiumber l)e(!aiis<! of the condition pluccnl on the diamctor.s of the {3omponenls 
of U. 

Consider a cycle 7 " in U r\Q with compact carrier P, such that 7 " ~ 0 in U. 
Thou P = ( 0^1 P.(,i) ^ (Ui-i Pyui)> where I'\ = F n U, , these sots 
Ix'ing finite in iiumhor by Corollary IV 3.4. Since 7 “ ~ 0 in t/, 7 “ ~ 0 in. 
(U;.. 'J (Ur., i>y T jcmrna 2.10. Moreover, if the portion of 

7" in f/,. is (lonolcd by 7 ll, then 7 , 0 0 in r/,(,) and 7 n,) ~ 0 in Uy(,) . Tlius, 
('Very compa<'-t O-cycilo in IJ r\ Q that bounds in IJ is tlu! sum of a finite sol of 
compact cycles iliut Ixmnd in the compoiujiiis of fP. t)f i]K'.s<‘, the cych's in 
U ily bound in (J Pi P. Now oacli P. has property So , lujiice at most a finite 
mimlior, ?/p , of O-cyeJes of P, Pi Q an; lirh in P. P P, Ileneo at most ni, 
of tlu; O-cyclo.H of il P Q that bound in P arc lirh in P P P, and \vo conclude 
that P has ijropd’ty So rel. bounding cycles. 

2.13 Remark. It is intcrc.sting to note that the combination of Theorem 
2.0 (for r - 0) and Lemma 2.12 gives the exact form of the SchoonJlies-Mooro 
Iheoi'cm (Theorem IV 7.7) without assuming any metric: In order that a sub- 
continuum M of a sphereWce 2-gcm S should be Q-lc, zl is necessary and sufficient 
that each domain of S ~ M have properly So and that for arbitrary fcos (S of S, 
not more than a finite nwnher of such domains are of diameter > (£. 

Now in a compact metric space every collection of disjoint open sets is 
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countable. The question arises, does this hold in the general compact spaces 
with which we are dealing?* This question is answered by the next theorem: 

2.14 Theokem. Let Sheapeiieclly normal, compact space, and ip a collection 
of disjoint open subsets F, of S. Then ^ is countable. 

Proof. The set F = U Pr is open, hence S ~ P k closed. If — F is 
empty, then, since S is compact, a finite number of the sets Py covers S and 
ip is a finite collection. Hence we assume tliat — F 0. Since S is per¬ 
fectly normal, there exists a sequence of open sets Ui , • • • , , • • • such that 

for each k, Uk 3 Uk-n and f^Uk = S ~ P. 

The collection ip* consisting of Ut and the elements of iP covers S, hence 
there exists a unique finite subcollection of ip* consisting of 17* and a finite 
number of the sets P, which we denote by F,(i,, • • • , F,(*, , covering S, whore 
each P,(,) , i = I, , k, contains a point not in Ui . Now for each P, there 
exists a k such that F, G . Hence the sequence F.o) » ^ = Ij 2, 3, • • • , 
contains all elements of 

For the noncompaci spaces the following theorem liolds: 

2.15 Theorem. If S is a perfectly nomml space, and iP is a collection of 
disjoint open sets P, of S such that if @ w an arbitrary covering of S, then at most a 
finite number of elements of iP are of diameter > then the collection ip is countable. 

Proof. Let U = \J, P, and F ~ S ~ U. Then U is open and F is clo.sed, 
and since S is perfectly normal, there exists a sequence of open sets 17, , • • ■ , 
17„, ■ • ■ such that F = U„. 

_ For each v and n, let F„ = P, ~ U„ ._Theu F,,. is a closed s(;(., because 
Py ~ Py C F C 17r, and hence P, — U„ = P, ~ U „. Since F is normal, tlicro 
exists an open set sucli that P, 3 3 . 

For each n, the set U„ , together with all sets Qy„ , constitulcs a (iovcring 
(S„ of S by open sets. By hypothesis, at most a finite numixn- of ilus sets l\ 
are of diameter > —denote these by Py ^,, • • ■ , F,(„, . But no P, is covered 

by a Qy „; hence Pyu ), • • •, P^m are the only elements of ^ not contained in U„. 

However, for each F,, there exists an integer ?i such that l/„ fails lo contain 
Py. Thus enumeration of the collections P,a) , " • , Pyuo whl also enumeralo 
all elements P ,, and 1P is therefore countable. 

As a corollarj'^ of the above theorems wc now have: 

2.16 CoROLiiARY. 7/ on open subset U of a perfectly normal, Ic, compact 
space S has property So rd. hounding cycles, then the components of U have properly 
So and are co^mtahle in number. 

HERfARK. Since the components of an open subset of an Ic space are them- 

*That it fails to hold in a space that is not perfectly normal is shown by biio collection of all 
second class ordinal numbers, together with the first ordinal of the third class, which is a 
compact space when, topologized by means of its open intervals, and contains an uncountable 
set of disjoint open sots. It fails to be perfectly normal only at the third class ordinal. 
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selvos open, and Llio n-gms are Ic spaces, Theorems 2.14 and 2.15 apply thereto. 
In parLicular, every open subset of an «-gcm consists of a coiintablo set of 
eomponenis (a fact already known for the from the Alexander duality). 

More generally, however, it follows from Theorem 2.14 that 

2.17 Tiiiooiikm. If U is an open subset of a perjeclly yioiinal, Ic, compact 
space S, then the components of U are countable in number. 

As a consequence of Corollary 2.7, Lemma 2.12, and Theorem 2.15 and 
Corollary VI 3.2, we have: 

2.18 Tiieouhm. If a subco7ilinuuni M of a spherelike n-gem S is then 
( 1 ) the domains complementai'y to M are countable in number, and ( 2 ) for every 
fcos ^of S at tnosl a funic number of these domains are of diameter > (S, and (3) all 
except a finite nmnber of these domains are simply r-co7inecled (sec V 19.4) for 
all dimensions r. 

Corollary IV 0.5 (the “Torlioret theorem”) is a special case of tho following 
theorem for manifolds: 

2.19 Tiieouem. If AI is an lc"~^ closed subset of a spherelike n-gem S, and 
D is a component of S ~ M, then the boundary of D is Q-h. 

ruoor. As j\I is O-le, S — M has property S„-a rcl. bounding cycles by 
I’lieorem 2 3; ainl lionco D ha^property S„_a rel. bounding cyclo.s by Lemma 
2.11. C'onscqnontly, if S — /) also luifl properly S „-2 rol. l)(>unding cycles, 
thou S ~ 1''{D) would also. Since M is O-Ic and eompaet, it luis only a liniLc 
uuinl>cr of conri)onenls, and ly Tlw'oroiu II 4.13, b'(D) has only a finite niiml)er 
of coinpononiw; thus p’'"‘(aS' — is finite by Thoon'in ^'Jl^ G 1. It. would 

then follow from 'J'lioorcm 2 1 that F(J)) is O-lc. By the .saino thooroin, for 
S — ']) to luu’o propcM'ty S „-2 red. bmindliig (tyrlc's, it is suniciriU t hat, D Ix' O-lo. 
lloiu'c all W(‘ n<‘('d do is show tliat D i^O-lc. 

Siqipo-so ]) is not O-lc. Tlien, since D is a continuum, there exist liy 
\y 2.1 open sejs P and R .such that P ^ ft, and infinitely many comixmonis 
of D r\ {P — R) that coutaiii points of both P(P) and F(R). r.<'L P, , 

p 2 , Q< Ri and fta bo oi)cn sets studi that P 3 P, 3 Pi 3 C D fta fti ^ ft- 
Sin('(' /) is tleiisi' in J), thoro must exist infinitely many 0-cyc‘los in 
I) r\ {P-i — Ri) that au' iirh in D r\ {P — ft). As *S' is O-hs at most ji liiiito 
numljor of sucli O-cycles an* lirh in P, — ft, . IxjI G" dcnqto the group of all 
compact O-cyclos of I) r\ (P. — Rf) that bound in P, — R, . Denote D O 
{P — R) by K. Then )y Tlioorem VIII 8.9, there exists a base jV.’l for 
rcl. to homologies in K, and a fimdamcntal S 3 'stcm { 7 ?'^ oyoh^s ot S ~ K 
such that if 7 ’*“' ~ in A' - K, c‘ 0 , then 7 "^' linked with 

each 7 “(.) , etc. _ _ 

Tho portion of each 7 r‘ in P - ft is a cycle 7"r‘ mod P(P — ft), whose 
boundary is in »S - i). No^v S — M has proixirly Sr^ rcl. bounding cycles, 
and p\S - M) is finite for s = 1, • • • , n - 2, by Theorem 2.1. The same 
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holds for D (Lemma 2.11). Henco S ~ D is 10 ""^ and therefore at most a 
finite numbei" of {n — 2)-cycles of iS — -D on F(P ~~ R) are lirJi on S ~~ D — 
(Pi — Pi). Hence there exists a homology 

(2.19a) ct'dyl"^ -^0 injS — P — (Pi — Pi)/ 

1-1 

where not all a' are zero. Witliout loss of generality wo may assiimo 5 ^ 0 . 
Then if 7 "“' = T.7-t (t!yT\ the cycles y"~\ 7 ? are linked. 

But let P be a carrier of y’^^ in S ~ 7C, aiul C a carrier tlio lioinology 
(2.19a) in iS - i) - (Pi Let A denote C U (P H (P - P)] and B 

denote P U (P H [iS - (P — P)]). Then by Lemma VH l.M tiiero exist 
cycles Zr' and on A and B respectively such tliat Zr'' -H y'"^ on 

A KJ B C S — K. Thus.Z7"* + ^a"* is linked with 7 ? . However, 7 ? ~ 0 
in Pi - P, C -B- AI 807 ? -- 0 in 73 C -S - yl, [For P C P - /C = 
S ~ Dr\{P ~ R) implies F H (P — R) C S - D; and CCS — T).] 'I'luis, 
by an argument similar to that used above in the proof of Tiioorom 1.1, a 
contradiction may be obtained, and we conclude that D is O-lc, completing the 
proof of the theorem. 

As interesting corollaries wo may state: 

2.20 Corollary. If M is an lc*~^ continuum in a npherdike n-(jcm, and D 
is a domain complementary to M, then the boundary of I) is a O-lc conlinunm. 

[We recall that in a sphcixslike n-gcra the Phragmcii-Hrouw(!r pi'opc'i’l les hold,] 

2.21 Corollary. If M is an lc’'~^ continuum in Ihe n-sphnr .s'", Ihm the 
domains coniplemeniary to M are bounded by Peano continua. 

2.22 Theorem. Let U be an open subset of a sphcrchhc it-(/nit .s', .sudi Ihnl 
p"~\U) is finite. Then if U has properly SS”/ the houndanj of n’rr;/ ciniiponcnl 
of U IS O-lc. 

Proof. Let C be a component of U. Bj' Lemma 2.11, (' has properly 
and it follows from Lemma 2.10 that is (mile. Then hy 'I'in'oixims 

1.3 and 2.1, 5 — C is lc"“*. Consequently, by virtue of Theoix'in 2,19, the 
boundary of C is O-lc. 

2.23 Corollary. If a simply (n — l)-co7inedrd domain 1) of a spherdike 
n-gem S has property Sr*, then the boundary of D is O-lc. 

2.24 Corollary. If D is a simply {n — l)-conncclc(l domain in the n-sphere 
S''f and D has property SJ"®, then the boundary of D is peanian. 

In particular, then, 

2.25 Corollary. If D is a bounded domain in the euclidean plane, and D 
has properly S, then the boundary of D is peanian, 

[It will be noted that Corollaiy 2.25 and Theorem IV 6.3 arc identical.] 


®Note that this set lies inS ~ K. 
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3. Duality with S properties in terms of cohomology. Up to now, in the 
present chapter, no use lias been made, except for purposes of proofs, of tlio co- 
cycles and tlicir dual relationship to tlie cycles in the study of "S properties.” 
In tho present section wo shall show how this may bo done, and derive certain 
new results. 

Wo recall that in Chapter VI a property which we called “(P, was 
introduced (VI 7.1). Since we shall bo dealing with locally compact spaces, 
wo may roplnoo the Q, 0; P, 0) of Definition VI 7.1 by h„(S: Q; P), the 

vector space of compact cocyclos in Q mod cohomologies in P. AVe have 
seen (Theorem VII 7.9) that Property S, is equivalent to what we called “Prop¬ 
erty {P, QY” (Definition VII7.12) in analogy with property (P, . Defini¬ 

tions of tho same concepts relative to some group of cycles should bo obvious. 
Tlio notations defined below will be found useful, however. 

3.1 Definition. A subset M of a space S will bo said to have 'properly 
(P, (3) '^)' if arbitrary open subsets P and Q of iS' such that P 3 (?, at most 
a finite number of the lioimding (iompact r-cyclcs of M in Q arc lirh in M PA P. 

3.2 Definition. A suhsot i!/ of a space S will be said to havo property 

if loi* arbitrary open snb.sets P ami Q of S such tliat P 3 Qi at most 
a (inito numlirr of tho cobouiuling cocycles of M in Q arc lircoli on M in P. 

Rem.vhk. tn iJie new lortninology, Theorem l.J may be restated as follows: 
// j\[ U <i cloHcd mihuH of an , P, (hen a necessary and m,(ficicni conditio^i 

that df haw, properly {J\ Q, ^Y is Ihal S — M hare properly (P, Q, 

Our next step will ho (o oslal'lish more dualities betwwn Q-propertujs,” 

3.3 Tii 1 ';o!{!:m. fn order Hud a eovipact spare A' hare properly (/^ ‘''^Y"\ 

it /s neeesmry and saffinvnl Hull »S’ hare properly (P, Q, . 

Pm(h) 1 '’. b{‘t J‘ 3 Q he arbitrary oixjii sel.^. bet us select oimmi s<‘ts 
such llmt P 3 Pt 3 Qi 3 Q, and (lenole P ~ Q, P, - 0, by P, T n'spcolively 

To prove llio neoesMly, .suiipose , i ~ 1, 2, 3, • • • , ;in inliniu* S(‘t|Uoni*<‘ 
of (-ooycleH in Q thal arc lirooh in J\ but which oohouml in A’, Since S has 
propertv (J\ Q, ■'^Y'\ llairo exists an hileger m such that cvety m houndinu. 
(/’ — l)-cyclcs of -S' that are on PiPi) ssUisfy u Uomolog\' nTition in P Now 
by Thcor<'in A' IS ;i I tlu're exist cyclas 7/, mod A — P,j - !,•••, ni, such tluil. 
//r-7' = 5‘, , i, j ^ m. The portion of each 71 ni /fi is a cycle 7 " mod P(Pi} 
whos<' Iioimdiiry is a cycle on P(Pi) that obvioiusly hound.s in A Ihuico Ihert; 
exists a homology relation 

m 

(3.3a) iiiC7, 

■ >i 

whore not all c' are Kcro. Because of relation (3.3 h), there cxi.sLs, by Lemma 
AUI l.(j, a cycle r' of S such that 

~ Z oWi ~ E mod 3 ~ Q. 

<-l <-l 


(3.3b) 
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But suppose 5 ^ 0, for instance. Then 0. On the other iiancl; 

Zl is a cobounding cocycle of S, and by Theorem V 18.4, Zl • r" == 0. 

The proof of the sufficiency is similar to tlie above: The Zl are replaced 
by cycles Zy^ that bomid in S but are lirh on P, and the Z"! replaced by co- 
cyclcs Zi^x mod S — P. And we use the portion of each Zl-i on Qi , whoso 
coboundary is in V. Relation (3.3a) is replaced by a cohomology in U. 

3.4 TnEoiiEM. Lei S be a compact space which has properties (P, Q, 
and (P, Q, j cind let M be a closed subset of S. Then a necessary and su,(/icient 
condition for M to haw propeiiy (P, Q, ^)r is that S — M have properly 

{P, Q, ■ 

(It is interesting to compaix) the statement of this theorem with that of 
ThooremX 1.4. It is to be noted that by virtue of Theorem VIII 1.1, Theorem 
3.4 applies to an ?i-gcm.) 

Proof op sufficiency. Let R ^ P Qha open subsets of S. Now if Zr 
is a cocycle on M wliich cobounds on M, then 8 Zr cobounds in S — ]\f. For 
Zr '^0 on M implies the existence of a chain on some covering .such that 

(3.4a) SCr-t = 4 - ?/r , 

where Ur is a chain in S — ilf, and applying the operator 5 to relation (3 4 a), 
we get 8 Zr = SUr . 

Since S ~ M has property (P, Q, '-^),.+i , there exists an integer tn such 
that every »i (r l)-oocycIe3 of jS — ilf that lie in Q (5 — M) and cohouiul 
in 5 — M satisfy a cohomology in P r\ (S -- M). Suppose tlu're exist Zl , 

, Z'r, • • • , an iufmite sequence of cocyeles of HI in Q, that cohound on M. 
Then the cocycles SZl cobound in 5 — M, and consequently there exist r{'la( ions 
SC'r - in P H (S - il/). The chain Em,-dm e.Z; - d is 

a cocycle of .S in P. Now since S itself has property (P, Q, v-v), , tliere ('xisis 
an integer k such that every k cocyclos in P coboimd in R. lienee ilu're exists 
a relation 

(3.4b) SLr^x = E a' E - Cl] in P. 

Since Cl is in S - M, relation (3,4b) implies that the cocycles Zl , i = 1, • • • , 
mk, satisfy a cohomology on M in R, and we conclude that M has property 

(P, Q, . 

Proof of necessity. With S, P and Q as before, suppose ZUx , ^ = 1, 2, 3, 

■ • • , a sequence of cocyclos inQn (S ~ M) that cobound in S - il/. Since 
S has property (P, Q, '-^),+i, there exist relations 

(3.4c) E c.2;+i inP. 

iii(»-i)+i 

By hypothesis there exist chains LJ in S ~ M such that , and hence 

cocycles Cl - EMi-D+i c.L; = yl. 
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Now the fact that S has property (P, Q, implies that p,(*S) is a finite 
numbor h ~ 1, where h is a positive integer. Hence there exist ciiains A^^-i 
on S such that 

(3.'ld) SNU = E t; . 

A (&- 1)+1 

The chains Ci are cocyclos mod S — M, and mlationa (3.4d) imply that the 
chains 

(3.4g) Pj = S Ci 

lk<it-l) -i-l 

constitute cobouncling cocyclos of M. As these cocyclos all lio in P, and M 
has property {P, Q, '-^)r, there exist I’clalions 

(3.‘Jf) = E Di~Hi mli, 

wiioro m is in H Pi (S ~ M). 

llolations (li/tc)^ (3.4e) and (3.‘lf) imply that Slli = = 

H E'-u-1) t Esu-iii-i Ea(*-ii+» E«t»-i)t] ■ 

3.5 'riiicouuM. 7/ U IS an open subset of an Mr-t.r-x , >S, and 1 < r ^ n, 
then a necessary and sufficuml condition that U have properly {P, Q, is that 
U have properly {P, Q, 

I’liooF. r>ot j17 = S — U. liy Tlicoi'om 1.1, for P to have properly 
{P, Q, iin])li<'s tluiL M hius property {P, Q, Tliis in turn iinplic's, 

by 'riKiorem 3.3, tliat 37 Inis property (P, Q, ; whic-li in turn iinplie.s, liy 

TlKionan. 3.4, that (I has pi'oporty (P, Q, . To summarize, for P to have 
pi'op(M’ty [P, Q, ^y"’’ implio.s tliafc (J has property {P, Q, ■^)r - 'I'o e(anpl<il<! 
tlie proof wo nccal only sliow Uie convei*so. 

liOt P Q be open subsets of 7), and suppose that V has j)j’oi»‘rly {I*, Q, , . 
Then Liiero exists an iul.oger m such that every m coliounding r-coeyck'S of I' 
that lio in Q satisfy a eoliomology in U r\ P. Conshler eyeh's '//p', i = i, 
• • • , 7n, in if r\ Q Unit bound in U. By Txirama \TI1 5 I, IIku’c exist coeyeh's 
Z\ in IJ O Q such Llial ^ P" in V n\ Q an<l Zl ^ 0 in I h I"' lanng 

the fundamtaiial cycle of P. There exists a relation , == El-i in 
// n P, which in turn implies d(Cr-\ F") = (— O”^''"fit', _i . 1”“ Thus 

E"'-i -- Er-i -- r" ^ O in u n p. 

Now by an argument parallel to that used in the ease of Th('orein 1.3, w(! 
may prove: 

3.G TiinoRioM. A necessary and sufficient condition lital a subset 3/ of a 
compact space S have properly (P, Q)r is that p'{M) be finite and M have property 

(P, Q,^).- 

3.7 T'ueorem. a necessary and sufficient condition that a compact space S 
have properly (P, Q),, r ^ 1, is that S have properly (P, Q, and finite p'{S). 
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Proof. For S to Imvo properly (P, Q), is equivalent, by Theorem 3.0, to 
*S having property (P, Q, and finite p'(jS). By Theorem 3.3, this is equiva¬ 
lent to S having property (P, Q, and finite p^iS). 

3.8 CoROLLA-RY. If a compact space S is Ic', then S has properly (P, Q), . 

Proof. By Corollary VI 3.2, ^''(5) is finite, and by Corollary VI 3.7, S has 
property (P, Q)'"'. Hence by Theorem 3.7, ^ has property (P, Q),. 

3.9 Corollary. If a compact space S is h’’ and p'*^(S) is fmile, then S 
has properly (P, Q)r+i. 

From Theorems 3.7, 1.3 and V 18.18 we have: 

3.10 Theorem. In o'l'der (hat a compact space S shoxdd have properly 

and finite pr-fS), r ^ If it is necessary and suj/icient that S have properly (P, Q)'"* 
and finite p’’(*S). 

It seems advisable at this point to summarize some of the incidental intrinsic 
equivalences that have boon established in Chapter VII and in this chapter: 

3.11 Theorem. For a compact space S, the foUomng sets of properties arc 
equivalent'. 

I. S isle", and p’'*^(S) is finite. 

II. has properly So, and p"’*'‘(jS) is finite. 

III. S has property (P, QY for r ~ 0,1, • • • , n and p"^'(H) in finite. 

IV. S has property (P, <3)r/or r — 1, 2, • • ■ , n -1- 1 and Pii{S) is finite. 

V. For all closed subsets K of S, g{K) Z^) ^ w (where Z' is the group of i- 
eyeJes of S),r = 0, 1, • ’ ‘ , n, and is finite. 

Proof. The equivalence of I and II wils shown in d'heorc'jn VII 7.17; thal, 
of II and in in Theorem YII7.9; tliat of II and V in Thooroin VU H.i); and I,hat 
of III and IV follows from tlic results just established abov('. 

3.12 IViEOREM. In order that a closed subset M of an , , S, .should 

have properly (P, 0)r, 1 ^ r ^ — 1, it is necessary and sufilcwnl that aV ~ M 

have properly (P, 

Proof. By Theorem 3.7, for M to liave property (7^, Q), i.s equivalent to 
il7 having property (P, Q, and finite p\M). By Thcorein.s 1.1 and 

VIII C.4, this is equivalent to /S - If having property (7^, Q, and (inilo 

p"~"~\S), which in turn is equivalent, by Theorem 1.3, to aS' - M having 
property (P, QY'’"', 

3.13 Theorem. If iheopensuhseiVofanMl.r-z.n-r , S, hasproperty (P, Qf, 

0 S r ^ n — Z, and $) ^ «/or all x G F{U), then U has property 

(P, (Compare Theorem Yl 7.2.) 

Proof. By Theorem 3.12, for XJ to have property (P, Qf is eqnivalont to 
S - U having property {P, . By Theorem X 1.6, x) ^ w for 
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all X G F(U) is equivalent to p„_r- 2 (iS — U,x) S <t> for all a: G S — U. Applying 
Theorem VI 7.2, wo see that S — U iiaa property (P, Q)„-r~z , and. hence, by 
Theorem 3.12, tliat U has property (P, 

3.14 CouoLLAiiY. Jf M is a suheoniinuum of an , S, such that >3 — M 
has property S„-a„3 a7id q\S ~ M, x) ^ (o for all x G F(S - ilf) and r = 
n — h — 1, ‘ ‘ , n — 2, then M is Ic^. 

[Cf. Theorem 2.6.] 

3.15 ConoLLAiiY. If the open- siAset U of a spherelike n-gem S has properly 

So, finite and a;) ^ w/or r = 1, • • ■ , w ~ 2 and all x G 

then U has properly S3“* and, eonsequendy, the boundary of every component of 
U is Q-lc. 

[Cf. Theorem 2.22.] 

4. Relation of avoidabiUty properties at a point to S-properties of the comple¬ 
ment of a closed set. 

4.1 Definition (see X 4.3). If ilf is a closed subset of a space S, x G M, and 
U an open subset of 5 — M, then by q'^{U, x; (?') we denote a number defined 
exactly like the number q\U, a;) except that only the c 3 '-cles of a certain subgi-oup 
O' of the gi’oup of all r-cyclos of U are used. In particular, q'^U, x, ~) will 
denote the number obtained in the case where G' is tire group of all compact 
r-cyclcs of U that bound in U. 

By an argumoiil analogous to that used in the “necessity” part of the jiroof 
of 'riioorem L.l, wo can prove: 

‘1.2 Theorem. If HI is a closed subset of an 2l/"^.i,r42 , U a union of 
components of S — il/, and x G such dial il/ is almost locally r-avoidahk rd. 
hounding cycles at x, r ^ n ~ 2, then x, ^ w. 

4.3 CouOLEARY. Under the same hypothesis, except that there exists an open 
set P containing x such that only finitely many (n — r — 2)-cycles of U r\ F 
arc Urh in U, then q''''~^{U, .r) ^ w. 

4.4 Corollary. With r ^ n — 2, if M is a closed subset of an , 

S, such that is finite, and x a point of AT at which il/ is almost locally r- 

avoidahle nil. hounding cycles, then — M, re) ^ w 

llEMAUK. Corollary 4.4 is also a corollary of Theorem X 1.5 and the following 
lemma: 

4.5 Lemma. If M is a locally compact space which is almost locally I'-avoidable 
rel. hounding cycles at x G AI, and p'*^{M)isfimie, tiienp'*\AI, .r) g co. 

Proof. If t/ D 7 D TV are oj>en sets containing x such that only finitely 
many ?’-cycles of F{V), which bound on M, are lirh in M — TV, then 
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il/, U - — W) is finite. Othorwiso, there exist infinitely 

many cycles Z\*'^ mod M -- U that arc lirh mod M ~ W. I'lic portion of each 
ill 7 is a cycleyr* mod F{V) whoso boundary, 7 ^ is a cycle of 7(7) that 
obviously bounds on M, In finite linear combinations the y\ bound on M - 17, 
and consequently the coritssponding linear combinations of tlio y',' ^ are portions 
of absolute cycles of M that cannot bo lirli on M sinco is finite. It 

follows that the 7 ; *■' and hence the Z', are not lirh mod M - 17. 

4.6 CoEOLLARY. For an tv-dimenmnal continuum M to be la", it is necessary 
and sufficient that forr = 1,2, • • • , n, p"iM) be Jinile and M be almost locally 
(r — lyavoidable rel bounding cycles of M at all points. 

[The necessity follows from Corollaries VI 3.2, VI 3.8; tlio sullicioncy from 
Corollary VI 6.12, Thcoicm VI 7.9 and the above lemma.] 

4.7 Remark. It will be noted that from Theorems VII 7.17, VII 8.2, VIT8,3, 

and the above, it follows that if M is an n-dimensional continuum such that 
for r - 1, ‘ , n, p’i^ and M is almost locally (r — \)-avoidahlc at 

all points rcl bounding cycles of M, then Oie closed subsets of i\f arc almost com¬ 
pletely r-avoidahle as vkU as almost locally r~avoidabk. 

Now resuming with llic lino of thought in Theorem 4.2: If in adtlil.ion wo 
utilize a proof analogous to the sufficiency proof of Theorem 1.1, w(! may pi'o\'e; 

4.8 Theorem. If M is a closed subset of an , N, and .r. E then 

a necessary and sufficient condition that M be almost locally r-aroidablr t cl. boumling 
cycles al x, r ^ n — 2, is that — M, x, ^ w. 

As a consequence of the al>ovc theorems wo may d(!riv(‘ eeriain n'lations 
between the avoidability properties at a point and tiu! S-prop('riie.s of the 
complement of a closed set: 

4.9 I’liEOREM. Let M be a closed subset of an i,„_, , N, such that M is 

almost locally (n — 2)-avoidaMc rcl. hoimlintj cycles. Then, each domain com- 
plementary to M has property So . 

Proof. Consider any domain D coinplemontary to M and any covering U 
of *S. Let X E F{D). By Theorem 4.2, if II is an elem(*iit of U that contains 
X, there exists an open sot 7 containing x an<l lying in f/, sucli tluil- 7 Pi I) is 
contained in a finite mimbor of connected subsets of 1/ P I). It. follows that 
D has property So. 

4.10 Theorem. Lei M be a closed subset of a sphcrclike n-gem S such that 
p'{M) is finite and M is almost locaUy r-auoidahle rel. hounding cycles for r = 0, 
1, • • • , a — 2. Then every complementary domain of M has property So"* 
consequently, the boundary of every such domain is 0 -lc. 

Proof. Let U be a domain complementary to M. By Theorem 4.9, D has 
property (P, Q)“. 
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Since M is alinosi locally (?i — 3)-avoidablo rol. bounding cycles and 
finite, it follows from Corollaiy dA that — M, x) ^ w for all x G M. 
cnco by Theorem 3.13, D has property (P, Q)‘. 

Continuing in this manner, wo finally arrive at the case where D has property 
Tlion since ilf is almost locally O-avoidablo rel. bounding cycles 
id p'(i¥) is finite, q''~^{D, x) ^ w and hence by Theorem 3.13, D has property 
", 

Thus D has property S^^ and since p°(M) is finite, it follows (Theorem 2.6) 
mi S ~ D is Ic""". That F{D) is O-lo now follows from Theorem 2.19. 

If instead of Corollary 4.4, as employed in the above proof, use is made of 
orollary 4.3, we may prove: 

4.11 I’liKOitKM. If M is a suheonUnuum of a spherelike n-gem S which is 
most locally r-avoidable rel. hounding cycles /or r = 0, 1, • • - , n — 2, and D 

a domain complcmeninry to M such that for some fcos ^ of S at most a finite 
nnher of r-cycles of T) of diameter < (S arc lirh in D, then D has properly So"^ 
id its boundary is 0-lc. 

4.12 Hjcmark. In connection with Theorems 4.9 and 4.10 (Theorem 4.10, 
cidentally, is a generalization of Theoi*om 2.17, inasmuch as every compact 

satisfies the conditions of its liypotliosis), it is interesting to note the rc- 
tions to what Whyburii terms “semi-local-eonnGCtcdncs.s.’^ (See Whyburii 
Vh] p. 19]; also VIl 0.27 aljovo.) Aecoitling to definition (Wliyburn’s definition 
sliglitly rcphriiH(!d here so as to apply to the nonmetrio, iionconmictcd case), 
s])a(‘() dl is semi-locully-connccled at.r G lit If for arbitrary open set containing 
IIkuh! (ixisfs a neighborhood V of .c in U such that M — V lias only a finite 
unixii’ of eomponenls. Jn tli(j wise of contiuiui, this proper(. 3 '^ is idenl.ical with 
u! propcwly of being almost O-avoidable at x. Whj'burii develops (loc. eit. 
hap. [\’) the cyiilie ehunoni- theory of semi-loeally-eonnected mtitrie <;onlinua, 

' whicli the eyclic {'lenient theory of Peaiio spiicc-s is a special case. However, of 
lecial iidc'resL from tlie stand])oint of positional proper(.ie.s is tli<5 following 
leorc'iu provc'd by Wliylnirn [a; 'riioorcni 14]: In the oiiclul<*an 2-sphci'<;, ewry 
nnph'im'iilary domain of a K(!mi-locaIJy conneclcil continuum has property S, 
id conseciiiently the l)oiinda,ries of such domains arc Poano cantiiina (cf. 
orollary 2,25 above). This is obviously a generalization of Iho ToihorsL 
leorem (Corollary TV (>.5). 

Now in tlie ease of a continuum, semi-loiuil-connoctedncss, nlinosl- O-avoid- 
lility r{‘l bounding eyedes and almost local O-avoidabilit^’’ rel. bounding cycles 
■e all e(iuivalent (compare Corollaiy VII 4.12*). (In nonconnected spaces, semi- 
(5al-(5onucctedness is generally a stronger properL 3 ^ For example, m the space 
real uumlier.s, lot M — {.r j (a; = 1/w) V (a; — 1 — together with 

and 1.) However, for r > 0, the almost locid r-avoidability property is weaker 
uin the nonlocal typo. (A condition intermediate between the two types of 
.'•oidability mentioned hero may be obtained by i-equiring that for "small 
lOUgh" neighborhood U of the point x under consideration, there exist a 
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neigliboi'liood V of x contained in 1/ such that only a finite number of the r- 
cycles of F(U) are lirh on iS — K For example, in the S-dimensional coordinate 
space (p, B, <p), let Kn = [{PtO, <p)\p - l/n], and on /C„ lot M„ bo a set con¬ 
sisting of the points on an infinite number of disjoint circles. Between the 
spheres of radius 1 /n and l/(n + 1 ) let bo the set of all points such that 
p, 0 and <p are rational. Let M = "p^XJ M„'0 KJ Ii„, whore p = ( 0 , 0 , 0 ). 
Then M is almost locally 1-avoidablo at p, but is not avoidable in the sense 
just defined, nor is it almost 1-avoidablc at p. This example is easily modified 
so as to make of M a compact space.) In a simply r-connoctod sj^aco, almost 
r-avoidability and almost local r-avoidability arc equivalent, but in a somi-r- 
eonnected space the latter is again weaker. (For instance, in the example just 
given above, let ilfi be a disjoint, denumorablo sot of circles all of diameter > 1/4 
on Ki . Inside the sphere of radius 1 let R bo the .set of all “rational points”, 
and S ~ p'U Mi^J R. With XJ — { (p, 0, ¥>) | p < 1}, a 7 does not exist satisfy¬ 
ing the almost 1 -avoidability condition.) 

In view of the above facts, it appears to be desirable to utilijso the almost 
local ?'-avoidability property wherever possible in extensions to the case r > 0 . 
And in Theorem 4.9 we have an interesting obvious generalization of the 
theorem of Whyburn cited above. 

4.13 The following example is instructive: In the {x, y)-plano, for each posi¬ 

tive integer ?i, letA,, = I == !/”■» 0 < t/ < 1 |> -do == {(0, ?/) 1 0 ^ 2 / ^ 1 }, 
A = , S = ((a:, 0) | 0 ^ .-c ^ 1), C == [(.r, 1) [ 0 ^ .-r ^ 1); and finally 

ilf — A'O B\J C. The set M is both locally 0- and l-avoidablc rol. ))oun(ling 
cycles, yet considered as a subset of 3-space, it constitutes the boundary of its 
single complementary domain and is not i>eanian. Tlio liypoUio.sis of qiieorem 
4.10 docs not apply, inasmuch as ?>‘(JV) is not finite. 

If in the hypothesis of Theoi*om 4.10 wo had also assuiiKal finite, 

then since each complementaiy domain has property So and //'(.S’ — M) is 
finite, S — M has property So b 3 '' Thcomm 1.3. We then have: 

4.14 Theorem. If M is a closed siihsel of a sphereWco n~(jcm »S' futrh that 
p'{M) is finite for r = 0, 1, • • • , a — 1, and M is almost localbj r-avoidahlc rcl, 
hounding cycles for r = 0 , 1 , • • • , n ~ 2 , Uien M is lc"~'. 

[Cf. Lemma 2.4.] 

4.15 Theorem. A necessary and sufficient condition that a closed subset M 
of a spherelike n-gem S should be is that it satisfy, in addition to the hypothesis 
of Theorem 4.10, the condition that for arbitrary covering S of there exist at 
7nost a finite number of domains cennplemenlary to M of diameter > (S. 

Proof. To prove the sufficiency, by Theorem 4.9 and Lemma 2 . 12 , S — M 
has property So rel. bounding cycles; tlie proof then proceeds as in the case 
of Theorem 4.10. The necessity follo\^^ from Theorem 2.3, Lemma 2.12 and 
Corollaries VI 3.2 and VI 3.8. 

(For the case where S is tlie 2-dimensional euclidean sphere, see Whyburn 
[a. Corollaries 2 , 3].) 
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4.16 The following example is of interest in connection with Theorems 4.10, 

4.14 and 4.15: In cartesian S-space, let A denote tlio surface of the unit cube 

V) ^) \ 0 ^ ^ 1 » 0 g 2 / ^ 1 , 0 ^ ^ 1 }, and for each positive integer 

?(, lei An = {(1/n, y, z) I 0 ^ y ^ 1, 0 g z g 1}. Let M ~ ^ A„KJ A. The 

point sot ilf is almost locally 0 - and 1 -avoidablo, but considered as a configuration 
in the 3-sphcre, it is readily seen that S — M docs not have property Si, although 
its individual complementary domains do, in conformity with Theorem 4.10. 
The sot M is not 0-lc; it fails to satisfy the hypothesis of Tlieoi’cm 4.14, in that 
p®(ilO is not finite, and also fails to satisfy the condition concerning the size 
of the domains in the hypothesis of TJieorem 4.16. 

4.17 Another interesting example in S" is afforded by a sequence of suc¬ 
cessively tangent 2-spliGrcs, whose diameters form a null sequence and which 
converge to a point p. Both Theorems 4.10 and 4.15 apply, the set so formed 
being Ic‘ and the boundaries of the complementary domains being O-lc. How¬ 
ever, the hypothesis of Theorem 4.14 does not apply. 

By use of Corollary 4.3 we may prove: 

4.18 'riUiOREM. In order that a subconlinuum M of a spherehke n-gem S 
should he fc"”®, it is necessary and sufficient that ( 1 ) M be almost locally r-avoidahle 
rel hounding cycles for ?• = 0 , 1 , • • • , n — 2; (2) there exists a fcos ^ of S such 
that at most a finite number of compact r-cyclcs of S — M of diameter < (S are 
lirh in S — il/, ?• = 1, ■ • • , n — 2; and (3) if U is an arbitrary covering of S, at 
most a finite Jiumber of the domains complcmcnlary to il/ arc of diameter > U. 

The following three theorems may bo proved l)y use of the same mciliods 
employed abo\’o: 

4.10 I'liEOuicjf. If il/ is a closed subset of a spherehke n-gem 8 such that (1) 
for arbitrary covering (5 of S, at most a finite number of the comqAementary domains 
of il/" are of diameter > G, (2) M is almost locally r-avoidablc rcL bounding cycles 
for r — n — k — 2, • ■ ^ , n — 2, (3) there exists a coming II of such that at 
most a finite number of the cycles of S — M of diameter <11 are lirh in S — il/; 
then S — M has properly Si, and property So rcl. bounding cycles. 

4.20 Theouem. If M is a closed subset of a spherelike n-gem .S’, then a neces¬ 

sary and sufficient condition that S — M have properly SS is that v{M) be finite 
for r = n — k — 1, • • • , n — 1, and lhal M be almost locally r-avoidable rel 
hounding cycles for r = n — k — 2, ‘ , n — 2. 

4.21 Theorem. If the closed subset M of a spherelike n-gem S is almost 
locally r-avoidable rel. bounding cycles for r = n — k — 2, • • ■ , n — 2, and D 
is a domain complementary to M such that for some coveiing © of S, at most a 
finite number of the r-cycles of D of diameter < arc lirh in />, r = 0, • • • , k, 
then D has property So. 

Althougli the numbers q\S — M, x, play a loading role above, duo to 
their relation to avoidability in. M, the numbers g’'(*S — M, x) may be utilized 
to advantage in certain cases: 
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4.22 Lemma. If M is an le*’, k S n — 1, closed subset of an n-gm, then 
q\S — M, x) ^ 0 ) for allx and r = n — k ~ 1, n ~ k, ••• , n — 1. 

This lemma is a consequence of Theorem VII 2.2C and Theorem X 1.5. 

4.23 Theorem. In order that a k-dimensional closed subset of an n-gm should 
be Ic*, h S n ~ 1, it is necessary and svffideni that g'(S — M, x) ^ u for r = 
n — k — 1, n ~ k, n — I and aUxG M. 

The necessity follows from tho above lemma, and the sufficiency follows 
from Theorem X 1.5 and Theorem VII 2.26, 

4.24 Corollary. If M is a closed subset of an n-gm S such that 
g’‘{iS — M, a:) ^ ufor all xSM andr = 0,1, • • * , n — 1, then M is lc"~\ 

(It is easy to show that if M is a closed subset of an R-gm and a: G M, then 
x) ^ 1. Hence if M is n-dimmisional, it is lo"!) 



5. Weak S-properties; recognition of lc‘ boundaries from properties of the 
domain. We have shown above how the dualities between tlic S-propeiiic's 
of a closed set and its complement in a gem lead to relations i)etW(!on the local 
connectednc.ss properties of the closed set and the S-proporties of i(s comple¬ 
ment. (As in Theorem 4.10, for instance.) We have found proportitw of the 
complement of a closed point set which ai'e equivalent to local eonnocteclnoH,s 
properties of the set. We have not yet determined, however, what prop<M’Lies 
of a single domain are equivident to the local connectedness of its boundary. 
The analogous problem, for the case of a domain bounded by an (n — l)“gcm, 
was solved in Chapter X (Theorem X 6.8, for instance). In tho present section 
we shall find conditions whidi characterize those domains whose Imundaries 
are 0-lc, those whose boundaries are Ic* etc. 

For the case of the euclidean 2-spherc, the problem was solved by R. L, 
Moore [d] in 1922; he showed that a necessary and sufficient condition tliat a 
simply 1-connected domain in the 2-sphere should have a Pcano continuum ns 
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boundary is that it have pi’oporty S. In Corollary 2.23 above, we found that 
if a simply {n — l)-connected domain in a sphcmliko n-gcm S has properly 
SS"°, then its boundary is 0-lc; but this condition is not, in case > 2, a necessary 
condition in order that the boundary of a domain should be 0-lc. Even in tho 
case of ordinary euclidean 3-spaco wo have tho following example: 

6.1 The figure on p. 336 is composed of the surface, A, of a wedge, with plane 
rectangles • and their interiors insortod so as to extend downward 

from the top into tho interior of tho wedgo, in such a manner as to converge to 
the sharp edge ]JJ of the wedge. Similar rectangles Si are inserted extending 
from tho bottom up into the interior of tho wedgo, occurring alternately be¬ 
tween tho rectangles Ei , Ea , • • * , and not mooting tho latter. Lot M = 
u U w U Si , and lot D denote the domain interior to M in 3-spaco. 
Then M is 0-lc, but D docs not have property So . 

Now what we should like to find is a set of properties which, for n = 2, 
give Moore's result exactly, as well as give an analogous I'csult for the case 
of the general n. Suppose wo eontr«et example 5.1 with the following example: 



5.2 See figure above; tliis consists of the surfai'e, .1/', of :i liollow (uIjo 
witli oik; closed end, converging on a line .segment A’ It intiy be con.sidt'n’d as 
obtained from a portion of tho sin J/.i curve 1)V tho (k'vico of i'(ij)lacing tho 
curv(; l)y a tube wlio.se ihicknoss approachos zero as r appi'oaidio.s zero. 'I'he 
set !i[' la not 0-lc, and if D' is the domain interior Itj M', D' do(*s not have 
prop{‘rty So. 

What is the essential difference between D' and the donuiiii D of examph; 5 1 ? 
Ill each case, the domain oscillates a.s it converges to E along wit li tho boumlaiy. 
But in the second figure, it is noteworthy that the succossivc curved portions 
of the domain D' are well separated, whereas in the case of D they are separated 
only by pieces of 2-dimensional surfaces (the rectangular pieces R„ and S,). 

In order to got at tho lioart of the matter, wc recall an old definition of con¬ 
nectedness duo to Cantor: 

Definition. A point set M in a metric space is called connected in the seiise 
of Cantor if for every pair x,y ^ M and e > 0, there exists an €-ohain of points 
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of M from x to y] i.e., a finite sequence * 1 , • * • , .Ti E M s\icli that ru = .ri , 
y - Xk i and p{x, , .r<+i) < e for i = 1, • • • , fc — 1. 

In case M is imbedded in a compact metric si^e S, then for M to bo con¬ 
nected in the sense of Cantor is equivalent to = 0, as wo show bolow: 

5.3 Lemma. In order that a subset M of a compact metric space should be 
connected in the sense of Cantor, it is necessa}'y and sufficient that M he connected. 

To prove the necessity, we nolo that ifM = AUB separate, and a ^ M r\ A, 
b E. M r\ B, € — p(A, B), tlion tlierc exists no €-chain of points of M from 
a to b. And to prove the sufficiency, given a,h E M and c > 0, lot U bo a cover¬ 
ing of S consisting_of open seU of diameter < e/2 and (Corollary I 12.5) C/, , 
” ‘ , Uk E Vi r) M constitute a simple chain from a to b. If Xi E U, M, 
then the points , ■ • • , a;* form an e-chain from a to b. 

6.4 Corollary. In order that a sidtsei M of a compact metric sp^.e ,'ihould 
be connected in the sense of Cantor, it is necessary and sufficient that p\M) — 0, 

[Theorem V 11.2.] 

5.5 Theorem, in order that a subset M of a compact metric space S should he 
connected in the sense of Cantor, it is rmessary and suffiicicnt that every Ccch 0-cycJe 
on M bound on M. 

Proof. If is a C5ech 0-cycle on ilf, and 11/ is connected in the so^ise of 
Cantor, then for every fcos U of S, there exists a chain ^‘(lll^on U A 11/ such 
that SC'fU) = Z°{IX) by Corollaiy 5.4. But if (^‘(U) is on H/, it must, also he 
on And conversely, jf every 0-cycle_on M bounds on M, tlion (U’cry O-cyclo 
on m bounds on M C M, so that p^(M) = 0, whence M is oomuHiUid in tlic 
sense of Cantor by Corollary 5.4. 

Example. Those elements of the interval 0 ^ a; g 1 v'hich arc rational form 
a totally disconnected subset of the space of real numbers that is connooted in tho 
sense of Cantor. 

The above considerations regarding raolric spaces kiad to tho following 
definitions: 

5.6 Definition. A subset M of a compact space S will bo called Cantor- 
connected, or simply C-connected, if every Cceh 0-cyele of S on M bounds on M. 

And we have: 

5.7 Lemma. A necessary md sufficient condition that a subset M of a compact 
space S be C-connected is that Mhea continuum. 

Proof of necessity. If M = A\J B separate, let U bo a fcos of S consisting 
of *8 — A U B and of two disjoint open sets U, V containing A, B respectively 
[III 1.27]. Let aE A r\M,h E B f\M, and Z° a nontrivial O-cyclo on a W 5. 
Then 2°(U) 0 on U A A/ and Jlf ia not C-connected. 
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Proof op sufficiency. LoL M be a conlinuum. Then every 0-cyclo of S 
on M is also on M and must bound on M. A fortiori, it bounds on M. 

5.8 Dini'iNiTiON. A subset M of a compact space S -will be said to have 
weak property S if for every fcos ot S, M is the union of a finite number of 
C-connocied sols of diameter < (S. 

One easily proves: 

6.9 I'liKOREM. In order that a subset M of a compact space S should have 
weak properly S, it is 7iecessary and svffideni that M have property S. 

Note, in oonncction_with the sufficiency proof, Uml by Theorem IV 4.5, if 
G i^ fcos of Sf then M = u;. 1 Mt , where each Mt is a connected open subset 
of Jlf, and that llicn ilf, M is C/-conncclcd. 

5.10 Corollary. In order that a subset M of a compact space S should have 
weak properly S, it is necessary and sufficient that M be 0-Zc. 

[Cf. Corollary IV 3.0.1 

5.11 Corollary. If M is a 0-lc closed subset of a compact space <8, then 
every subset dense in M has weak properly S. 

Before proceeding to the general r-dimcnsional case, we prove the following 
theorem: 

5.12 Theorem:. In order that the boundary, M, of a simply {n — L)-cori- 
neclcd domain D in an . ‘8, should be Q-lc, it is necessary and sufficient that 
D have weak property S as well as properly S „_2 rcl. hounding cycles. 

Proof op necessity. Jf hi is 0-Ie, then D — D U M is 0-le, and D Ims 
weak projicrly S by Corollary 5.11. By Corollary 2 8 , jS — M lias propc'rty 
S „-2 rel. bounding (iyules and hence by I^mma 2.11, D bus tli£_Sinno ijroporly. 

Proof of sufficiency. If I) has woak property S, Lhon I) = D 'U i\I is 
0-le l)y Corollary 5.10. 'I'iuni »S' — D luus property S „-2 rcl, liounding cycles 
by C.'orollary 2.H, and lienee <S‘ — M = (*8 — J)) J) lias llio same properly. 
'I’hat M is 0-le follows from Ckirollary 2.8. 

Rjomark. I'Namplo 5.1 is a good illustration of a ease whore Theorem 5,12 
holds, for 71 = 3. The domain D' of Example 5.2 docs not have weak propciiy 
S; it does have property Si rcl. bounding eyelc.s, since its eomplcmont is 0-lc. 
In tliG case n = 2, for D to have proimrty S „-2 rol. bounding cycles obviously 
implies that D has weak property S. That the convei*se fails to hold is sliown 
by the following example: In Llio (a:, ?/)-planc, let R denote the interior of the 
rectangle bounded by tho coordinate axes and the lines x = 2, y = 2. For each 
positive integer n, let A„ = ((.r, y) | (a; = 1 /r)&( 0 < y g 1)). Loi D — 
R — . Then D has weak proijorty S but not property So . However, 

since property So for a domain implies weak properly S, wo ha'^'e: 
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6.13 Corollary. In order (hat the houndary, M, of a simply l-co7inecie 
domain D in a spherelike 2-gcm S should be Q-lc, il is necessary and sufficier 
that D have properly So. 

Also, ono notes that the i*ole of Uio simple (a — l)-conncotodncs8 of I> ii 
Theorem 6.12 is only to make the boundary of D a continuum. Howovor, on 
may assume, instead, Uiat is finite: 

5.14 Lemma. Let Dhea domain in an let M he the boundary 

ofD. Then p^'^S - M) = 

Proof. Since D is connected, D}J M = D m connected. TIcnco by Thooron 
VIII 6.4, a]l(n — l)-cyelosm S — D bound in — D. Ilonco — M) = 

p''-\S - L) d~ P^-\m = 

As a consequence we may prove, using Theorem 2.1 instead of Corollary 2A 
as in the proof of Theorem 5.12: 



5.15 I'liEOREM. In order Oial the boundary of a domain 1) m an 

should be Q-lc, it is necessary and sufficient that p''~\])) ho Jinilc and Hint I) have 
weak properly S as well as property S ,_2 rcl. hounding cycles. 

A nice application of Theorem 5.12 may be made to give Llu' following (.iu-orem: 

5.16 Theorem. If M is a 0-h subconlinuum of an , S, and d/ is 
almost locally (n — 2)-auoidable ret. houndinej cycles, then the honndames of the 
domains complementary to M arc all Q-lc. 

Proof. If D is a domain complementary to M, U»on D has pi'oi)(!rty So l)y 
Theorem 4.9, and a fortiori D has property S (Theorem VII 7.7) and licnco 
weak property S. Also, since M is 0-lc, S ~ M has property S „_2 rol. bounding 
cycles by Corollaiy 2.8, and hence D has the same property by Lemma 2.11. 
Since S has the Phragmen-Bmuwer proporL}’-, F(i)) is a continuum and there¬ 
fore p’'~\D) = 0. The theorem now follows from Theorem 5.12. 

Remark. When iS is the ordinary 2-8phere, Tlieorem 6.16 gives tlio Torhorsl 
theorem (Corollary IV 6.B), since cvciy Peano continuum is almost locally 0- 
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avoidable. Thus Theorem 5.16 may be considered as another generalization 
of this theorem. 

Of greater importance, however, is the fact that Theorem 5.16 is another 
generalization of the theorem (Theorem 2.19) that the domains complementary 
to an lc"~* contimnim in a spherolike n-gcm S have boundaries that are 0-lc. 

6.17 Example. The figure on p. 340 may be called “the infinite Greek pipes.” 
The conical “pipes”, with closed ends, converge to the line segment pg, each 
two successive cones having in common a line element of each. The surfaces 
of the cones, together with pg, form a continuum M which is 0-Ic and almost 
locally 1-avoidable. Hence, with M considered as a subset of 5^, Theorem 5.16 
applies. However, M is not almost completely 1-avoidable and is therefore 
not 1-lc, and consequently Theorem 2.19 fails to apply. 

Consider also the following example: 



5.IS Exvmplt:. This is a modification of Example 5,17 (see figure aliove}. 
where the cones have been separated along their original lines of contact, except 
at the extreme ends of these. Here Theorem 5.10 doe> not applv, .since tlie 
continuum is not 0-lc, but inasmuch as the contmiiura i.s almost locally 0- and 
1-avoidable, Theorem 4.11 applies to sliow that the domains interior to the 
cones must have Peano boundaries (Xote why the lij'pothesis of Theorem 4 11 
fails to be fulfilled for the exterior domain!) 

5.19 Example. This consists of a deniunerable set of circles C, in the 


c, 



3-sphere such that for each n, C„ is tangent to , and the circles converge 
to a point p. Here Theorem 5.16 applies, but Theorem 4 11 does not. 

Now in order to define a weak property S,. for r > 0, we may go back to the 
original form of the definition of property S, in terms of “pairs” (U, E), or 
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use the equivalent “(P, QY" foiTaulation. It will be more direct to iiso the 
latter form of the definition. 

5.20 Definition. A subset iW of a compact space S will bo said to have 
weak property Sr—in symbols, WS, —^if for arbitrary open sots P and Q s\ich 
that P □) Q, at most a finite number of r-cyclos (not necessarily compact) on' 
M r\Q are lirh on M H P. The definition of “WSr rel, G'”, whore O' is n special 
group of cycles, should be obvious. If a set has property WSr for r = 0, 1, 

• • • ,k, we say it has property WSS. 

6.21 Theorem. Tn order tiiai a sid)8et M of a contact space S should have 
properly WSr rel. O', iiis necessary and sufficient that M have properly Sr rel. O'. 

Proof of necessity. Given open sets P S Q, lot P bo an 0 ])on sot such 
that P P S Q. Since ikf has property WSr rel. O', there exists an integer m 
such that every m cycles of O' on M HQ satisfy a homology on ilA H P. Tlion 
a set of m compact r-cycles of O' on M in_^ being also on M H Q, sati.sfy a 
homology on M r\ P which is a fortiori on M in P. 

Proof op sufficiency. With P, Q and R as before, if M h^ property S, 
rel. O', there exists an integer m such that evciy m cycles of G' on M in P sal isj> 
a homology on M in P. Then an^set of ?n cycles of G' on M P\ Q lie on M 
in P, hence satisfy a homology on JIf in P which is also a homology on .1/ H P. 

5.22 Corollary. If a closed subset M of a compact space >S' has properly 
Sr , then every set dense in M has properly WSr • 

5.23 Corollary. A necessary and si^fficient condition that a closed .suh.Hcl 
M of a compact space S he Ic^ is that every set dense in M have properly WSo . 

[We recall that by Theorem VII 7.17, for M to bo Ic*' is equivalent to jlf liaving 
property Sj.] 

5.24 Corollary. For sid)sets of a compact space, weak property S and 
properly WSo nre equivalent. 

:^oof. By Theorem 5.9, for a set M to have weak property S is eciuivalent 
to M having property S, which by Theorems VII 7.7 and VII 7.8 is equivalent 
to M having property So j the latter is by Theorem 5.21 equivalent to M luiving 
property WSo ■ 

5.25 Theorem. Propetiy So is stronger than property AVSo ■ For r > 0, 
properties Sr and WSr are generally independent, for e.mmph, a euclidean domain 
may have either one of these properties and not the other, hidced a domain in 

may have properly Sj {and consequently WSo) and yet not have properly WSo . 

Proof. By Tlieorem VII 7.7, if a point set M has property So, then it luis 
property S; hence it has weak property S and, by Corollary 6.24, has property 
WSo ■ That the converse fails is shown by the following example: In the (:r, y)- 
plane, for each positive integer n let A„ = {(», y) \ {x = l/n) &(0 < y g i)); 
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^ = {(- 1:1 v) 1 (-t; = 0)&(0 < y ^ 1)}; B = |(a:, y) I (0 ^ .'c g l)&Cy = 

Lot M ^ Ayj B\J\J An . As a configuration in iS“, the complement of A1 
has properly WS© but not properly So . 

Turning to the case r > 0, consider the point set M just defined above as n 
configuration in 5“. Then — M does not have property Si (since AI is not 
0“lc), but does have WSi by Theorem 5.21 (tlie closiu-e of — M is S^). Thus 
n oiiclidoan flomain may have property WSi and not Sj . On the other hand, 
consider llio following example (see figiiro below): In lot M be a continuum 



eonsisling of ii donumorabU’ set of finite circular cylinders, closed at holli ends 
iin<l sueec'ssively langenl along a common line elemoul, (!onv{'rging to a lino 
sogmeul ]•]. Ilei’c iM is O-le and — i\[) = 0, so that >S'^ — M has propoity 

Si . Hut the domain whose boimdury is the complete s<‘t M does not liavo 
pi’ojK'iiy WSi ; tliis follows from a ihoorem ])roscntIy to he prov'ett, Imt can also 
he s(‘en from Iho preseneo of l-cyi'les on circles whicli approximate the I'ireles 
inilieati'd in tiu' ligiiri' half-way up the cyliinlcrs aiul which lie in l,h(‘ domain 
in (iiK'stion, ('xeepl that (lu*y intei'scct M where tlie circles cut IIk; tangent lines 
of tlie (lylinders. This domain also Inus property S© • 

5.2(i Tiri'ioHi'iM In order Ikal the boundary of a domain D m nn M'i. 1.^2 , iS, 
alioidd be Jr , il U neccmiry and aufficicnl Unit (I) /) have propedtj WSo anil (2) 
D have properly S"ll_! n.v well as properly rel. hounding eycles. 

PuooF OT suFFiciLiN’cv. B}' ('oi’ollary 5.23, D is Ic*’’. Ilcnco by Tlicorcm 
2.3, S — D has property as well as property S„_t_s rel iiouiiding cycles. 

Since by (2) D has tlic same properties, it follows that S — I‘'(D) has tlicsc 
properties, and hcnco by Theorem 2,3 that F(D) is Ic*’. 

IIemark. In view of Lemma 2.2, we may replace the condition that D have 
property S"Zji -2 in Theorem 5.26 by the condition that p''~^(D) be finite and 
D have property S"lLi . 
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5.27 Corollary. In order thai a common boundary of (ai least) two dome 
in an , S, should be Uf", it is mcessanj and sufficient that these domains h 
property WSS. 

Proof of sufficiency. If D is o^e of the domains mcnlionod, thoii L 
Ic* by Corollary 6.23 and hence S — D has property as well as propo 
S „-*-2 rel. bounding cycles by Theorem 2.3. By Lemma 2.11, if E is tho ot, 
domain mentioned in the theoi-em, then E also has Lhoso S-properties, and sn 
by hypothesis E also has property WSo, its boundary is Ic^ liy Theorem 5.2( 

From Corollaries 5.23 and 6.27 we also have: 

5.28 Corollary. In order dial a common boundary of {at least) two doma, 

A and B in an M\,m »'S', shoidd be lc'‘, ii is necessary and sufficient that A a 
B should both be Ic''. 

5.29 Corollary. IfMisaclosedy hf subset of anM'ii.^, B, amlDadoma 
complementary to M, then a necessary and sufficient condition that F{D) be k’’ 
that D have property WSS . 

[The necessity is obvious and the sufficiency follows from Tlieorem.s 2.3 ai 
5.26.] 

Analogous to Theorem 1.3, and proved similarly, wo iuiv(': 

6.30 Theorem. In order that a set J/ should have property WSr , U is uecc 
sary and sufficient that p'{M) be/mile and that M have property \\’S, rel hotirulu 
cycles. 

5.31 Corollary (of Theorems 6.26 and 5.30). In order that the bomidary > 

a domain D in an il/ 1 , 1+2 > S, should be Ic^ it is necessary and snffieient that {I). 
have property WSS rcl bousing cycles and property rel. boundiny cycle 

and that (2) the numbers p'(D), r = 0,1, • • • , /r and p‘{I)), s = n -- k ~ I, • • 

71 ~ 1 be finite, 

6. Weak uniform local connectedness. In a inaniH'r .siuiilai' lo (ha( in wliio 
we introduced in §5 a "weak” t 3 rpe of property )S,, wo may introdiico a "weak 
typo of uniform local connectedness: 

6.1 Definition. A subset M of a space S will bo callod weakly r-ulc, 11 
symbols r-wiilc, if for arbitrary fcos @ of 5 there exists a fco.s D > tS sucli tha 
every r-cycle (not necessarily compact) on M of diamctci- < T) hounds on i 
subset of M of diameter < (S. By wulco we denote properly r-\vulc' for r = 0 
1, ■■■ ,fc. 

6.2 Theorem, In order that a siAysct M of a compact space S should be r- 
wulc, It is necessary and sufficient (hat M he r-lc. 

6.3 Corollary. In order that a closed subset M of a compact space S should 
be r-lc, it is necessary and sufficient that every set dense in M be r-wulc. 
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6.4 Corollary. For siihsets of a compad, space S , properties WSS and 
widc\ are equivalent. 

In view of Corollary 6.4, wherever WSa occurs in theorems concerning compact 
spaces above, we may replace it by wulcS • For example, from Corollary 5.27 
we have: 

6.5 Theorem. In order that a common boundary of (at least) two domains in 
, S, should he Ig’‘, it is necessary and sufficient that these dofnains have 

property wulcl . 

Remark. It was shown by R. L. Moore [gj Theorem 1] that in a common 
boundary of (exactly) two 0-ulc domains must be 0-ic, and later the present 
author showed [n; Theorem 2] that a common boundary of (at least) two ulc‘ 
domains in S' must be lc\ These theorems are corollaries of the sufficiency 
part of Theorem 6.5 which, even in the euclidean ease, is a stronger theorem. 
For consider the following theorem: 

6.6 Theorem. If V is a ulc'‘ open stAset of an onentable n-gcm S, then U 
IS wulcl . The converse does not in general hold. 

Proof If f/ is a ulc‘^ open subset of an orientablc a-gcm, then U is Ic* by 
Theorem X 5 8. Hence by Theorem 6 2, U is willed . 

To see that tlie converse does not generally hold, we may easily construct in 

a domain that is not 0-iiIc but that is 0-wulc; for instance, the example given 
in the proof of Theorem 5.25 

However, it i.s not difficult to give, in an example of a continuum M whose 
complement is craclly two 0-wulc domains, neither of which is 0-ulc This may 
be tlone by a modification of the continuum in the figure accompanying the 
proof of Theorem 5 25; all that is necessary is to introduce a cone-sliapeil funnel 
half-way up the eyelmders witli apex half-wa}' up E, connecting tlic domains 
inside the cylinders; small pieces of the cylinder inside the cone have to be 
deleted from M in order to accomplish this. 

Although, iu view of Theorem 6.2 and its corollaries, it seems thougli 
little hs gained from introducing the “vvulc” notion, it i.s of inter<->t to note 
that for iholated values of r > 0 the r-\nilr property is definitely weaker than 
property WSr • 

0.7 Theorem. For subsets of a compact space S, piopeity i-wulc is weaker 
than properly WS, , even in the case of the euclidean domains, with the exception 
that for subsets of a compact space, Q-wulc and WSo are equivalent. 

Proof. The exception has already been taken care of in Corollary 6 4 
For r > 0, we first prove that property WS, imphes property r-wiilc. By 
Theorem 5.2J^if M has property WS^ j^then M has property S, ; by Theorem 
VII 7.13, if M has property S, , then AT is r-le; and by Theorem 6.2 above, if 
M is r-lc, then M is r-wulc. Hence if M has property WS,, then M is r-wulc. 
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To see that, oven ia tlie case of a euclidean domain, property ?’-avu1c does 



not imply property WSr , consider tlio following examjdo (seo figure above): 
In S^, let M consist of a sequence of square plates P„ of thickness l„ , sucli tliat 
lim in = 0, and which converge to a set P consisting of a square plus its interior. 
The domain D complementary to M is not WS,, but is 1-wulc. 

Theorem 6.8. If U is a ufc* open subset of an orienlahlc n-(jnn *S', then U has 
property Sj; the converse docs not generally hold. 

Proof. By Theorem X5.8, U is Ic*". Bet P D 0 bo open subsotH of jS, and 
r an integer S k. Then by Corollary VII 3.8, at most a finito number of r-(!yc;Ios 
oSUr\Q are lirh on t/O P. Lot Z;, • ■ ■ , be a finite .sot of cy{jl(!s oi im Q 
such that if Z' is an arbitrary cycle of U Q, there oxisls a liomology 

(6.8a) 2' f; a‘Z: on U n P. 

Suppose Z' fixed and relation (6.8a) detcimined. Lot K b() a eompael. subset 
of C/n (3 carrying the cycler' - 2' - I]:*-, a'Z: , and M a closed subset of 
t/n P containing K and carrying the homology (6.8n). liy ].emma VII 1.4, 
there exists a cycle r*"'' mod K on M such that dy'*' ~ y' on IC, and by lemma 
X 5.10, there exists in IA H P a compact set M' carrying a cycle Z" ' ‘ mod K 
such that Z •y’’ mod K in P. The latter liomology implies (f^omma 
VII 1.2) that dZ'*^ dy^*^ on K and hence dZ’’*’* ~ y' on K. llonco r" 0 

on K\J W C XJ r\ P. That is, relation (6.8a) holds in U O P. 

7. Lc sets whose complementary domains are bounded by manifolds. Since 
a generalized manifold is merely a sijacc having especially strong local con¬ 
nectedness properties, it is logical to inquire next into the conditions under 
which the boundaries of the complementary domains of a oontiiiiuim are not 
merely locally connected, but are actually manifolds. In iho study of piano 
point sets, this was a question of under what conditions a continuum, usually 
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poanian, liad complementary domains whoso boundaries wore all simple closed 
curves. 

AVo first, prove anoLhor duality theorem of a type similar to those which were 
staled above for “in the large’’ situations (for example, l.l, 1.7, 3.12), but more 
striotly analogous to Theorem 4.8. 

7.1 Tiiicorem, In order that a closed subset M of an M'r.r ^2 » S, should he 

locally r-auoidahle rel. hounding cycles alx % r ^ n — 2, it is necessary 

and sufficient that — My x, = 0. 

IhiooF OF NECESSITY. Givou X ^ M and an open set P containing x, there 
exist open sets Q and 11 such tliat jc G P C Q C P and such that every r-cyclc 
of M r\ F{Q) bounding on M bounds on M — R. Let U bo an open set such tliat 
X G U Q R and cycles of S in U bound in 22. Suppose a cycle ol U ~ M 
that bounds in S — M but fails to bound in P — M. Then by 'Plicorem VIII 6.4, 
thoro exists a cycle on M (S — P) tliat is linked with The 

portion of 7 '''Mn Q is a cycle mod F{Q) on M r\ Q, whoso boundary, 
bounds on a closed subset F of 21/ — R. Let A bo a closed subset of 
S — R carrying y''"' — and containing F, and B a closed subset of M 
carrying Z"’* and containing F. By Ixanma VII l.M, there cxi.st cycles Z1' ‘ 
and Z5’‘ on A and B rospectivoly, such that ZJ** + Z-I'* r-- 7 '" on A W B. 
But bounds in ^S' — M, hence in B — B; and also Z"~' ~ bound.s in R, 

lienc{‘ ill ,S' — A. 

Proof of sufficiency. Let P bo an open sot containing x, and lot Q and 
R he open scits siicih that .r G R Q ^ P and such tliat (1) ?-e;s;^el(\s of B on 
F{Q) bounil cm iS — R and (2) (n — r — 2)-cyclcs of (^' — M) P\ R iJiiit bound 
in ,S' — j\[ also bound in Q — Al. I'lien if y" is a bounding eyi-k' of M that lie.s 
on F(Q), and fails to bound on Af — R, there exists a cycle in B — 

{yU — H) tiiai is linked wil.h 7 ^ The jiorlion of Z""*" ‘ in R is a cycle Z!' 
mod F{R) wlioHO boundary bounds in B — M. Wo leave tlic' remainder of the 
jiroof to Liu; rc'ader. 

7.2 'I'liicoui-iM. In order (liai a continuum M iu n spherrlile n-ffcin S should 

hare only rompJnncnlanj domains (1) whose boundaries are oiienliihlr (n — l)- 
gems all hni a fnnlc uumber of which arc simply r-conncclcd for 1 = 1, • • • , a — 2, 
and (2) such Ihat if (S is an arbitrary fcos of B, then at most a finite number of 
these domains arc of diameler > @, it is necessary and siiffiemnl that M be Ic" ^ 
and locally {n ~ ‘2)-avoidable rcL bounding cycles, and that pfiM, .r) = 0 for 
r = 1 ~ 2, and no boundary of a domain complcmenlary to M be n- 

dimensional. 

Proof op necessity. By Tiieoiera 6.8 and Theorem X 3.2, each domain 
compkmontary to M has property SS"*- If P 3> Q are open sets, then P and 
S — Q form a feos of S and by (2) only a finite number of domains comple¬ 
mentary to M that meet Q fail to lie in P. It follmw easily that S — M has 
property S""^ mb bounding cycles. By condition (2) of the hypothesis and 
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Lemma 2.12, S — M has property S® rol. bounding cycles. By condition (1) 
of the hypothesis, p'(»S — M) is finite for f = 1, ■ ■ • , ^ — 2, and hence by 
Theorem 1.3, S — M has property ST"*. It now follows from Corollary 2.7 
that M is Ic"'®. 

To show that pr{M, a;) = 0 for r = 1, • ■ • , a — 2, .-r £ M, lot P bo an open 
set containing x. Let Q and R be open sots such that x S R C: Q C: P, and 
let ® denote the covering of S consisting of the two open sets P, S — Q. By 
condition (2) of the hypotliesis, only a finite number of domains complementary 
to ilf meet both H and S — P; denote those by f = 1, • • • , m. Since 
each D, is (n — r — l)-ulc by Theorem X 3.2, there exists an open set Ri such 
that a* £ /2i C 72 and such that every (n — r — l)-cyclo of i?i H — 1, 

■ • • , ?n, bounds in P r\ Di . As a consequence of condition (1), there also 
exists an open set R 2 such tliat x G R» C. Ri and sucli that R 2 contains no 
nonbounding (n — r — l)-cyclc8 of jS — Then any (n — ?• — ])-cyclo of 
Ra - M bounds in P — M. Hence wo conclude that (/""■"’(iS' — M, x) == 0 
and therefore by Theorem X 1.6, Pr{M, x) = 0. 

To show that M is locally (n — 2)-avoidable rol. bounding cycles, wo show 
that q^iS " M, x, = 0 and apply Theorem 7.1. Wo select Q and 7^ as 
before, and select Ri so that every 0-eyclo of 71, , f » 1, ■ • ■ , m, boxinds 
in P 71, . Then if Z° is a bounding cycle of Pi — il/, Z° is the sum of cycles 
each of which either lies in an open set of typo P, r\ 71. , or in a domain D 
which lies wholly in P; in either case 0 in P — il7. 

Proof of sufficusncv. Since p,iM, x) « 0 for /• » 1, ■ • • ,~ 2, it follows 
that q”~''^(S — M, a;) = 0 by Theorem X 1.5. TIence by (iorolIaryX 2.0, 
each domain complementary to M is (n - r — ])-ulc. By 'rluun-ein 7.1, 
q^iS — iM, X, =s 0 for all x G il7, hcncc if 71 is a domain comiilc'montary 
to M, q°{D, .t) = 0 for every x S P(71) and by t'orollary X 2 0, 71 is O-ulc, 
Thus every domain complementary to M is u!c"“* and hence the houndaiy of 
every such domain is an (a - J)-gcm by Tlicorem X 0 8. Since M is Ic"'-*, 
p"(M) - p’‘^'~\S - M) is finite for r = 1, • • ■ , a - 2, and condition fl) 
follows. Condition (2) is a consequence of the Ic”"* property of M and 'i’hoorem 
4.15. 

Since by Lemma IX 3.4, if S is Ic"”^ then Uic propcrtie.s of being complotely 
r-avoidable for r = 0, I, ■ • - , a — 3 and of having pr(d7, .r) = 0 for all x and 
r = 1, • • • , a — 2, are equivalent, wo can state: 

7.2a Theorem. Theorem 7.2 Temains true if ihe condition on pr(7l7, .r) is 
replaced hij the requirement that M be completely r-avcndahle /or ?• = 0, 1, • • ■ , 
a — 3. 

7.3 Corollary . In order tfuU an /c""* continuum in a spherelike n-gem should 
have only orientahle {n — l)-gcm8 as houndoHes of all its complementary domainsy 
il is necessary and suj/icienl dial it be completely r-avoiddble for r = 0, 1, • • • , 
w — 3 and locally {n — 2)-iivoiddble rel. hounding cycles, and that no boundary 
of a comphmentanj domain be n-dimemional 
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7.4 Theorem. Let M he a siihconlinuwn. of a spherelike n-gem S and D a 
domain complemejitary to M s^lch that (1) if n > 2, ih&nfor soinefcos (S, of S all 
r-cycles of D of diameter < ® hound i7iD,r ~ 1, 2, • • ■ ,n — 2; (2) M is locally 
r-avoidahle rel. hounding cycles /or r — 0, 1, •••,« — 2. Then if the boundary 
of D is not n~dimensional, it is an orientahle {n — i)-gc)n. 

Proof, By Theorem 7.1, q^(S — M, a:, = 0 for r = 0, Ij n — 2. 

Since by (1) “Hmall” r-cyclos of D bound in 7), it followa that x) = 0 for all 
•'T G P'iD). Then by Corollary X 2.6, D is ulc""* and by Theorem X 6.8, F{D) 
is an orienialdc (n — l)-gcm. 

The following corollarios—special cases—of Theorem 7.4 are of interest: 

7.6 Corollary. In jS^, if M is a coniinuum all of whose points are locally 
0-avoidahle, then the boundaries of the complementary domains of M are simple 
closed curves. 

7.6 Corollary. In if M is a conlinmm all of whose points are locally 
0- and l-avoidahle rel. hounding cijcleSf aiid D is a complcjncntary domain of M 
whose “small” l-cycles bound in D, then the boundary of D is a 2~dimensional 
closed manifold. 

The following theorem is of interest in comparison with U'heorcm 4.10 and 
the tlieorcms immediately following it: 

7.7 'I'^iKOREM. In order that Ike hoiimlarij B of a simply (n — \)-connccled 
domain J) in a spherdike n-gein should Ik an orientahle (n — l)-p<vn, it is ncce.ssary 
and siijfivicnt that (I) B he locally r-avoidable rel. hounding ryclcs for r — 0, I, • • ■ , 
n — 2, (2) for .some fens (S of S, alt r-cycles of I) of diameter < CS bound in 1) for 
r = \ ti — 2, and (3) B not he n-<Umcnsional. 

Proof. TIh' n(‘c(issity follows midily from the propendies of an orientahle 
(r — J)-g(an slat(Hl in Corollary IX 2 2 and Umnna IX 3.1, and from C^oi'ollaiy 
X 1 8. As for (he .siifliciency, {'oiidilioii (1) implies by 'riu’oix'in 7,1 (hat 
f/"’" ■(// .r, ~) = 0 foi' all X G B, which together with condilioii (2) iiniilic^s 
q "'" .(■) = 0. d'luMi B IS an (« — l)-g(*m by Corollary X 2.(1 and Tln'orcnn 

X()8. 

As a corollary of 'rheorem 2.18 and 7.4 we have* 

7 8 'riiKORr'-M. If a s)(heonlinuum j\f of a spherelihe n~<jcm S i.s and 
locally r-avoulahlc rd. bounding cycles for r = 0, I, • • • , « — 2, then nil but a 
Jlnite number of the domaiit.'i complcmenlary to M are bounded by orientahle {n ~ 1 )- 
gem’s that arc simpUj-connected in all dimensions < «• — 1, provided these 
boundaries are not n-dimensioual. 

7.9 Tiikoricm. Ill order that a simply r-connccled, r = 0, 1, * • • , n — 2, 
closed subset M of a spherdike ii-gcm S should have only simply r-connecled orient¬ 
ahle (n — \)-gcm’s as boundaries of its complementary domains, it is sufficient that 
M be locally r-avoidable rel. hounding cycles and that these boundaries not he n- 
dimensional. 
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Proof. That the domains complomentary to M arc bounded by orioiitablo 
(n — l)-gcm's is a corollary of Theorem 7.4^ and that these domains aro simply 
connected in the dimensions stated is a consequence of Corollary VIII 8.0. 

7.10 Corollary. In 1^, if M is a simply \-co7mecled continuum which is 
locally r~avoidahle rel. hounding cycles for r = 0, 1, then the domains comple¬ 
mentary to M are all bounded by ^-spheres. 

7.11 Theorem. In order Vial a simply r-connecied, r = 0, I, • • • , w — 2, 
closed subset M of a spherelike n-getn S should have only simply r-connected 

onenlahle {71 — X)-gctn’8 as boundaries of Us complementary domains it is necessary 
and sufficient that all points ofMhe norir-r-cut points of ]\[ and that these hoimdarics 
not be n~dimensionaI 

Proof of necessity. Lot p ^ M and a cycle on a compact subset 
of i/ — p, 0 g r ^ n — 2. By Corollary 7.3, M is locally r-avoidablc rol. 
bounding cycles for r = 0, 1, ♦ • • , w — 2, and Jionco 1)3'- 'riicorom 7.1, 

— M, ~ 0 for all x G 11'/. Let Q and R bo open .sots .such that 

a; G 72 C Q C P and such that (1) Z[\s on ^ — P, (2) cycles of N on Q bound 
in P, (3) bounding cycles of <8 *-11/ on72 bound in Q — il/. If j?'’ 00 0 on M — 72, 
then there exists by CoroUaiy YIII 8.6 a cycle in aS' ~ (17 — R) tliat 
is linked with Z". The portion of -y""""* on S — R is a lyclo yT"'' mod l'\H) 
with boundary on P(72). By the selection of P, ^ 0 on a closed 

subset 77 of Q — M. Let A be a closed suh.sct of >S’ — 17 that carriivs 
and contains 77; and letP be a closed subset of Q tlial- cai-rics y''"' — yT'”' 

and contains 77. By Lemma VII 1.14, there exist cyclos ZT"' ‘ and on 

A and B respectively such that on ,1 U B. But 

Zr"~^ lies in (3 and hence bounds in P. It follows ihulZ' and Zff''~' an' linked— 
which is impossible since 0 on 17 and is on A C P — d/ 

Proof of sufficiency. As M is Ic""^ and simply r-coniiccl.ed for r = 0, 

• • • , n — 2, it follows that a non-r-eut point is a locality r-avoidable point. 
Therefore Theorem 7.9 applies. 

7.12 Corollary. In order Vial a Pcano coidiniium 17 in should have 
only simple closed curves as boundanes of its complemcnlai'y domains, it is necessary 
and sufficient that M have no cut points. 

[We recall that by Corollaiy VII 6.6, non-cut points and non-O-eut points arc 
identical in such a set M.] 

7.13 Corollary, In order Viat a simply l~connected, Ic' suhcontinuiim of 
S should have only 2-spheres as boundaries of its complementary domains, il is 
necessary and sufficient that it have no cut points and no i-cut points. 

An interesting consequence of Theorems 4.16 and 7.8 is as follows: 

7.14 Theorem. If a subcontinuum M of a spherelilce ii-gcm is locally r- 

avoidaUe rel. bounding cycles for r = 0,1, • ■ • , - 2, p\M) is finite for r « 1, 
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• • • , n — 2, and for arhilrary fcos ^ of S al moat a finite numher of the domains 
complementary to M arc of diameter > S, then M ia and all hut a fmile numher 
of the complemenlarij domains of M are bounded by orieniaUe (n. — l)-gcms that 
are simply connected in all dimensions < » — 1 {provided these boundaries are 
not n-dimensional). 

7.15 CoiioLLAnY. Tf the complementary domains of a locally 0~avoidabh sub- 
conlinuum M of S'* have diameters that form a null sequence, then M is peanian 
and almost all the complementary domains of M are hounded by simple dosed cui'ves. 

Ami from Theorem 4.15 and 7.9 \vc got, 

7.1 G TincoEEM. In order that a simply r-conneclcd (r = 0, 1, • • • , ?i — 2), 
closed subset M of a spherelike n~{/cm S ahoidd he Zc""* aiid have only simply r- 
connecled orienlahle (n ~ l)-gcm’s as boundaries of ils complementary domains, it 
is necessary and sufficient that for arbitrary fcos ^of S only a finite number of these 
domains he of diameter > (S, their boundaries not he 7i-dimensional, and that M 
he locally r-nvoidahle rel. bounding cycles for r = 0, 1, • • • , n — 2. 

7.17 CoHOLLAUY. In order that a suhcotitinuum M of should he a Peano 
continuum all of whose complementary domains are bounded by simple closed curves, 
it is necessary and suficient that M he loraUy 0-avoidable and that the diameters of 
the complementary domains of M form a null sequence. 

RiaiAiiK. The I'oador may consiflor why, in »S“, a coutimuiin M, lliat consi.sts 
of two Liingi'iit circlos, fails to .satisfy Uio oonelusion of Theoroni 7 17. 

I'rorn '’riu'ot'i'ins -I.LS and 7.8 wo have: 

7.18 'I'niiouEM. If (I) a suheontinuum M of a spheirlikr n-yeni S /'< loeaUy 

r-avoiitalile rel hounding ci/clrs for r = 0, 1, • , n — 2, (2) for nrlulKin/ fros G 

of S at most a jinilr number of the domniiis complemenlaiii to iM arc of tlioinelcr 
> and (3) there exisls n fens \\ of .S' .'nirh (hut for r = !. • , n — 2, at most 

a futile number of the i-ryelcH of H — M of dinmclcr < U aic lirfi in iS ~ M ; then 
M IS If" ^ and all but a Jinilc number of its eomplemviitiiiy domains lue bounded 
by oncnlablc {n — D-gem’s that lire simply connected in all dimensions <. n — I 
(provided these hoiindavics aie not n-dimntsional). 

7 !i) TitI';oiU':m. In an i , »S, let M hr a eonliniium and I) a ilomaiii 

eomplemcnlarti to M such that (1) ]) is ulc , k ^ n — 3, (2^ there c.nsts a feos <5 
of S such that r-cycles of 1) of diameter < (5 hound in D, r = k 1, • • • , a — 2; 
(8) j\I is locally r-nvoididile irl. houndinij cycles for ?• = 0, 1, • • , n — Ic — 3. 
Then if I'\D) is not n-dimensional, it is an oricnlaUc {n — l)-ycjn 

PiiooF. By Theorem 7.1, q(S — M, j;, ~) = 0 for s = + 1, - ■ ■ , n ~ 2. 

lienee, by (2), q‘{D, .r) = 0 for all x ^ P{B). It follows from Corollary X 2.6 
that D s-ulc. Consequently D is ulc’'“® and the theorem follows from Theorem 
X 0.8. 
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7.20 TiiEoiiE\r. In a spkerclike n-gcm S, let M he a common boundary Oj 
least) two domains Di and 1)% such thal (1) is i = 1, 2, where ih + n 
n — 3; (2) there exists afcos @ of S such that r-cyclcs of of diameter < (S l)o 
in Di > r = jii -f 1, • * • , » Wj — 2; (3) M is locally r~avoidahle rel. hozmc 
cycles /or j' = na -f 1, • • • , — Wi — 3. Then M, if not n-dimcnsional, i& 
orientable (n — 

Proof. Applying Theorem 7.1 as in the proof of Theorem 7.19, we n 
show that Di is ulcUr+i”* and hence ulc"""*”^. The liicorem then follows fr 
Theorem X 7.2. 


Bibliograpuical comment 
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CHAPTER XII 


ACCESSIBILITY AND ITS APPLICATIONS 

An important sngmonl of tho ULeraluro on posiLional invarianls, beginning 
wiUi Schoenflics, is conccmccl with accessibility. The original form of the 
concept was given in II 6.36; in a separable space S, a point x was said to bo 
accessible from a point sot M if for each y G. M fclicrc is an arc A which has 
X and y as end points, and such tliat A — x (Z M. Schoenflics noticed that in 
tlio simple closed curve is ciraractorized by the fact that, in addition to 
satisfying the Jordan Curve Theorem, all its points are accessible fi’om oncli of 
the two complementary domains. (Sec Theorem II 5.38.) He later modified 
the notion (“all-sidcd accessibility”) in order to characterize the subcontinua 
of that are poanian (cf. IV 7). 

1. Regular r-accessibility. Furtlicr modifications and now typos of acooasi- 
bility wore introduced later liy other authore. For example, in the above defini¬ 
tion one may replace "arc” by “continuum”, thus making the definition 
applicable to nonseparable spaces (For most of the usual metric cases, tho 
definition thus modified is equivalent to tho old; thus if a point r of tho iiounclary 
of a domain D in >S’'‘ is accessible from D in tlic new sense, it is aooossible in 
the old senso.) Of special interest for our pui'po.scs is regular uecossibilily, due 
to G. T, Wiiyburn (cf. VII 7); in a metric space, a point x i.s regnlarly accessible 
from a point set M if for arbitrary positive number t there exists a positive 
number 5 such that if ?/ E M r\ »Si(a;, 5), then there oxi.sts a continuum' K 
such that .{• VJ y C A C [J7 A iS(r, e)| W ,c. Whyimrn showed, in parlieular, 
tliat for a domain ]) in the BcluHmfUes all-sided acc(‘.ssil)ilily of all points of 
F{})) from I) is (’(iiiivalcnl. to tii(‘ regular a(*c(*s.sil)ility of these points from D; 
moreovt'r, these pi'opi'itu's are in turn equivalent to Dhaving jirojK’i’t.y S, lus wc'll 
ns to F{I)) being Ode [Wli; 112, Theorem (4.2)1. also nolieecl (b; .610, 
(Corollary] that in order tliat a lioundary point x of a domain }) in S'‘ should 
bo regularly uce('ssiblo from D, it is nceossaiy and suflicient. that !> VJ x lie Ic. 
Subsequently, V. AlexandrolT [f; 14, Theorem 1] gave an (uiuivalent property 
which, tliougli st-ated by liim for subsets of »S", may be formulated as follows: 

1.1 Tiieouwm. In order that a boundary point x, of comilahlo character 
[III 1.18], of a connected open subset D of a locally compact 0-lc space should he 
regidarly accessible from I), it is necessary and sufficient that for arbitrary open set P 


>By using "continuum” instead of "arc”, the dennition may be extended to noninetric 
spaces in obvious manner. 
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containing x there exist an open set Q such that x G Q C P o,nd such that enry 
compact 0-cycle onD D Q bounds on a compact subset of (D r\ P) U x. 

Proof of necessity. Given P, let <3 C -P bo sucli that evory point of 
D r\ Q lies with x on some subcontinuum of (Z) H P) VJ x. Now suj)poso 
is a 0-cycle on a compact subset K of D r\ Q. By Corollary IV 3.4, K may bo 
assumed to have only a Iinite number of components K,, i — I, ■ ■ ■ , m. Por 
each i, let C, be a subcontinuum of (Z) /O P) W x coiiLaining x U Xi for some 
K, G Ki . Then G = \J C, U Kt m & subcontinuum of (D r\ P) U a‘ 
carrying Z° and therefore 2® 0 in (i> O P) W x. 

Proof of suFFicriiNCY. Since x is of countable character, there exists a 
sequence of open sets P< such that Pi is any preassigned open sot containing 
X, P, 0 Pt+i for all i, constituting a complelo neighborhood system for x 
and such that if Z° is a compact cycle of A P,+, , then Z° 0 on a compact 
subset of (D A Pi) KJ .u. Let a.\ G -0 A P, , * > 1. For each f > 1, there 
exists (by application of Thoorems V 11.5, V 11.0 and IV 1.1) a continuum (7, 
that lies in (P A Pj-i) W x and contains x, W .r. + i • Then C — L/Zf-a C, i.s a 
subcontinuum of (D A Pi) U x that contains x^ W x. 

The theorem of Whyburn mentioned above may be formiilatecl here as follows; 

1.2 Theorem. In order that a boundary point x, of countable character, of a 
connected open subset D of a locally compact, 0-lc space should he regularly ac¬ 
cessible from D, it IS necessary and sufjicicnl that D x he 0-lc in the sense of 
compact cycles. 

Proof. The sufficiency follows from the suflieioncy of Theorem 1.1. To 
prove the necessity, let Po be a noighborlioocl of x and let P, , i = 1, 2, • • • , 
bo a sequence of neighborhoods of x forming a comiilete system for ,r, such that 
P. D Phi and such that if y ^ P,^^ then there oxisls a .suhcoiUimium of 
{D A P.) V X containing x\Jy. be a cycle carritid l)y a compact suhs(«t 

K of (D A Pi) U X. If X ^ K, the proof given for the ne('(issiLy in 'Iluiorom 
1,1 still holds Otherwise, notice that for each i > 0, by Corollary I\'‘ 3.-I, the 
closed set K A (P, — P,+,) is contained in a linito collocLion C, of subconliaiia 
of P A P.-i , and using the argument employed in the noces-sity proof of 
Theorem 1.1, the collections (7, all lie in onosubcontimmm A', of (DA P,_i) W x. 
Then F = U IC, is a subcontinuum of (D A Po) U ,i; containing Z^. 

The equivalence proved in Theorem 1.1 led Alcxandroff to a clofinitioii which 
may be phrased.as follon's: 

1.3 Definition. A subset iW of a space S is called regularly r-accessible 
at X G d/ if for arbitrary open set P containing x thoro exists an open sot Q 
such that X G Q C P and such that every compact cycle Z' of Q — M bounds 
on a compact subset of {P ~ M)\Jx. If is regularly 7’-acccssiblo at all of 
its points, vee say simply that M is regularly 7--accessiblo. (Alcxandroff used 
the term ‘b'-accessible” instead of "regularly I’-accossible” as wo are doing. 
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Wo prefer to rosorvo tlio former term for a slrongor type of accessibility to bo 
considered later.) 

If D is an open subset of S and x G F{D), then x is called regularly r-acocssible 
from D if F(D) is regularly r-acccssibic at x in tiro space D. If all points of 
F{])) arc regularly r-acccssiblo from D, we sny simply that F(D) is regularly 
r-accessiblo from ]). Obviously if D is “r-ulc at x," i.e., if q'(D, x) = 0, then 
a; is regularly ?-aece 8 siblo from D. 

By Theorem 1.1, evidently regular occossibility and regular O-accessibility arc 
equivalent for the boundaries of open subsets of the 0 -lc, locally compact 
spaces—hence, in parf,icular, in the generalized manifolds. 

1.4 Liomnua.^ a necesmry and sufficient condition Uiat a closed subset M of a 
compact space S of countable character should be regularly r-accessihle at x ^ M 
from a set J) C. iS ~ M is that for arbitrary open set P containing x there exist 
an open set Q such that x S Q C. P and such that for every cycle Z’' in D Cs Q and 
every open set R such that x E. R C. Q, there exists a cyde y' in D R such that 
// 7 ’ in }) n P. 

Proof of niockssity. If .r is regularly r-acccssiblc from D, tiion for arbitrary 
P tliere (ixisis Q such that if Z’’ is in D H Q, then ~ 0 on a compact subset 
P' of (1) r\ P) yj X. (lonsidor any open sets R and It' such that x ^ R' ^ R Cl Q. 
By L(Mnina Vlf l.i), there exists a cycle y' on F{R') such tliat Z' ~ y'' on 
F - R. 

Proof of .suff[CIKNC'T. Since iS' is of countable ehai'achM-, (hero exists a 
{‘ouii(,ai)Ie collection of open sets /h , i =» 1, 2, 3, • • • , closing down on v such 
tliat Py is a giv(ni aihilnuy opcMi s(>t and for every i, P, and , i may i)lay 
ilu! pai’t of (lie P and Q of the hypotlu'sis (loti.si<l(‘r u compact cychi Z' in 
J) r\ Pi . 'riici'c cxisls a compact cycle Z\ in 1) r\ Py and ji compact s<H. P\ 

in ]) r\ l\ .sucii that Z' ~ Z\ on l'\ . Again, (Jien* oxisl.s a com[)ac( lycle 

Zi in 1) r\ Py and a closi'd se(. Ah in D O /h surli (hal. Z’i Z^ on P'., Mvi- 
dently Z' Zl on P\ U P\ . (‘ontmulng in (his manner (lun-e is eslablislied 
the exis(.cnce of a closed siili.set /'^ = 1 A’, of {!) r\ /*,) \J .1 and a seijiuun'e 

Z\ , w li('re ZA, is a compacl cycle of /) r\ J*, ,.. .such thul for any i - /r, Z^ ~ Z\ 

c nnPy. 

We assei (. (hal. Z' ~ 0 on P'. Kor suppos<* nol 'riicn l.lu'r<‘ exisls a covering 
U of S such tliat Z\\\) 0 on F. Let U, > ffi, dmiole (he elcinenls 

of U llial contain x, and let A- bo an integer such that Pa ,2 C f h Now 

Z' ~ Z1 on F, . Put since Z[ is in Pm , Zl{i\) is a cych^ on llu‘ simplex 

PJ"‘~' wlio.se vortici’s ani (C , ■' • » ihn , and eons(*ciiu*nt]y liy C'orollury V <5.2, 
^[(U) ~ 0 on pr'~' —i.e., ZJ(U) 0 on x. It follows Uia(. Z'(U) 0 on P\ 

contrary to our original supposition. 

In order to establish an internal condition for itigular r-acecssibihly, Alex- 


^Comparo Aloxandroff, loc. eit., p. 15. 
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andvoff introduced the following concept. (Loc. cit. Definition 5, p. 16; a 
usual, we have rephrased the definition in nonmetric terms.) 

1.5 Dejfinition. a set M will be said to have no r-dimensional condensalw 
at X G ilf if for arbitrary open set P containing a; there exists an open sot fi 
such that X S Q C P with the property that if is a cycle mod M — P oi 
M which is not ~ 0 mod M — <3 on M, then for every open set U such thai 
X ^ R Q Q, Z’' -i-j Q mod M — li on M. 

An equivalent definition, which throws further light (see also Theorem 1,IJ 
below) on the inherent moaning of the concept just defined, isicmbodiod in 
the following lemma: 

1.6 Lemma. In order that a locally compact space S should have no v-dimc7i- 
sional condensation at £ S, it is necessary and sufficient that if P is an arbitrary 
open set containing x, there exist an open set Q such that x <E. Q C. P and such 
that evei'y cycle Y niod S ~ P which is earned by a compact subset of S — x is 

0 mod S ~ Q. 

Proof of necessity-. With P and Q as in Definition 1.5, lot 7 ' l)c a cycle 
mod ;S — P carried on a compact subset P of — ,r. 'Phoro (ixisLs an open 
set E such that .r € 1? C Q and such that R D P = 0 , and lumco ~ 0 mod 
S — R. Bub this must imply, because of the way in which Q was (lofiiKul, that 
7 ' ~ 0 mod S Q. 

Proof op sufficiency. With P and Q as in the .slatomoiiL of the lemma, 
let 7 ' be a cycle mod S — P. If 7 ' has a compact carrier P such tliat .r P, 
then 7 ' ~ 0 mod S ~ Q and such cycles do not have to l)e eoiisidored, And if 
7 ^ oo 0 mod S ~ R for all open sots R such that x G P C Q, tins retiiiinimcnt 
for absence of r-dimcnsional condensation is satisfied, Sui)po,se 7 ’ oc/ (j mod 
S — Q and that 7 ' ~ 0 mod S ~ R for some R. Thou by LiMUinu Vll 1.9, 
there exists a cycle 7 ! mod S ~ P on S ~ R sucli Unit 71 ~ 7 ' mod S — R. 
But by the choice of Q, 7 I ~ 0 mod S - Q, and honco 7 " 0 mod .S - Q, 

contradicting the properties of 7 '. 

1.7 Example. In the (.r, y)-plane, for each natural numlKir n foL = 
(Ca.-,J/) I {x ~ 1/2")“ 4-= 1/4"), and M = \J M., . WiLh.r = {(), 0 ), 4/ 1 ms 
no l-dimensional condensation at x (Alcxandrolf, loc. cit. j). 2-], no. 7). 

1.8 Example. In the (.r, 7 /)-plano, lot M„ = {(.r, ;/) [(.r = 1/70 & 

(-1^2/^ 1)}, M, = {{X, y)l(x^ 0)&(-l 1)1, and iM = UU . 

Then ilf has 1-dimensional condensation at (0, 0). 

1.9 Theorem. In order that a closed subset M of an , S, should be 

regularhj r~accessible, r ^ n - I, at x E M, it is necessary and sufficient that M 
have no (n — r — lydimensional condensation at x. 

(For the euclidean case, this was proved by Alexandroff, loc. cit. p. 16, Theorem 
II.) 
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The C£iso ?• = n — 1 will be left to the mder; the ease r S n — 2 may bo 
handled as follows: 

Proof of necessity. Suppose that M is regularly r-accossible at a; € M. 
Lot us denote the num])er n — r — 1 by s. Lot Pi bo an. arbitrary neighborhood 
of X, and let P bo an open set such that x ^ P Q Pi and such that ?’-cycles of 
S — Pi bound on 8 — P (this is possible since S is simply r-connected, and by 
virtue of Lemma IX 3.1). Since, by Lemma IX 3.1, S is completely (s — 1)- 
avoidablo, there exist open sets Q and _R sucli tliat x ^ R C. Q C. P and such 
that (.? — l)-cycles on F{Q) bound on P — j?. Since M is regularly r-accessible 
at X, there exists by Lemma 1.4 an open sot Ri such that x ^ Ri (Z R and such 
that if Z' is a cycle of Ri — M, then for all open sets R' such that x ^ R' CZ Ri , 
there exists a cycle y'' of R' — M such that Z’' y* on a compact 8ui>sct of 
R - M. 

Lot Z‘ bo a cyclo mod 8 ~ Pi on M which does not bound mod S — Ri 
£n M. The portiori_of Z’ in (3 is a cycle Zl mod F{Q) such that dZl ~ 0 on 
P_— R. Denote {P — R) VJ (ilf O H) by M' and lot ilf*'*' denote the sot 
(Pi — Ri) 'U (M r\ Ri)] nolo that M" D M'. Then by Lemma VII 1.0 there 
exists a cycle 7 ' on iM' sucli that 7 ' Z‘ mod S — R on M and on M'. Then 
7 ’ 0 mod 8 — Ri on and in particular, then, 7 ' 0 on il/". By Corollary 

YU I 8 .(), there exists in >S' — M" a oycio Z' linked wiUi 7 '. Wo may write 
Z' ~ Z'l Z'i where Z\ is in Ri — M and Zl is in *S — P, . 

Sup{)ose there exists an open set R' kucIi that .r G P' C Ri anti such that 
Z’ ~ 0 mod 8 — R' on M. Tlren 7 ’ 0 mod iS' — H' on jl/'. Tliis imj^lics 

by I.cmina VII 1 i) that then! exists a cycle 7 J 011 ilP — R' .such that y‘ 7 * 

on .1/', an<l a fortiori tin M". Then 7 I an<l Z' arc linked. Now kU Ix' an 
ojam s(‘t such that x S R" C R' and such that r-cyclcs of 8 in R." hound in 
R,'. by the choice of A’, , llu're exists in P" — M a cycle 7 ’’ such that 7 '’ 

in R. — M, and sinc(‘ y' ~ 0 in R' i( follows that Z\ 0 in 8 — F, ulieiH' F 

IS a carrier of 7 ' on .1/' .Vlso, by tlio c-hoic<‘ of P, Z] ~ 0 on 8 — P and hence 
in 8 — F. It follows lliat Z" ~ 0 in *S' — F, contradictiug the iacl lluil 7 ’ and 
// ar(' liiikcil. 

Proof of si'fficifncy bet M liav<‘ no .sMlimensional coudensal ion at x. 
Tlu'ii lor ai’liitrary op<‘n s<‘l P coiiLaining x, there exists au opim set- Q as in 
Detinition 1.5 (with .s n'placiiig r) Let Q' he an open siM siieli that x G Q' C Q 
and sucli that .s-i'yclcs on >S — Q lioiind on .S’ — Q'. Suppose (Ikm'c exists an 
o|K‘n s('t R siu^h that .r G R C Q'< and a cycle Z' on a eoinpiiet subset. K of Q' — M 
suih that Z' is not. homologous on a cIosihI subset ot P — Al to any compact 
cycle of R — M. We shall show this is impassible. 

Let R' be any open set such that .r G P' G P, and let Al' = M HP” R'. 
Then Z' ^ 0 in P — AP. For if F were a clostnl subset of P — AP containing 
K such that Z’’ ~ 0 on F, there would exist by Lemma YII 1.4 a cycle 
mod K on F such that dC'*' ~ Z' on K. The boundary of the portion of 
C'*' in R' would bo a compact cyclo of P — il/ to which Z" would bo homologous 
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on F ~ R' C. P — It follows then that Z' must be linked with a cycle 
y’oUPUF(P). 

Now the portion of 7 * on ilf is a cycle Z’ mod F(P) on M H P. If 0 
mod Af — Q on M, then there exists a_cycle Zl mod F(P) on M r\ P — Q 
such that Z' Z* mod F{P) on M r\ P. Bui this would imply the oxistoneo 
of a cycle 7 I on (M ~ Q)(j FiP) such tliafc 7 ' ^ 7 ' on (M r\ P) U F(P), and 
since by the choice of Q, 7 I 0 on jS — Q\ it would follow that 7 ’ ~ 0 in 5 K, 
This contradicts the fact that 7 * and Z' are linked. Wo must conclude, llion, 
that Z‘ no 0 niod Af — Q on Af, and that therefore, by the choice of Q, Z* noQ 
mod M — R' on M. But Z‘ is on M — R' so tliat Z' 0 mod A/ — R'. 

1.10 CoROLLARy. The properly of being regularly r-acccseiblc at a cerlaiii 
point is topologically invariant for closed subsets of an A/".r+i . 

1.11 Theorem. If a locally compact space S has r-dimensioual conclmsalion 

at G iS, a; of counicMc character, Oien there exist an open set P containing x and 
a sequence Z\ , % ~ - ", of compact cycles mod S — P on S — x such 

that for each open set Q suck that x ^ Q <Z P, there exists an integer li{Q) such 
that for i > k(Q), the cycles Z\ are lirh mod S — Q on S. 

Proof. By Lemma 1.6, there exists an open set P containing x such that 
for every open set Q such that x ^ Q C. P, there oxist.s a compact (yclo // 
mod iS — P of 5 — . 1 ; such that 7 ' 0 mod S — Q. Let Q, 1)0 such a set 17 

and Z[ such a cycle y'. Since Z't is on a clo.scrl subset Pj of <S' — ,r, (hero exists 
an open set <32 such that a; € C (3i and r\ I'\ ^ 0 . I’lien [iiere exisis a 
compact cycle Zl mod S - P of S - x such that Zl 0 mod N - , We 

continue in this manner, using, liowcvor, a collodion of optm sel.s Q, fonuinp 
a complete neighborhood system for x. Then if Q i.s given as m IIk' .slatenu’nt 
of the theorem, tliere exists an integer k .such that Q,, C Q Siipimse tluse 
exists a relation 

m 

(1.11a) 0 mod iS'— (9, A'< f(|) < • • • < i(m), (i,u) ^ 0. 

Then since the cycles Z, for i > i(m) all lie on S - , relation (1.1 In) 

implies ~ 0 mod S — Q,^„y, contradicting the choice of /[(,„, . 

1.12 Corollary. If S is a locally compact space and x a point of 8 of 

countable character such that p'(S, x) ^ w, then 8 has no r-dimensional condensa¬ 
tion at X. 

1.13 Theorem. If M is a closed subset of an A/p,,+i , 8, and x 6 A/ such 

that p (M, x) ^ u, r ^ 71 — I, //leit M is regularly (a — r — l)-acce 5 s? 6 /e at X. 

(Tliis is a con.sequence of Corollary 1.12 and Theorem 1.9.] 

1.14 Corollary. If M is a k-gm, A ^ ti — l,in an „ , S, then-,every 
point of M is regularly r-acceasible from S - M for all r S n ~ h 
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1.15 Definition. If G' is a special group of cycles, then by regular ac¬ 
cessibility rel, G' will be moaiil iho same notion as defined in Definition 1.3, 
except that consideration is rcstriolcd to the cycles of Q'. 

It will bo noted that the following analogue of Lemma 1.4 holds: 

1.4a Lemma. A wcessary and sujficienl condiiion Qial a closed subset M of 
a locally compact space S of countable (Procter should he regularly 7'-accessible 
rel hounding cycles of D at x G M from a setD C. S — M is that for arhilrai'y 
open set P containing x there exist an open set Q sudt that x G Q C. P and such 
that for every cycle Z' in D r\ Q that hounds in D, and every open set li such that 
X G R G Q, there exists a cycle Y in D r\ R such that Y in D r\ P. 

If an open subset J7 of a spherelike n-gem has property Sr , r ^ , tlion 

q"iU, a:) ^ wfor all a; G PiU), hence (by Theorem X 1.5), — U,x) 

and by Theorem 1.13, S — U ir regularly r-aeccssil)lc at x. 

l.K) 'I’liEOiiifiM. If the open subset U of an 4/".,+! has property Sr , r ^ 
n — 1, then every point of the boundary of U is regularly r-acccssible from U; if 
U has properly Sr rel hounding cycles, Uun the boundary of V is regularly r-ac- 
cessihlc ni. hounding cycles from U. 

L17 CoROLLAnY. If a closed subset M of an il/f.r+j , R, is IcI, r n — 2, 
then it is reguiarh/ (n — r — l)~accessible, and regularly (?i — r — 2)-acrcs{tible 
rel hounding cycles from S — il/. 

['I'his IS a consetiueiu'c of 44ioorcm XT 2.3 an<l 4'lioorein l.lfi.] 

1 18 ('oROLiAJiY. If a closed subset M of a sphercUke n-gem S is /r"”", and 
D IS a domain complnncnlnry to If, ihen evny point of ts regiilaily {)-ac- 

ressihlr from I). 

lli'iMMnc. 'i'lu' applicalicins of the uhove lo (he euclidean caise.s an* olndous 
fi’liiis, (ho oiiliiiiii'y manifolds, when imlxvhh'fl in ,S'", coino wil.liin the scoijo of 
Coi'ollarv I I 1 Or if M is an le*^ subw'l. of »S"‘, then l)y CoiollaiA' 1,17, 47 is 
I’egularly (a — r — I )-!ic'co,s.si{)Ie at all i(.s poinls. 

It is inji; (o nolo, however, lliat a nvsull s(i’ona,<'r Ilian lh(' lirsl lialf 

of Corollary i 17 is ohlainalile: 

I.IO Tiri'ioRiar, Jf r S n ~ I, and M is a closed, le'^', semi-r-conneelcd 
suh^vl of an M'r.ri i , then M is regularly (n — r — \)-<iecessiblc. 

Jhioor. ]5y I'heorein 2.2(;, p\AI, j) ^ w for all .c G 47. TTenee by 
M'lu'oreni 1.13, M is rc'gularly (n — r — l)-ace(wsil)lo 

Returning to 'rhoorem 1.2, wo note tiuit the sunicicney still holds in the 
following form: 

i.2a Tiieouicm. If J\I is a point set and x is a point of countable character 
such that M U a: is r-lc in the sense of compact cycles at x, ihen x is regularly r- 
acccssihle from M. 
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However, the converse docs not hold, even in the case where M is an open 
subset of and ?■ = 1: 

1.20 Example. In ordinary 3-spaco, using spherical coordinabes (/>, 4 >, 0 ), 
for each natural number 7i let M„ == {(p, 0) | (0 ^ p ^ l/n)&,(0 = 7r/?i)}- 
If X denotes tlie origin, then the set M = \J M„ is l)oth regularly 0- and 1- 
accessible at x, but (S — M) U x is not 1-lc at x. 

Hov'cver, we can state: 

1.2b Theorem. If D is a 'point set and x is a point of countable character 
such that X is regularly r-accessible, r ^ 1, frojn D, and D U x is completely (r — 1 )- 
avoidable rel, hounding cycles of D at x, then D ^ x is r-lc at .r. 

[As usual when dealing with noncompact sets, wo make tlie convention that 
unless otherwise specified, cycles and horaologie.s are on compact sots. In 
particular, D VJ .^ is completely (r — l)-avoidable relative to bounding cycles 
of D at X if for arbitrary open set P containing x, there exist open sots Q and R 
such that X & R C Q C P and such that every compact (r — O-cycle of 
F(Q) Q D that bounds in D is homologous to zero on a compact siil)sct of 
{P ~R)r\ D.] 

Proof. Let P be an arbitrary open set containing x, and let Pi !)0 an open 
set such that x G P\ G P and such that compact ?’-cycIes of D H P, i)ound 
on a compact subset of (Z) r\ P) U x. Lot Pj be an open set .such that x G Pa C 
Pi and such that compact r-cyclcs of P H P^ bound on a compacl. sitl)sot «)f 
(D r\ Pj) W X. Let Q 2 and Pj bo open sets .such that x P 2 C Q 2 C Pa a*'>d 
such that (r — ILcycles of P(f32) G\ D that bound in D also bound on a compact 
subset of (Pa — Pa) ^ P. 

In general, having defined P. , Q, and P, , j ^ 2, lot P.,, , Q ,,, and P,. 1 
be open sets such that (1) x G R,*i C Q,*\ C P.+t C P. , (2j compact r-cyclcs 
of P A P,+i bound on a compact subset of P H P, , (3) (/' — D-eych's of 
P(Q.4 -i) P that bound in P also bound on a compact sul)so(. of (7^., 1 — 
P, + i) A P; (4) the open sets P, form a complete neighborhood .sy.sicm of x. 

Let Z' be a compact cycle of (P A P,) U x. We may assume that Z' has 
no carrier that fails to contain x, else, by definition of r-ac(*cssil)ili(.y, ~ 0 
on a compact subset of (P A P) U x. Lot K be a carrier of Z" in (D A Pi) W x. 
The portion of Z^ on S Qz is a cycle Z[ mod PiQz) with boundary on P'iQt)- 
Since dZ[ ~ 0 on a compact subset (7, of (Pa - Pa) A P, there exist l)y Lemma 
VII 1.14 cycksyl and r[ on the compact sets Ai = C, U (/C - Qa) and Pi = 
Cl V (K A Oa), respectively, such that ~ yf + Tf on A, UP, = /C U A . 

In general, having obtained C 3 ^cles yl , • • • , 7 [_, , and a cycle rl-, on a 
compact subset of (P A P.) VJ x, such that Z' yi -h • • • + 7 [-i + r[_i 
on a compact subset of (P A P) W x, the portion of r[_i on P — is a cycle 
Z[modP(Q,-n) such that 5.^1 0 on a compact subset A of (P.+i — P.+O A P, 

and there exist cycles y" and r; on the compact sets A, = C, U (P,-, - Q,+,) 
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and 5, = C, U (7C r\ Q,+i), respeclively, such that rj_i T'i on A, KJ Bi. 

Then Z' ^ y[ A- ■ + tI + Tl on, tho set K \J Wj-i Cf. 

Now each cycle y'l bounds on a compact subset F, of (Z) Hi P{_t) ^ rw (whore 
Po = -P). Lei C = KKJ Ur-i C. U Uf-i P. ; tli^ is a compact subset of 
(/) n 7^) U s;. Then Z' Q on C. For suppose not. TJacn there exists a 
covering U of S such that Z’’(U) ot/ 0 on C. But lot i be such that P.-n lies 
in tho niKilcus of the simplex constituted by all tho elements of U that contain x. 
Then r^(ll) on x, ami since 2''(U) on K U C'y 

C C, and 7 ;'(U) 0 on F, , it follows that 2'(tl) ~ 0 on C. We must con¬ 

clude, then, that Z' 0 on C, and, as a consequence, that D U x is r-\c at x. 

Remauk. That almost complete (r — l)-avoidability would not have boon 
sufliciont for tho hyi)othcsis of Theorem 1.2b issho’\m by ilic following example: 
In tho polar coordinate plane S, for each natural number n let il'7„ = 

{ (p, t/) I (p ^ l/?i)&(d = lot M = \J Mn, D ~ S — M, and x = (0, 0). 
Thon M is regularly 0- and i-accc.ssiblc at all points. The sot D 'U x is almost 
comploLoly O-avoidablo rcl. bounding cycles of D at x, but D L/ x is not l-le at x. 

That tho sot D 'U x oi Thcoroin 1.2b may l)o r-lc at x without being com- 
plotely (r — l)-av(n(lablo, or oven almost completely (r — l)-avoidablo rcl. 
bounding cycles of D, is shown by the following example: In coordinate 3-spacc, 
lot jy = {(.r, /y, 2 ) I I .X I < 1, I ^ 1 < I, 0 < 2 < 1}. Also, for eacli natural 
mimbor let iV„ = [ (.r, ly, 2 ) 1 l/rF ^ ^ 1, s = 1/«E, and 1) = D' — 

KJ d/„ . If .X = (0, 0, 0), then I) W x is 0- and l-le at x, jis well as regularly 
0- and l-a{;c('s.sil)l(' at .r, l)Ut is not almost completely O-avoalabk^ rol. bounding 
cycles of D at x 

2. Stronger types of accessibility; their interrelations and topological in¬ 
variance. We 7io\s ill! reduce a tyiH* of ju'ccssibihly llial is nunh sliongm’ 
than Lliat of regular r-accrusibility, and which is couhtaiumilly of valu(‘ m 
characterizing, by means of posidoiml invariants, many of the inoi'c^ coinmoii 
toijological coiillgiiraLi(ms in liigher dimensions We lound, as for instance in 
1.18, 1 II and 1.17, ttial sets having certain local coiinecteilness i>i'oii(‘ii les 
also hav(' regular acia'ssibility pi’oportios, hut we stat<*il no conveuM' 1 lu-orians. 
'I'his was becausi' of the fact that, while tin* regular aceessibilily' property in 
is strong oiioiigh to afford such converses, this is not llio case in higlu'r 
dimensions. For (wamiilo, if T is a torus and C is a meiulional cir<‘le on T, l(‘l 
C be deformed to a ixiint p —the ivmaindor of T remaining topologically \in- 
changod. 'I'he resulting surface T\ wlien imbeddcxl lu .S'*, is tlie common 
boumlary of two domains from each of which T is regularly r-accessibic for 
r = 0, 1, 2, yet possesses the “singular” point p. This is to b<‘ (lontrasted with 
the ease in S'^, where a common boundary of two domains wliich is merely 
“arcwisc acccs.siblc” from each of these domains is an *S‘. 

Let US reconsider tho “arewise aeccasibility” (cf. XI 5.36); if in a space *S, 
M is a point set and p a point of jS — iW, say, tlicn p is arewise accessible 
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from M if for q 6 M there exists an arc liaving end points p and q and lying, 
except for p, wholly in M. Wo can conceive of this as indicating tluit if ia 
a nontrivial 0-oycIe onp'U q, then Z° 0 on a compact set A suclr that A C 
M U p. This idea forms the genesis of the following definition; 

2.1 Definition. A point p of a point set K will bo called r-accessible from 
a subset E of the complement of IC if every compact ?'-cyclG of E U p bounds 
on a compact subset of E U p. In other word,s, p is ^’-accessible from E if tho 
SQt E \J p is simply ?’-connccted in the sense of compact cycles and homologies 
on compact sets. If for all p ^ K, p is 7’-accessible from E, then wo say K is 
7’-acccssible from E. When E is the complement of A', we may omit tho words 
"from E” calling K simply an ^’-accessible sot. Following the same order of 
ideas, the localization of this property, which wo call local r~acct:ssibilily, is 
merely the r-3c property of A U p at p in terms of compact cycles and homologies 
on compact sets. As wo have scon in Theorem 1.2, tho property which wo 
now call local 0-acccssibility is, for the boiindai’}’- points of a domain D in a 
locally compact, 0-Ic space of countable character, equivalent to regular ac¬ 
cessibility. And in Theorem 1.2b we have established a connection between 
regular r-accessibility and local r-accossibility, although, as poin(<'(l out in 
Theorem 1.2a and tho mmarks following that theorem, for r > [ local 
cessibility is the stronger property. 

We shall first investigate some of tho implications of the "in the large” typo 
of r-accessibility, 

2.2 IkiEOREM. Let K be an (n — l)-accessible closed subset of ait J/",, , N, 
containing at least three points. Then K is a continuum which has no cut points. 

Pkoof. Suppose /C = A U A separate. Then by Theori'in \’lir S (5, Ihoro 
exists a cycle on a compact subset of S — K which is linked with a non¬ 
trivial zero cycle Z° carried by a pair of points p, q, where p G A and q E E. 
Let X be a point of K distinct from both p and q. Since K is {a — l)-acc(’ssil)le, 
y"-’ ~ 0 on a compact .subset L of (S - K) U x. Hut L C >>’ " (p kd q) so 
that 7 ""‘ and Z° cannot be linked. 

Let p G K, and suppose that K — p ~ A’, \J separate. Suk’c' S has the 
Phragmen-Brouwor property (or cf. Lemma X 6.6) there exists, in (N - K) W p, 
a continuum C such that points of K lie in different components of N - C] in 
particular, there exist C, p, G A, and Pi G AL such that p, and pa lie in (lifferent 
components of S — C. But by Theorem VIII 8.6, a nontrivial cyclo Z° on 
Pi VJ Pj is linked with some of C, although since p is (n — l)-acccssiblo 
from S — A, would have to bound on (S — K) 'U p Q S — p^ ~ p 2 . 

2.3 Theorem. If a closed subset K of an h space S is 0-accessible from a 
set D = \Jc,.c. a component of S ~ K, then K is the common boundary of 
all C, . 

Proof. By virtue of Corollary V 11.11, if p G A and x a point of some 
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component C, of D, then D VJ p has a subcoutinuum II that contains both p 
and .-c. Suppose that 11 -■ p <Xi C,, Then, since S is Ic, C, is open (Theorem 

III 3.1) and II ~p = {Iir\ C,) U IIi separate. By Theorem 19.8, (// r\Cy)^ p 
is a continuum, and since it lies in p we conclude that p S P'iCy). 

Preliminary to investigating the relation between 0-aceossil)ility and local 
0-accessibility, we note the following lemmas: 

2.4 Lemma. In order that a boundary point z {of countable character) of a 
connecled open subnet D of a locally compact, Q-lc space sftould he locally 0-acccssibU 
from D, it is necessary and sufficient that for ajintrary open set P containing x 
there exist an open set Q such that x ^ Q C. P and such that Q (I> VJ .r) Ues 
in one consiiiuant of P r\ (DU x). 

Puoop. The necessity is trivial. The sufficiency follows from the following 
considerations: As ohserved above, for x to be locally 0-accGSsil:>le from D it 
is sudicient that x bo regularly accessible from D. If, for arbitrary P, a Q 
exists as in the sLaUsmont of the lemma, then z is by definition regularly ac¬ 
cessible from D and consequently locally 0-accossible from D. 

2.5 T/Emma. In order that a boundary point x (of countable character) of a 
connected open subset 1) of a locally compact, 0-Zc space should be locally Q-accessible 
from I), it IK necessary attd sufficient that each compact subset of D U x lie in a 
subc.unlinuum of D U .r. 

Puoop. 4'ho mMiossity i.s proved by methods analogous to those used in the 
{)i’oof of 'riu'on'in I 2. (losing the sots P, of Theorem 1.2, if K (Uinoles the 
compact s(‘t in (|uosl,icni, then A' — Po is m a subcontimium A'o of i) Ijy Theorem 

IV 3 3. I'laclv K r\ {i\ — lies in a subcontimium A', of {D r\ .c 

as in Llu“ proof of'I'ln'orcin 1.2.) 

'Po prove Llu' sulliciiMuiy, siqjpose x not locally O-accossible from I). 'Plii'n 
l.hcri! (‘.\isl.s an open wsL P <-onl.aiuing x such that no Q ol the tyjic <l(!scrii)ed 
in Leminti 2,1 exists, As x is of countable character, then' evi.sls a si^pu'iK'O 
of points .ti , • • , .r,i , • ■ ot J) r\ P liaviiig .r jus seipientinl limit point !in«l 
siicli thill no .r„ li(‘s willi x in Llu* same conslituant of (!) W x) P\ P. Sim'C 
.1- U u .r„ is a compact point set, there exists ji subeoatinuuin M of I) U x 
containing it. Let Q be an open s<*t such that i G C P, and let 
K = i\I n 'Plicn by I'lu'orem IV 1 8 eaeh point i* is in a subcontinuum 

M„ of i\l r\ (i t.liat meets K. And by 'riieoreni l\' 1 1 I, lim siqi M„ (‘onl.iiins a 
sut)(!onl-inuuin il/n ol M r\ Q that contains x and nuH‘t.s K. Jhil if y G 3/,, H K, 
then y is a point of 1) r\ P; and lu? I) is O-Ic, tliciu exists in 1) jO P a continuum 
C containing y and a iioint G A/„ r\ F{Q) for some «, Oliviously x„ and ;r 
are in the same constituant of (D U .r) r\ P, contrary to the dclmilion of . 

2.6 Lemma. If D is a coniiccled open subset of a locally compact, 0-fc space, 
X is a boundary point of D of countable character, and x is not locally 0-accessible, 
then there exist an open sot P containing x and a sequence z, , • • • , .r„ , • • • G 
P r\ D such that no two points x„ lie in the same conslituant of P r\ (D \J .r). 
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Proof, Suppose the conclusion of the theorem false. Since x is not locally 
0-acccssiblc, there exists by Lemma 2.4 an open sot Pi containing .■r sucli tlmt 
no Q of the type described in tliat lemma exists. However, under our suppo¬ 
sition, there exists an open set Pg such that x & P^ QPi , only a finite number 
of constituants of Pi H (D U x) meet Pg , and x is either an element of or a 
limit point of each of those constituants. Let Ci be one of tliesc constituants 
that fails to contain —wo may assume such a C, exists, else only one con- 
stituant of P, n (J5 U .-c) meets Pa and Pj is a of the typo closcribod in Lemma 
2.4. 

As X is of countable ehai*acter, there exists a sequence Pi , ' • • , p„, ’ • • S Ci 
having x as a sequential limit point. Now arguing as above, wo show that 
thei'C exists an open set Pi such tlint a; G Pa C Pz » only a finite number of 
constituants of Pj A (D W a:) meet Pa, and x is an element of or a limit point 
of each of these constituants. Since “almost all” the points lie in Pa , one 
of the constituants of Pa A (D W x) that meets Pa must be a subset of Ci ; 
we denote such a constituant by Cj. 

In this manner we may prove the existence of a sequence of open sots P„ 
such that (1) the collection {P„} forms a complete neighborhood system of 
a;, (2) there exists a constituant C„ of P„ A (Z) U .r) that has x as a limit point 
but does not contain a.‘; (3) for cacli n, C„ 3 C„+, . Now lot q„ E C,, . Then 
for each n, C„ contains a continuum K„ such that q„ U q„*i C K,, • lOvidently 
x\j\J K^\sb. subcontinuum of Pir\ (DU x). J3ut this implies Unit x S (\ t 
contrary to definition. 

2.7 Theorem. For a boundary point of a connected open subnet of a locally 
compact, Q’lc space of countable character-. 0-acccssibiliti/ and local (Uiccesfiilnhty 
are equivale7U. 

Proof. By Lemma 2.6, local 0-acccssibility of a boundary point x of such 
an open set D is equivalent to the condition that every compact subset of 
D U X lie in a subcontiimum of P U x. Hence if such a })oint x is locally 0- 
aecessible, every compact 0-cyclo of DU x has a carrier C which is a sub¬ 
continuum oi DU X and 0 on C. 

Conversely, if x is O-acccssible from D, then x is locally 0-acccssiblo from D. 
For suppose not. Then by Lemma 2.6 there exists an open set P containing .r 
and a sequence of points Xn ^ P r\ D such that no two points x„ lie in Uio 
same constituant of P A (P W x). If U is a covering of S, lot 5r“(U) be a 
0-cycle (Ti — ffg -f- • • • + <r,_, — 01 , obtained as follows: o-^ is an element I/* 
of U that contains x. If every x„EUt, then Z°{\X) = 0 ,r ~ Ck > If Xi $ , 

then tTi is a A G U that contains Xi . If a^a E U,, and .^3 Uk , for instance, 
then 02 is a i/a € U that contains . The collection {Z°(li )} is a cycle carried 
byruUU x „. As X is O-acccssible from D, them exists a compact subset M of 
DU X such that 0 on M. 

Let Q be an open set such that E Q C P. Now il^may be shown (cf. tho 
sufficiency proof of Lemma 2.5) that for each n, M r\ Q contains a continuum 
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Mn which contains , as well as a point of F{Q). Proceeding as in the last 
part of the sufficiency proof of Ixsmma 2.5, wo obtain the point y, from whoso 
existence wo readily seo that the points cannot all lie in different constitiiants 
of P r\ (D U x). 

2.8 Corollary. For boundary points of connected open subsets of a locally 
compact, 0-lc space of countable cliaracler^ regular accessibility, local 0-accessibilily 
and 0-accessibilily are all cquivalenL 

2.9 Theorem. Let M be a nondegeneraie, 0- and 1-acccssible closed subset 
of a spherelike 2-gcm S. Then M [if not 2-dimensional] is a spherelike 0- or X-gem, 

Proof. Suppose M is not an (S“. By Thcoi’cm 2.2, M is a continuum, and 
by Theorem 2.3, M is the common boundaiy of all its Gomplcraeniary domains. 

Let p G M, D bo a domain complementary to ilf, and P an arbitrary open 
sot containing p. Denote S ~ M by E. Then by Theorem 2.7, there exists 
an open set Q such that .r G Q C P and such that every compact 0-cyclc of 
Q r\ {E\J x) bounds on a compact subset of P H {E U a:). Lot Z'^ be a cycle 
on a compact set F \n Q r\ D. Then there exists a compact subset A of 
P r\ (E yj x) such that Z” ~ 0 on 

Since ]) is a domain, tlierc exists a compact subset P of D such that ^ 0 
on B. 

T.ct y\ and yi ho cycles mod F on A and B, respectively, such that dy\ ^ 7P 
on i = 1, 2 (f^emma VJT 1.4). There exists on A \J B by Lemma VIT 1-6 
a cycle y* .such that y' ~ y} 4* yi mod F on A yj B. Since x is 1-accessible 
from E, it follow.s thal. y‘ ~ 0 on a compact suhset of E yj p. Prom 'I'heorom 
VII 9.1, witli the A , and A i of tliat thooi'em denoting F{P) and I\[ rospc'cl ively, 
i(. follows tiiat Z" ~ 0 on a compact subset of E — F{P) an<l honco of 1) r\ P. 

'riuis D is O-ulc and M is a sphomlike 1-gcm by 'Flieorom X 0.1 1. In any 
case, llien, M is a splierelike 0- or 1-gcm. 

2.10 Corollary. 7/ y1/ is a nondegeneraie 0- and l-ncrc.s-.sdj/c closed subset 
of then M is an iS", *S’‘ or kF. 

We shall now show tliat for r > 0, r-acccssibility is stronger than local r- 
ac(!('ssil)ilil,y, First it should Ik* noted that the latter docs not imiily I,Ik; formin’, 
as is sliown Jiy simple examples: For instance, in the cartesian {)lane let f)' = 
i(.r, y) I ,r -I- / < Ij; 47 = {(.e, y) \ 0 £ x < i,y = 0] and J) = 1)' - M. 
If p = (1, 0), then p is locally 1-accessihIe from D Init not L-accossible from J). 

2.11 Lemma. In any space S, let Z\ , • • • , Z'^ , • • • be a counlable collection 
of cycles such that if U is any jeos of S, then at most a finite number of the coordinates 
Z\{]X) are not zero. Then the collection z- = IE---. z'm\ is a Cecil cycle of S. 

(Z' may fail to have a compact carrier if S is not compact, however. If a 
compact carrier is desired, one must of course provide for this by carriers of 
the Zn whoso totality will have a compact closure.) 
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Tlie proof is immediate. 

2.12 Corollary. If x E S and IZ'] is a counlahle collection of cycles 

such that if P is an arhilra)'y open set corUaining x, then all hut a finite number of 
the cycles Zn Ha w P, then the collecUon } is a Gech cycle of S. 

The following lemma, analogous to Lemma 1.4, is proved in the samo way 
as the latter: 

2.13 Lemma. If D is an open subset of a locally compact space Sandx <E P(I^) 

is of countable character, then a necessary and condition that x he locally 

r~accessiUe from D is that for arbUrary open set P containing x there exist an open 
set Q such that xGQ C P such that for every compact cycle Z' of Qr\{D\J .t;) 
and eveiy open set R such that x S R C. Q 3 exist a compact cycle y in R r\ 
{D \J x) such that Z' ^ y' in P r\ iI)\J x). 

Now the following theorem includes the fact, proved in Theorem 2.7, that 
0-accessibility implies local 0-accessibility, except that one lias to assume that 
the space under consideration is perfectly normal; the reader may bo interested 
in contrasting the proof for this case witli the proof used in Theorem 2.7. 

2.14 Theorem. If x is an r-accessihle boundary point of a connected open 
subset D of a locally compact, perfectly normal, h’’ space S, then x is locally r- 
accessible from D. 

Proof. Suppose a: is not locally I'^acccssible from D. Then by Lotnina 2 13, 
there exists an open sot P containing x such that P is compact, and if Q is any 
open subset of P such that x G Q, then there exists an oikmi set R sucli tliat 
X G R C Q and a compact cycle Z' o( Q r\ (I) U x) wJiich is not homologous 
to any compact cycle of R D (D U x) on a compact subset of P r\ (/) U x) 
Since .r is of countable character, there exists a sequence of op<‘n s<'ts ^/^J 
forming a complete neighborhood sjrslom for a, and such that (1; 3) ib, D 

P„+i for all n, (2) there exists in P„ r\ (D KJ .r) a compa(!t (lycle Z',, which is 
not homologous to any compact cycle of P„+i O (D U :!•) on a compael siiljsi't 
of Pl^iDU x). 

Consider the collection {P^} of all forms of typo I'li = > wlicro 

by ~ 0 or 1. This is an uncountable collection, and by Cioroliary 2.12 each 
n IS a compact cycle of P, O (J5 U a:). By hypothesis, each I’li ~ 0 on a 
compact sul)sot P, of D U x. 

Let Q be an open sot such tliat P ^ Q 31 P,, and let K = P'{Q) — D. 8inco 
S is perfectly normal, there exists a sequence of open .sets U, , • • • , U„ , • • • 
such that U„ = K. And since no P, meets K, there exists for each P\ a 
set Un such that U„r\ F, ~ 0. Also, since the Fy form an uiicountalde collec¬ 
tion, there is a value n ~ k such that uncounlably many of the sets P. fail to 
meet U ^; denote the collection of these by {P,,}, 

Now P A Z) D F(Q) — JC 3 F{Q) — Ui ; hence FiQ) ~ Uk is a compact 
subset of the open set P A Z) in the Ic' space S and by Corollary VI 3.8 thoro 
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exists an integor m representing the maximum number of r-cycles on F(Q) — Uk 
tlmt are lirh in P r\ I). By Corollary VII 1J3, there exists for each ju a cycle 
y', on F(Q) — 17* such that T' on M Q. 

Suppose that Tj , • • • , r,*;..! aro any m + I elements of {r]i}. Between the 
corresponding cycles y, , i = 1, • • • , vi I, there exists a homology 

m + l 

(2.14a) E aV, 0 in P H D, a* G 

1-1 

whore not all a' aro zero. Wo also have homologies 

(3.14 h) a'r; ~ a'y\ onF, r\Q CP r\{DVJ x). 

Combining (2.Ma) and (2.14b) we gel 

ni + t 

(2.14 c) i;a‘r;--0 oiiM, 

1-1 

where M is a compact siihsct of P C\ {D \J .v). 

From tlio form of the summations constituting the H 'vc sec that ]^r-V 
is a form • -^^d relation (2.Mc) becomes 

9 

(2.l4d) on A/. 

n*l 

Siii)i)OhO no(- nil c" = f). Lot r‘ be the c" of smallest index n such that c" ^ 0. 
Tlion (2.14(1) gives 

(2 Me) r oiwU 

n-f • I 

uliere c" = f'Vc'. 

Bui- i 1 ('omi>!ict cycU' of /h, i r\ (/> W .r) whereas 7u Is a com- 

I)iiei cycle of l\ n {!) U a), and (2.1 le) implies that Is homologous (o a 
(‘oin|)acl cyc-k' of P,,i r\ (I) KJ x) on a compact siilKset of P r\ (1) VJ .r). 
'rids is impossible bccau.se of ilmstipulalioii (2) above 

It r(!mains (,o ascertain, lh(’n, that llion' exists at lea.st on<' form of type 
(2.1-1(1) for wliicli some c" is not w’ro I'lds is the case for the following reiusons: 
lOacli r,"] is <le(ermincd l)y a wit of elcmoiils /)" of JT by the lelation I'Ji = 

> wliere h" = 0 or i, Ilcnce a form 237 - 1 * “’‘I'm Bas for its nth tei'm 
(i'‘K ) that for all (■' in a form of tyiH' (2.14(1) to be zero implies t hat 
elements o'* of (ho field (F exist so as to render 23r7i' B for all u —i.e., the 

corresponding sets B„ are linearly d(‘]X‘n(lcnL ix?l T. We need only recogiuKo, 
then, that there exist at least m + 1 linearly independent sets . Since the 
latter are infinite in number and consist only of O^s and Fs, this follows from 
elementary algebraic considerations. 

2.15 Remaeks. The following example is instructive in regard to Theorem 
2.14 and its proof. In cartesian 3-spacG let D' ~ |(.i:, y, z) j (rc^ + 1 / < 4-)& 
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(0 < 2 < 2)). For each n, lel M„ — {(1/n, 0, a) j 0 < 2 ^ L}. Let D =* 
D' - U. , p == (0, 0, 0), q = (0,0,1), p, = (1/n, 0, 0), and q„ = (1/n, 0, 1) 
(see figure). The point p is neither 1-accessiblo nor locally 1-accossible. For 



consider a small simple closed curve in D near p„ encircling the lino 7 ;,//,, us 
indicated in the figure. If Z'„ is a nontrivial I-cycle on ,/„, then the {' 3 ’’(:l(*.s 
may form a set of cycles analogous to the cycles Z'r, of Die al)ovo proof. I( is 
interesting to note that the T', of form 2«-i does boiinil in 1) W since 
it is homologous in DU p to a C)'do 2' on the curve J of tlio figure, whu'h in 
turn clearly bounds in D U x. However, a cycle of the form Z\„.t docs 
not bound inDU p. 

It is also interesting to note that in proving Theorem 2,14 wo used only 
the following property: If x is a boundary point of D, thou there e>:ists an open 
set P containing x such tliat if 2’’ is a compact cycle of P A (D U x), then 
Z' ~ 0 on a compact subset o( DU x. In other words, not all of tlio implica¬ 
tions of r-acccssibility are needed. However, the proof of '’I'licorcm 2.14 makes 
clear that the property just defined is equivalent to local i-acccssibility. Another 
type of accessibility is suggested by these considerations: 

2,16 Definition". Tn any space S a point p of a point set K will bo called 
sctni-r-accessible from a subset E of its complement if there exists a fcos © of iS 
such that every compact r-cycle of 5 W p of diameter < S bounds on a compact 
subset of E U p. If all points of K are somi-r-acccssible from S — K, wo say 
simply tliat K is semi-r-accessible. 

It is clear from the above Remarlcs that if a boundary point a: of a connected 
open subset D of a locally compact, perfectly normal, lo' space S is semi-)'- 
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accessible, then it is locally r-accessible. Tiivial examples show that the con¬ 
verse fails; for instance: 

2.17 Example. In cartesian 3-apace let D' = {(:c, y, z) \x^ if < 

M = {(.t:, y, z)\ — 1 < .t < 1, y = 0, 2 — Oj; and D ~ D' ~ M. Up — 
(0, 1, 0), then p is locally 1-accessible from D but not semi-l-accessible. 

Also, ^’-accessibility certainly implies semi-r-accessibilifcy, but the converse 
fails: 

2.18 Example. In the cartesian plane, let D' ^ [(x, 'y)\x^ -H if < 1}; 
M — {(a;, y) I 0 ^ .i; < 1, 2 / = 0} and D = D' ~ M. If p = (1, 0), then p 
is semi-l-accossiblo from D but not l-accessible from Z). 

To summarize: 

2.19 Tiijsorem. For r > 0, the properties of bang locally r-accessible, semi- 
r-accessihle and r-accessihle are in general successively stronger. 

Before considering further applications, we investigate the question regarding 
the topological invariance of the new types of accessibility. By means of the 
r-dimonsional condensation propcrt 5 '’, we were able to prove topological in¬ 
variance of the regular ?’-acccssibilitj' property for clo-sed subsets of an 
(Corollary 1 10). In order to establish an invariance for the local r-accessibility 
property, we inlroduco the following dofinition of a property ■which the reader 
miglit compare with the property that was introduced in Lemma 1.6 as being 
equivalent to lack of r-climon.siouai condensation: 

2.20 Definition. A space *S is called smooth at .r G ^ in dimension r if 
for ai’l)iti’iU’y open sot P containing x there e.\ists an o}>en set Q such that 
•V ^ Q C. P luid such that c-vciy eomjiact cycle Z' mod N — P of >S — i is =* 0 
in — . 1 ’ mod *S' — Q. 

If a space i.s smooth at a point x in dimension r, then it lias no r-iliniensioiial 
coiulensadoii at .r. Tliat the convenso fails is shown by the first example in 
the Remark following Theorem 1.2b. 

2.21 Tiieohem. In order that a closed subset of an .l/",r-i . should he 
locally r-ncccssibk at .r E M, it is necessary and snficuui that M be smooth at 
X in dimension n — r — 1. 

Proof of necessity. Consider fii’st the case r < n — 1, and let s — a — 
r - 1. Also \q\.E = S - M, and P, Q, R and W bo open sets containing .r 
such that IF C C (3 C P and such that (1) if is a compact cycle of IF r\ 
[E \J .t) then Z' 0 on a compact subset o{Rr\{E'<J x); (2) if Z‘ ‘ is a cycle 
on E{Q), then Z"* - 0 on - 22. Let T = (5 - IF) vj {M O IF) and 

r == (s- R)yj (MnR). 

Now suppose Z’ is a compact cycle mod 5 — P on 21/ — x. If Z\ is the 
portion of Z* in Q, then ^Zf ^ 0 on »S — 22. By Lemma VII 1.6 there exists 
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a cycle y‘ on T' such that 7 * ~ in IT — x mod S ~ R. Now if 7 ’ « 0 in 
T — a:, then we would have Z‘ — Q'mT ~ x mod S — R, and hence in M — x 
mod S - W. Suppose 7 ' 0 in T - .-i;. Then by Theorem VIII 9.1, there 

exists a cycle Z' in W r\ {E x) wliich is linked with y\ But by the choice 
of W, Z" ^ 0 in R r\ (E \J x) C. S T'. As 7 ’ is on T', this contradicts the 
fact that 7 * and Z' are linked. 

The case r = n — 1 is handled similarly, except that local avoidability of 8 
plays no role, 7 * being obtainable without it. 

Proof of sufficiency. Let M bo smooth at x in dimension s = — r — 1, 

Then with P arbitrary, there exists Q such that if Z‘ is a compact cyclo of 
M ~ X mod S — P, then Z* « 0 in M — x mod S — Q. Lot Z' ho a compact 
cycle of Q n (P U a'), and suppose that Z' 0 in P H (E U .r). Then by 
Theorem VIII 9.1, Z' is linked with a compact cyclo Z' of E — PH (E U x); 
the portion of Z‘ in P is a compact cycle mod S — P on M — x, and honco 
.Z* = 0 in M — ;r mod M — Q. By Theorem VI d.Oa, this implies that Z‘ ^ 0 
mod M — Q in every neighborhood of M — x. In particular, Z’ 0 mod 
»S — Q in a neighborhood of iU — .t* that excludes a carrier of Z', contradicting 
the fact that Z‘ and Z’' arc linked. 

We conclude, then, that j?" = 0 in P fV (P W .r), and hence, by Theorem 
VI 4.0, that Z' 0 in every neighborhood of P {E U ^r). In parliciilar, 
if P C Q is ail arbitrary neighborhood of .r, and U = [P H {E U .r)] U /?, 
then 2'' 0 in U, It follows that there exists a compact set P in U and a 

cycle C'*^ mod K on F, where K is a carrier of Z' in Q r\ [E U x), such lliat 
dC'*' Z' on K. Now K Pi ^1/ = a* and P n C R, and if Cl" i.s I lie imrtioii 
of C'"' in P, then dCP* lies on (K r\ R) V [F n F{R)]. ^J'iiai is, df-V* is a 
cycle olR r\ {E KJ x) such llmt Z' 3(71^’ in P Pi (P 0 .r). II follows from 
Lemma 2.13 tliat x is locally r-acccssiblc. 

2.22 C0ROLLA.RY. The property of being locally r-accmihlv. at a certain point 
is a topological invariant of closed subsets of an 11 /".,^ , 

In order to establish invariance of the r-accosaibility properly, wo liavc ro- 
coLirse, in addition to the ".smoothness” property utilized in the case of loiinl 
r-accessibilitj", to the numbers p'’(*Si, =) (Cf V20.3). 

2.23 Theorem. In order that a closed subset of an i¥".r.i , S, should be r~ 
accessible atx S M, it is necessary and sufficient that M be smooth at x in dimension 
n ~ r — 1 and that p''~'~'{]\I — .r, ==) = 0 . 

Proof of necessity. If M is r-acccssible at . 1 : E M, then M is smooth 
at X in dimension n — r ~ 1 by Theorems 2.14 and 2.21. And wore 
— X, «) 9 ^ 0, there would exist by Theorem VIII 9.1 a cycle Z' on 
a compact subset of (S — M) \J .t which fails to bound on tlic latter set, thus 
contradicting the assumption of r-accessibility at x. 

Proof of sufficiency. Let P = 5 - M and let Z' be a cyclo on a compact 
subset of P U x. Since ~ x, — 0, it follows from Theorem VIII 9.1 
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timt 'p"{E \J Xf =) = 0. rience Z' == 0 in EKJ x. Now for any open sol P 
containing x tliore exists by Theorem^.21 an open set Q such that x ^ Q C. P 
and sucli that every eompact cycle of Q H {EO x) bounds on a compact subset 
of P r\ {E yj .r). Lot U = E yj Q. Since Z' = 0 m E KJ x, it follows from 
Theorem VI “^1 .6 that Z'' '■^0 on a compact subset F of U. By the same method 
as used in th^sufTicicncy proof of Thcoi*cm 2.21, wo can show that there exists 
a cycle 7 '' of Q {E U .r) such tliat Z' in E x. By the choice of Q, 
y’' ~ 0 on a compact subset F' of P r\ (S VJ j;), and consequently 0 on 
F yjF' CE^x. 

2.2‘i CoROi<i-AUY. The 'property of being r-accessible at a certain point is a 
topological invariant for closed subsets of an il/",r+i. 

For the proof of the invariance of somi-r-acccssibility, we introduce the follow¬ 
ing property: 

2.25 Definition. A space 8 is called r-4ocUnable at x G if there exists 
an op(!n .set P containing x such that every compact r-cycle of S is homologous 
to a compact r-cycle of S — P. If S is r-ilcclinablo at every point, wo say 
simply that 8 is r-declinablc. (Compare P. AloxandrolT [f; 20].) 

2.2() Tiieohem. In order that a closed subset M of an d/'r.ru , E, should 
he semi-r-acccssible at .r G it is necessary and sujjicicnt that HI — x he 
(n — ?• — 1 )-d(’<iinabh’ and that M be stnoolh at x in dhnension n — r — 1 . 

PiiooK OF NEC'ESBiTV, 'Pluit ill is Hinoutli lit .r in dimension n — r — I 
follows from 'TlK'oronis 2,11) and 2.21. IxiL ij ^ M — .c. I.ei U Ix' an optni 
set such (lull n G C 8 ~ .r. Ixil V be an oikjii S(‘l such that »S — PC. 
V C 8 — !/. Denote llu' covering of »S coii.si.sting of and T by U. Since 
M is s(‘ini-r-tu:c<'ssihle at .r, there exisls an IS > ll su<‘h that ev<>ry compact 
cy<!le of (.S' — M)yj x of diamotor < (S bouinlsonacompucl.subset of (.S' — i\!)KJ 
X. 1-et P be an ch'imint of Of such that y G P, »l>vn)usly PC P- 

Suppos(! lh(!i’(! exists a cycle Z"'' ‘ on a (*oni|)aet subsiM. F of M — .r, \\lii<'h 
is not liotnehigoiis on a ciompaet subs(‘t of .1/ — .r tcj a (•()m])acl cycle of M — 
x-P. \a'{,T = {S - P)yj {M r\ P). Then/''-'”’ 7-Oou r. C'onstMiuentlv 
thoro exists in P — M a cycle Z' which is linked with Z"''"'. But Z' ^ 0 
on a compact sub.s('t F' of (>S — M) U x C *S' — F. We eoricUide that no cycle 
such ns exisl.s and hence that M — x is (/i — r — D-declinable. 

Proof of sufficiency. Let E = H — M and s — n — r — J. As M is 
smooth at a; in dimension s, thoro exists liy Tlicomn 2.21 an eiicn sot iP con¬ 
taining .r such that every compact r-cyclo of f/, {E VJ x) bounds on a com¬ 
pact subset of E yj X. Since M — a: is s-declinablo ami S is lottnlly s-avoidable 
(Lemma IX 3.1, Corollary TX 2.2), for each y C M there exist open sets 

and such that .-r ($ , every compact s-cycle of ^ 1 / — x is liomologous 

on a compact subset of ilf — a; to a compact cycle of M — , and every 

s-oyolo of .S ” Uu bounds on 5 - . For each z G E, there exists an open sot 
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U, such that z G GE and such that every r-cycle in U, bounds in E (since 
S is s-lc). Let U be a fcos of S consisting of elements of tlio collection {(/^} U 
{7„1 W {[/*). Evidently G U, and if U is an element of U different from 
17, such that U r\ M 0, then (7 G {E„}. 

We assort that if is a compact cycle of S' U a: of diameter < U, then 
Z’’ 0 on a compact subset o! E\J x. If Z' lies in some clement of U that is 

a U, , this is trivial. And if Z' lies in 17., it follows from the definition of 77.. 
Suppose Z'' lies in a V„. Let E bo a compact subset of carrying Z'. Tlion 
Z' 0 in E KJ X, For if not, then by Theorem VIII 9.1, there exists a compact 
cycle Z* of M ~ x which is linked wth Z’’. But Z‘ is homologous on a compact 
subset of ilf — to a cycle y* of M — a; — 17„, and in turn y" 0 on 5 — ; 

that is, 2^* 0 in »S ~ F, wliicli is impossible since Z' and Z* arc linkorl. Wo 

conclude then that Z" ^ 0 in E KJ x. Then if V is an open ^t such tliat 
X GV ^ , Z' is liomologous in F W 17, to a compact cycle of V P\ {E U x) 

(see latter part of the proof of Theorem 2.21), and hence Z' Q on a compact 
subset oi EU X. 

2.27 Corollary. The property of being semi-r-accessihle at a certain point 
is a topological invariant for closed subsets of an il/", r n . 

3. Applications to recognition of submanifolds of a manifold. In Tlu'or(‘m 
2.9 and Corollary 2.10, wc saw that the sphcrclike k-gem is (lompletcdy char¬ 
acterized in the 2-gcm by the properly of r-accessil)iliLy. In tlu^ pr(\s('n( .scctnjn 
we develop like theorems for the general case. 

By an argument similar to that used in the proof of 'riuioi'c'in 1 21), we may 
show: 

3.1 Lemma. If D is a point set and x is a point of counlahlr chauuier such 
thatx isregiilarhjr-accessible,r^ l,fromD,and Dis (r - \)-nlc at .r rrl hotindnifi 
cycles of D, then x is locally r-accessible from D. 

The second example in the Remark following Tlieorern 1.2!) (‘.xltibils a ease 
^^’hel•e the hypothesis of the above Lemma applies for ?’ = 1. 

3.2 Theorem. If M is a k-gem in an n-gem S, then iM is locally >-aceessibla 
from S ~ M for r = n ~ k + I, ■■■,»— 1; and if S is an lil'i ^,, , (Did M is 
oricnlahle, then M is locally (n — k)-acce8sible. 

Proof. By Corollary X 1.8, S ~ M is r-ulc for r = n ~ k, ■■■, n - 1. 
Hence by Lemma 3.1, M is locally r-acco^iblc for all r ^ - /c -|- 1 , inasmuch 

as r-ulc is stronger than regular r-accessibility, By Theorem X 4.5, .S’ - M i.s 
(n - /c - i)-ulc rel bounding cycles o( S ~ M whon M is orioiiLablo and S is 
an il7*^x+i • 

3.3 Theorem. If M is a spherelike k~gcm in an , S, then M is r- 

accessible from S ~ M for r = n — k, n ~ 1. 

Proof. If M is a k-gem and a: G Af, it follows from Lemma IX 3.1, Corollary 
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IX 2.2 and Theorem VI 4.6 that — », «) = 0 for s = 0, 1, • • • , /r — 1- 
]iy Tiiooi'cm 3.2 and Theorem 2.21, M is smooth at every point in the dimensions 
0, i, ■ • • , /c — 1. Honco by Theorem 2.23, M is r-accessiblo in the dimensions 
n ~ k, • • • , n — 1 . 

3.4 Corollary. If M is an (u — '\)~gcm. in a spherelike n-gem S, and D 
is a domain complementary io M, iken M is locally r-accessible from D for r — 0, 
1 , • • • , — 1; and if M is spherelike, it is r-accessible from D /or r = 0, 1, ■ • • , 

n — i. 

Proof. I'he case )• = 0 follows from Corollary 2.8, inasmuch as D is 0-uIc 
an<l this implies regular accessibility. By Theorem 3.2, M is locally r-accessible 
from *S' — M for r ~ 1, ■ • • , n — 1, and it is cosily shown that this implies 
local aeeessii)illty from D alone. A similar remark holds in the ease where M 
is spherelike. 

3.6 Let .'u he a point of a space S such that p'(S, .r) = 0. Then S 

is r-declinablc at x. 

Proof. Since a') = 0, there exist open sets P and Q such that x Q 
Q C and such that if Z' is a cycle mod S — P, then Z' Q mod S — Q. 
Now l(!t Z' ho any compact cycle of S. Then Z' 0 mod S — 0, and by 
Lemma ^TI l.i), lJuu-e exists a cyi^le y' on S — Q such that Z' y'. 

Hkmark. Tiuii r-deelinaijility (Iocs not imply p''(*S, .t) =* 0 is shown by the 
simple example of ilu* straight line interval: Lot S bo tlicset of all real numbers 
.r such lliai 0 ^ x 5 1, and let x = 1/2. Then .S' is l-d(‘(']jnal)le at .r, but 
p(S,x) = I. 

3 (i CoROLLAHV. If .S' is an then .S m- I'-dcchnabIc for all r < n. 

3 7 L|':mm \. If I) is an open subnet of a normal space S, G a suhgronp of 
the group of biiiinding eoinpnrl cycles of I), and x G k'{P) is regularly r- 

arecssihlcfroin I) rrl cycles ofG and (r + D-acccssilAcfrom I), (hen (/[D, x; G) = 0 
III particular, if all cycles of I) in some neighborluHid V of .r hound in I), then 
g\l),.r) - 0 . 

Proof. If /’ is an tirhilrary o])en set eontaininK x (wlueli. in Hie case (jf 
llu' sccoixl senlencc! of llio statement of the lemma we may asMimo (o be a 
siil).sel, of I '), then (here exists an open .set Q such tliat x G Q G P and such that 
jf y’ ^ f/ cycle on a compact suhset /v of D H Q, then y' ~ 0 on a eom])act 
s(' 1. A'l CP G\ (/; \J .r). And such a cycle y also bounds on a compact subset 
K< 2 . of D. Ihjferring to llieorom VIE 9.1, and letting A, = [{i> - /;) - P] VJ 
F{P), /1 2 = (*S' - P) r\P, the cycle 7 " ‘ of Tlicoi-em VII 7.1 hounds on D U .r, 
since .r is (r + i)-acccssiblc from D, and licncc t’’’'* 0 in S - (A, H Aa). 

Wo may eoncliidc that 7 '' 0 in D A P. 

3.8 Lrmma. If D is an open subset of an n-gem S suck that P(D) con^ams 
at least three points and is (n - lyaccessible, then p""'(D) - 0 . 
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Proof. Denote F{D) by M. Suppose Z'*~^ is a cycle on a compact subset 
K of D such that ot/ 0 in D. If iCi , aja G 7 ^ ^2 , tlacre exist closed 

subsets Ki of D 'U X{ , i = 1, 2, such that 0 on K, , and Ki is minimal 

rel. to the property of containing K and carrying this homology. TIoiico by 
Lemma VII 2.19, Ki U iTa carries a cycle P" such that P" 0 on Ki VJ Ks . 
It follows that Ki U Ki = S (of. VIII 3). But this is impossible, since 
{Ki W Ki) n M = XiU Xa and M contains at least three points. 

3.9 Theorem. In order that an open subset D of a spherelike n-gem S, 
n > 1, should have a spherelike (» — l)-gcm as boundary, it is necessary and 
suficient that (1) D be semi-^-connected for r = 1, 2, • • • , - 2, and (2) KiD) 
be not n-dimensional, contain at least three points, and he r-accessihle from D for 
r = 0 , 1 , • • • , w - 1 . 

The necessity follows from Theoi‘em X 3.2 and Corollary S.J. 

Proof of sufficiency. By Lemma 3.7 and Corollary X 2.6, 7) is lllc?~^ 
By Theorem 2.3, the set M ~ F(p) is the common boundary of all components 
of D, and if D' is one of these components, then D' is 0-ulc by Lemma 3.7j and 
consequently D' is ulc''"^ By Lemma 3.8, p'’~^(D) = 0; lionco = 0. 

And then by Theorem X 6 . 8 , ikf is an oricnlable {n — l)-gcm. 

Suppose p'{M) ^ 0 for some r such that 0 < r < n — 1. Then by Theorem 
VIII 6.4, p\S “ M) 5 ^ 0, s = « — r — 1, and from Theorem X 5 .14 it follows 
that p'iD') 7 ^ 0 or p‘(D') 9 ^ 0; suppose the latter. Lot Z‘ be a eompa{!L cycle 
of D'such that oij 0 in Then 0 in S — M, and by Corollary VIII 8 . 6 , 
Z' is linked with a cycle Z^ of ilf. But by Corollary 3.6, there (‘xisis a eycle 
y' of M on a closed proper subset K of M such that 7 ’’ ~ Z' on i][. Tlum 7 ’’ 
and Z‘ must be linked, But this is impossible since if x G d/ — K, tluMi Z’ ~ 6 
on {S — M) U X. We conclude, then, that ilf is spherclilvc. 

3.10 Corollary. In order that an open subset D, with nomlajcncratc, not 
n-dimensional boundary M, of a spherelike n-gem S, should have a spkerdike 
(n — l)-gcm as boundary, it is necessary and sufficient that pfD) = 0 fur all r 
such that Q < r ^ n — 1, and that M be r-accessible from D for r == 0 , 1, • • • , 
n — 1. 

[Since p’'~\D) ~ 0, and ilf is nondogenerate, ilf contains more than two 
points.] 

3.11 Corollary. If the hmndary, M, of an open subset D of the d-sphere 

is nondegeneraie and is r-accessihle fro7n D for r = 0, 2, and p^D) = 0 for 

r = 1, 2, then M is an iS®. 

Remark. In 8 ®, consider the examples of (1) an arc A and (2) a point set 
T consisting of a plane triangle together with its plane interior. In case (1), 
the hypothesis of Corollary 3.11 fails to be satisfied for the open sot D = S'* — A 
because A is not 2-accessible; and in case (2) fails to be satisfied for the sot 
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D = — T bccaiiso T is not 1-accessiblc. The 2-sphGre with a radius attached 

also shows tho necessity for including 2-aeccssibility above. 

It is a direct eorollniy of Theorem VIII 8.6 that if K is a closed sul)8ol of an 
Ml,I , S, and K carries a nonbounding {n — l)“cyclc, then K separates S', 
and conversely. ITowoverj suppose that a set ilf is given in 5 — K, and a cycle 
Z'‘"‘ is given on K which docs not bound in 5 — M\ what can bo said nljout 
separation of M by K‘1 (If 11/ is closed, Lemma VIII 8.6 applies to show that 
Z''"‘ is linked with a O-cycle of M and it easily follows that K separates M.) 
'idle following lemma, nooclcd in the sequel, provides an answer. 

3.12 JjojiMA. Lei Z''~^ be a cycle on a closed subset K of an il/’i.i , S. Let 
M he. a subset oj S — K such Dial rP 0 “in <S — M. Then M is separated in 
S by K. 

Pnoov. Lot 7/i bo a subset of S minimal with respect to containing K and 
carrying a homology ~ 0 (T^mma VII 2.8). Let x G /d il/. Since 
is locally (n ~ i)-avoidahlo (Corollary IX 2.2), 0 in. S — x, and thoreforo 

there exists a closed sot /Cj in S — x that is also minimal with respect to con¬ 
taining K and carrying a homology 0. By Lemma VII 2.il), there is a 

cytdo r" on U A'a such that P" op 0 on Ki W A'a . Honco K, ^ S 

(VIII 3). 

Now lei C be a conipoiK'ut of N — K. If C A 7Cj 0, Llusn C C A'l . Tor 
suppose not. 'I'licn (! = (C A /C,) U (C - 7v,), and as C A 7C, is closed rol. 
C, it' must conlain a point z which is a limit point of C — Ah . Ihit for the 
same i‘(‘asou giv(‘ii for tlui existence of in S — x, there exists a A',, iti S — z 
s\ich that Z"~^ 0 on 7/a , ami again by Lemma VII 2.H), tlicre exists a cycle 

7 " on 7vi kJ //,, such Unit 7 " (1 on A', VJ A'a , leading to the conclusion that 
Ki W A’i — S. But this is imiio.ssiblc, since in a ncighboHiood of z wliicli docs 
not meet K\ thoro exist points of C — Ki wlikh belong to iieil her //, nor //( . 
We conclud(‘, llien, that if a component of S — K coiilaiiis a point of /v, , i 
— I, 2, it lies in /v, . 

Tlicn tlic point .r of tin* first paragraph of the proof Is in a component f'l of 
S — K wliich eonlnins no points of . And since //a must iiu'cl, .17, llunx* 
exist points of j17 in otlier components of S — K than C'l . J fence M is separated 
in S by K. 

3.13 C'ouui.n.U{V, Let M be a subconlinwim of an il/f., , S, and .r G d/ ^‘ueh 
that M — X is connected. Then M is {n — })-accessible at x. 

Proof. I.et l^e a cycle on a compact subset K of (*S' — M ) VJ r. 'J'heu 
Z"“' 0 in {S — M) yj X = S — (M — a;), else by r.emma 3.12, K would 

separate M — x. 

3.14 Lfmma. Let D be an open subset of an il/I.i , S, aiid x G 7'’(7d) == il/ 
such that (1) M — a: is connected, (2) x is regularly (n — 2)-accGssibU; from D, 
and (3) there exists an open set P containing x such that every (n. — 2)-cycle in 
D r\ P bounds in D. The7i D is {n — 2)-ufc at x. 
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Proof. Given an arbitrary open set U containing a:,. Uioro oxists an open 
set V sucli that x ^ V C.V, and such that if 7j"~^ is a cycilo of ]) r\ V, thou 
2 '*”® ^ 0 on a compact subset JG of i) A (?7 U .r); and Lhorc exists a compact 
subset K-i of D such that Z’'~^ ~ 0 on , Wo need coiiHitlcr only tlio case 
where x E: Ki . 

We may now obtain the cycle 7’"^* and the sots A 1 and A a of 'J’hooi’cm VH 9 . 1 , 
where 7'"^* becomes a 7’'"\ Ai = (M — P) U P(P) and As = ]\[ O F. If 
7"“^ cannot be chosen so that it bounds in iS — (il/ — x), thon by J.omma 3 .12, 
Ki VJ K2 separates points oi M — x in S. But this would imply that i\I — x 
is not connected. hlence7""‘ '^OinS — M <Z S — (^li r\ As), and by Theorem 
VII 9 . 1 , - P(P). It follows that 7"“ * ~ 0 in D H F. 

We can now give a characterization, in terms of accessibility projx'-rties, of 
the spherelike ^;-gcm in the sphei-ebke n-gem. 


3.15 Theorem. In order Uial a krdimensional cloned mhnel M of an il/",* n , 
S, should he a spherelike k-gem, it is necessary and sufficienl Uuil (i) 
— il/) = If and if Fisa proper closed subset of ill, ihoi p" * '(N — P) = 
0 ; ( 2 ) if h > I, S — M is semi-r-comeded and M is r-accvssihle for r = n — k, 
• ■ • , w — 2; (3) M is regularly {n — k — l)-acccssihle rcl. hounding cycles. 


Proof The necessity follows from Thcomm X Tf) and 'riu'orein 3.3 abov<‘ 
To prove the sufficiency, Ave shall firet show that tla* coudition.s of 'I’hooivin 
X4.5 are fulfilled. We need consider only the ca.se k > 0 . sine(' if k -■ 0 , condi¬ 
tion ( 1 ) of the hypothesis implies M is an 
Condition (1) of TheoremX 4.6 is identical with condil ion (1) of I lie ])r<>s{‘ii 1 
theorem. To prove condition (2) for r = n ~ k, “ • , n ~ li, wo iis(‘ I lie inel hod 
employed m the second paragraph of the .su(liei<'ney pi-oof of 'l’lieot'<‘in 3 .!) 
To show that S - il/ is (n - 2)-iilc, wc apply J.eninia .3 IT if .c c- M, llien 
il/ - .Tis connected by Corollary VII 3.3, and with ( 2 ) ol IIh- liypotla'sis of the 
present theorem, the hypothesis of Lemma 3.11 i,s sa(isli<-d Coiidiiion VA) of 

TheoremX4.5isalsoprovedby like raolliod.s, using (lie |•('gulai■ - !)- 

accessibility relative bounding cycles. Wo condude, Ihen, tliul M is an oiT'iil- 
able A;-gcm. 


To see that M is spherelike, Ave have to show tliul piM) = () for .s = i, 
■ ■ ■ , - 1; or Avhat is equivalent, that p^{S - M) = () for r = n - 

\ ®yPPose Z\n ~ k ~ % is a nonhoiind mg eyvlo of ,S' - M. 

Then by Corollary VIII 8.6, Z' is linked Avith a cycle Z' of M \ ^ n ^ k ~ \ 
But this IS impossible, since if x € M, there exists by (kaillary 3.6 a eydo 
7 ot lU X in the same homology class of 7/‘(il/) as Z\ and ~ 0 
on (ib — il/) U X. 


The following corollaries are of interest since they afford 
the euclidean S' and iS" in the spherelike n-gem: 


characterizations of 


tnat{l)p (,b M) _ landtfFtsaproperclosedsuhseiofA'I,p’‘-\S ~ F) ^ 0, 
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(2) M is regularly {n — 2)~accessible rel. hounding cycles', then M is a spherelike 
1-gcm. In particular, if S is perfectly separable, or an 5*, then M is an *S\ 

Tlie assumption that M is 1-dimensional may be omitted in the latter cases, 
since it may be shown tliat if a cycle 2““® of jS — if, where ilf is compact metric 
and Ic, links l\I, then is linlced with an S' of M. Cf. Wilder [i]. The case 
where S = S" and /c = 1 was also discussed by P. Alexandroff [f; 19, Theorem 
IV]. However, Alexandroff assumed regular (n — 2)-accessibility instead of 
regular (n — 2)-accessibility rel. bounding cycles alone; it was actually the equiv¬ 
alent of the latter which, in the cose n = 2, Schoenflies assumed for the charac¬ 
terization of the by accessibility properties (IV 7). 

3.17 ConoLLAnv. In order that a ^dimensional dosed subset M of a per¬ 
fectly separable ilf ?,3 , S, should he a 2-sphere, it is necessary and sufficient that 

(1) — M) = 1 and p''~^(S — F) ~ 0 if F is a proper closed subset of M, 

(2) S — M he semi-(n — 2)-connec;ed and M be (n — 2)-accessible, and (3) M 
he regularly (?i — 3)-acccssible rel. hounding cycles. 

And the following corollary for the case fc — n — 1 is interesting in contrast 
to Theorem 3.9, where the emphasis was placed on a single complementary 
domain: 

3.18 C'onoLLARY. In order that an (n — l)-dimensional closed subset M of 
a spherchke n-gcni S should be a spherclike (n — l)^c«i, it is necessary and 
sufficient that il/ separate S and be r-accessible for r =» 0, 1. • • • , n — 2, and 
that S — J\I be semi-r-cunnectcd for r = 1, n — 2. 

Proof of sufficiency. Since M is 0-accessibIe, it is the common boundary 
of all its complementary domains by Theorem 2.3. Lot D l-)c one of the latter. 
That D is ulc"'^ may be pl•o^’cd by a method similar to that used m the proof 
of Theorem 3.9, ainl tliat B is (« — 2)-ulc follows from Lemma .3,14. Hence 
ill is an oricntablo (n — l)-gom by Theorem X 0 9, and condition (1' of Theorem 
3.15 IS satisfied for k = n — 1. 

Now in order to cliaracterize the general A-gein—that is, the A--gcin which is 
not necessarily .simply-connected in dimensions less than k —we turn, as might 
bo expected, to the weaker forms of acccssiliility. In particular, we shall give 
a characterization that utilizes serai-r-accessibility. Aa the lattor was defined 
(2 16), it is dependent upon the particular point chosen, and is not a uniform 
property. Consider the following definition: 

3.19 Definition. A closed subset M of a space S will be called uniformly 
semi-r-accessible from an open subset D of jS — M if there exists a fcos @ of 
S such that if x E df and Z' is a compact cycle of Z) U a: of diameter < (S, then 
Z" ~ 0 on a compact subset of D \J a:. If it is desired to indicate a special feos 
S for which this property holds, we siiall say that M is uniformly semi-r-accessihle 
of norm ^from D. 
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It is trivial that uniform semi-r-accesBibiliiy implies scrai-r-ncccssibility at 
each point of M. But the converse fails to hold. For in let il^' bo tlio homeo- 
morpli of a plane circular disc and K tlie image, under the same liomoomorphism, 
of the boundary of the disc. Then M is scmi-l-acccssible at every point, but 
not uniformly serai-l-acccssible; no covering of 5® whicli serves for an x <S K 
will serve at the same time for nearby points of M ~ K. 

3.20 Lemma.. In order dial a closed subset, M, of an , S, should be 

uniformly semi-r-acccssible from S M, it is necessary and su,ijicienl that (1) 
M be smooth at every point in dimension n — r ~ 1 and (2) there exist afeos U 
of M such that if x ^ M,U E. U, and is a compact cycle of M — x, then 

= 0 mod M on M~ a:. 

Proof oi^ necessity. (1) follows from Theorems 2.J9 and 2.21. Let ® bo 
a fcos of S such that M is uniformly semi-r-acecssiblc of norm (S from S — M. 
Denote n — 7 ’ — 1 by s. Let x E M,U E% and Z* a cycle of M — .r. Sup¬ 
pose Z‘ mod M — U on M — x. Then 2* 0 on (jS — 17) W (M r\ U) ~ x, 

andbyTlieoi'emVIIIO.l there exists a cycle Z' in U r\ (S — Ilf) U x which 
is linked with Z'. But Z' is of diameter < ® and therefore Z' 0 on (S — il/) U 
a—hence in the complement of some carrier of Z’. Wo conclude, then, that 
« 0 mod M — U on M — x. And the desired covering of M consists of 
the intersections with ilf of tlic elements of (5. 

Proof of supficibncy. Given ll, wo olitain a fcos (S of S in the following 
manner: Each Cf G U may bo augmented by 5 — iif; the resulting fesos of S 
wo call ll'. Now if 7 / 6 5 - M, there exist open sots V and W such tluit 
t/ E ir C P C *5 — M and sucli that $-cycIc.s on S — K are homologous to 
zero on 5 — IK. It y E lot V denote the inLor.scjctinn of the olemenLs of 
U' that contain y, and lot If bo an open set such tliat y E IK C and again 
such that s-cyclcs on 5 - f bound on S - JK. Let (5 bo a finite coIlccUoii 
of the sots IK covering S. 

Now let IK G a; E M, and Z' a cycle of {S — M) \J x in IK. Suppose 
Z' Oil! (*S - M)\Jx. Then by Theorem VIII QA, Z" js linked with a Z’ of 
M - X. But let U' E U' such that If C U'. By hyiioLliosis, Z* « 0 mud ^1/ - 
U in il/ - X, and hence by Theorem VI -l.Ga, for every oiX)n sul)soL P of />' lluit 
contains M - x, Z' '^0 mod ilf - f/ in P. If wo let P = S ~ K, where K 
is a closed subset of (5 - M) \J x in If carrying Z', then ^ 0 mod M - U 
in *8 - K. But this implies that Z' is homologous, on a compact sub.sot of 
S ~~ /:/) to 3- cycle 7 *^ on »8 — U, and since 7 ' 0 on >8 — IK, this implie.s that 

0 in >8 — K. As this contradicts the fact that Z' and nro linlced, we 
conclude that Z' = 0 in (S — M) KJ x. 

Now since ilf is smooth at x, M is locally r-acccssibic at .t;. It follows that 
Z' ~ 0 in (<8 — M) U a; by an argument similar to that used in tho suflicienoy 
proof for Theorem 2.23. 

3.21 Corollary. For closed subsets of an Mr.r+i j uniform semi-r-acceei- 
bility from the complement is a topological invariant. 
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Tho following lemma follows immodiatoly from definitions: 

3.22 Lemma. If a dosed subset M of an n-gem S is r-accessiblc from an open 
set P, then M is uniformly semi-r-accessiblefrom P. 

3.23 'AtKOTiKM. If M is an oHentable k-gem, k > 0, in an M'l,k+\ , S, then 
M is {n — h — l)-accessihle ai every point. 

Pnoop. Since for overy proper closed subset F of M, p*(/0 — 0, it follows 

Hull — a:) == 0 and afoiiiori — tc, «) = 0. 

Now if X 6 M, and P is an arbitrary open subset of M conlaiiiing x, thoro 
exists an open set Q such that x G. Q CZ P and such Uiat (k — l)-cyclGS on. 

F(P) l)oimd on M - Q (Corollary IX 2.2). Then if Z* is a compact cycle mod 

/S' — P of M — .r, thoro exists a compact cycle y*" oi M ~ x such that ~ 
mod S — Q, and since y'’ 0 on its cftrrior, it follows that 0 mod /S — <3 

in M — .r; and a fortiori = 0 mod S — Q in M — x. Clcnce M is by definition 
smooth at every point in dimension k. 

Tt follows from Tiieorcm 2.23 that Af is (n — fc — l)-accessiblo. 

3.24 CoROLLAiiY. If M is an orienlable k-gem in an + i , then M is 

uniformly semi-(n — k — Inaccessible from its mnplement. 

3.25 '’I'linouEM. Ld M he a k-gem in an n-gem S. Then, lu case h > 1, M 
is uniformly sc.mi-r-accessthh from H ~ M for r ^ n — k i, ■■■, n — 2. In 
any ease, if S is an M'i ,^,, and I\f is oricntable, then Mis uniformly semi-(ri ~ /r)- 
accrssihle. 

Proof. Py C^nollary X 1.8, S — M is r-ulc for r = n ~ k, ■■■, n — 2. 
I,(‘t ts !)(' a fees of /S' sucli iimt r-cyclcs of N - M of diameter < G all hound in 
/S’ - iM. L(4 X £ ill and Z" a cycle of (S - M') W x of diameter < G. Z" 
huK a carrier not containing .r, it is trivial that ■~’fl in {/S' — M) 'U x. Otlicr- 
wis(‘, we may sliow liiat // ^ 0 in (/S' - M) U a: by an argumemt .similar to that 
us<‘d in tho jiroof of Th(‘oi-em I.2h. (l'’or tho ease r — w — k, I’ondilion (3) of 
Tlu'oretn X 4.5 is iKicchid.) 

l'’()r tlu' g('n('i'al oihmtablc /:-gcm wo can state the following Iheorcm, who.so 
proof is loft to the reader. 

3.2(5 Thkouiom. In order that a closed sidjset M of an A/s ,*,, , /S', should be 
an orienlable k-fjem, k > 1 {the case k = 1 has already been treated in Corollary 
3.1(5), it is necessary and suftcient that (1) — M) = 1, find if F is a 

proper closed subset of M, then p" * '(<S — = 0; (2) ill he re.gularly 

{n — k - i)-accessible rel bounding cycles, and for some fees (S of S, M be uni¬ 
formly semi-r-accessiblc of norm (S for r = n — k, •••, n — I; ami (3) there 
exist fcos T) > G' @ o/ S such Uial hounding (n — k — l)-c.vc;cs of S ~ M 
of diameter < 3!) hound on compact subsets of S — M of diameter < and if 
r = n — k, n — 2, r-cycles of S — M of diameter < 3) hound on compact 
subsets of S — M of diameter < 
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Por the case 7c = n — 1 of Theorem 3.26, the conditions stated may bo con¬ 
siderably weakened, in that (1) may be deleted and (2), (3) applied with 
reference to a single domain: 

3.27 Theorem. In order that a domain D, with noneni'pty, non-n'dimensioml 
boundary, in an » jS, should have an orientahle {n — l)-gc7n as hoimdai'y, 
it is necessary and sufficient that (1) F(D) be I'egularly 0-accessihle from D, a7ul 
for soine fcos (S of S, F{D) be uniformly semi-r-accessible of norm (S from D for 
r ~ 1, 2, n — 1; (2) there exist fcos 3) > (i' >* (i of S such that for r = 0, 
1, •••, n ~ 2, r~cychs of D of diameter < 5) hound on compact subsets of D of 
diameter < d'; (3) = 0. 


Bibliographical comment 

The contents of this chapter were reported in abstract form in Wilder [A^]. 


APPENJ3IX 


SOUVj unsolved problems 

Below arc listed some iinsolvod pi'oblems. Since we have not systematically 
attem])tcd solving any of these, wo can make no predictions regarding how clifli- 
ciilt these problems may bo. Perhaps some of tliom will turn out quite simple— 
may, intlced, be corollaries of results that have escaped our attention in the 
literature on topology, Tho discerning reader will perceive problems in Lite 
preceding chapters that are not mentioned below. However, this isi not in¬ 
tended as a comploto list in any sense. Momovor, we do not list any problems 
of purely algebraic type, problems eoncorning homotopy, nor problems coii- 
cci-ning mappings of manifolds winch suggest themselves above. 

1. Point set problems. In connection with tlio material on plane point sots, 
it was moutionod that there remain many unsolved problems concerning non- 
oloHod sul).s(!ts of tho piano. One such is described herewith: If M is a con- 
nocLecl sot and D a subset of such that ill — D is totally disconncoLecI, then 
D may l)o (salh'd a dispe-nsion .sol of Af. If no proper subset of D is a disporsion 
sot of iM, tlion lot us call D a primitive dispersion sot of il/. 

1.1 Dock Ihc ])}(inc, have a primilivc dispersion set? 

Jf Af is a common boundary of (at least) two domains A and 13 in S'^, and 
Af is Ic = Ic", tluMi Af is an (Theorem IV 0.0); hcncc l)y the .Ior<lan C'urvcj 
Theorem, .S' = J/ U .1 W li. 

J.2 Jf Af IK a common boundary of Im domains A and B in »S" and Af is 
is .S'" = Af U A \J B? (Solve by methods valid in an rt-gem?) Jf Itie 
answer is ucyalivc, can Ihcre exist a domain C suck that .-1 9 ^ C B and such Hint 
Af is the boundary of C? (Heo 2.3a below.) 

1.3 Ifow libci ally air the perfectly normal compact spares supplied with eomparl 
metric subsels'l (Sec 1.3 below.) 

1. -I What, in yencral, is the yninimal cardinal number always possible for a 
complete set {basis) of open subsets of a perfectly normal space! 

2. Problems concerning homology. It Ava-s shown in Theorem ATI ‘1.5 that if 
A and B are disjoint closed subsets of a compact molric spaeo .S, and every 
cycle Z’' on A bounds on a closed subset of S ~ B, then there exi.sls an open 
set U containing B such that every Z' on A bounds on S — U. 

2.1 If A and B are disjoint closed subsets of a compact space S and every 
r-cycle on A bounds on a compact subset of S — B, does Uiere exist an open set U 
containing B such that evenj r-cycle on A bounds on S — U! 

It Avas shown in Theorem VII 2.23 that if Z' is a cycle of a comijact space S, 
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then there exists in a closed set A wliicli is minimal with respect to being a 
closed carrier of a cycle 7 '' such that 2' ~ y' on S; the sot A is a minimal closed 
carrier of y'. 

2.2 If Z' is a Cech cycle in a compact space S, under what conditions does there 
exist a cycle 7 ’’ such that 7 '’ ~ Z' in S and y' has a closed, r-dinionsional carner’l 

If an lc°, compact metric space is minimal closed carrier of a nonbounding 
1 -cycle, then it is an »S‘; in particular, such a space can carry only one lirh 1 -cyclo. 

2.3 Can an Ic", n-dimensional, compact space he minimal closed carrier of 
more than one non-hounding Ccchn-cycle? (If desirable, add VIII 3D lo hypothesis), 

2.3a, Same as 2,3 with "Ic"” replaced by '‘Ic""*”. 

In Theorem X 5.8 it was shown that a ulc^ open subset of an oricn table 11 - 
gom S has an Ic*’ closure. By virtue of Theorem IV 4.12, every ulo (or 0-ulc) 
subset of a compact space has lo (or 0 -lc) closure. __ 

2.4 If U is a ulc’’ open subset of a compact space S is U lc^‘1 

The solution of 2.4 would probably not bo difficult if the "chain-realization''’ 
process employed above were replaced by a process not dopondent upon the 
existence of non-coboiinding n-cocycles. In [ 0 ] we employed one such process, 
using Vietoris cycles and chains and a finito coefficient field. In this manner 
an affirmative solution of 2.4 Avas obtained for the metric caso. 

2.6 Set up a geometne realization process analogous to that of [ 0 ] for locally 
compact nonrineinc spaces and arbitrary field 

3. Dimension theory problems. Among tlic dimension theory ])roi)I(‘ni 8 tliat 
should be solved is of course the problem already poinled out in connection 
with Theorems X 3.3 and X 0.10; 

3.1 If M is a common boundary of two domains in an n-gem S, is M (n — 1 )- 
dime7i8ional? 

More generally, 

3.2 Are the at most (n — V)-dimen8ional closed suhscls of an n-gm <8 identical 
with the closed subsets that contain no interior points of SI 

And in analogy with a well-known theorem for the cuclidoan case (see Ilurc- 
wicz-Wallman [H-W; Theorem IV 3]), one can ask: 

3.3 Must an n-dimcnsional (not necessarily closed) subset of an n-gm S contain 
inlenor points of S? 

3.4 Slate and prove the analogue of the Mengcr-Noheling imbedding theorend 
for an orientable n-gem] what ts the lowest dimension n for which a compact space 
of dimension k can he imbedded in an orientable n-gcml 

4. Problems concerning generalized manifolds. The following problem arises 
in connection Avith IX 6 : 

4,1 Is every n-gm locally oneniable? 

In IX 7.1, in connection Avith the example of a 3-gcm that is not regular, the 
folloAviiig question arose; 


‘For references, etc,, see Hurewicz-Wallman (II-W; p. 66, footnote 11]. 
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4.2 Do ihe points of L in the example of IX 7.1 have arbilrarily small neigh- 
horhoods whose houndanes do not have infinite l-dimensional comectmty numbers’} 

Throiighoul much of tiie material on manifoldsj it was assumed that ilio 
manifolds wore perfectly normal. The followng question has already been 
proposed by Aloxandroff [f; 33, Problem IV'J in connection with the Cecil 
definition of manifold: 

4.3 Is a perfectly normal generalized manifold necessarily metric? 

Porfeot normality was especially needed in ostablisliing duality theorems for 
the ease where the sets in question wore not assumed to have finite Botti numbers: 

‘1.4 Establish the Alexander and Poincar4 types of duality for a generalized 
manifold without use of the perfect normality, 

3110 following problem was communicated to tlio author by PI. G. Beglc: 

4.5 Does there exist a generalized manifold not orientable for any field what¬ 
soever} 

The following problem has already been pointed out in X 9.5: 

4.0 In S^, let K denote the Alexander "homed 2-8phcre" and D the domain 
complementary to K such that the fundameyUal group of D does not vanish. Let 
K' \J D' be a topological image of K KJ D under a homeomorphism h such that 
K' = h{K), D' = li(D). Let K and 1C he identified so that for x € K, x = h(x). 
If U D W D' is then topologized in suitable manner, is it an »5^? (It is a 
spliovelikc 3-gcm by Theorem X 9.2). 
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Abstract space, 11, 13 
Accessibility, 13 
arcwisc, 66 

by dosed and connected sots, 110 

by continua, 110 

from all sides, 116 

local r-, 362 

r-, 362 

regular, 116, 363 
regular r-, 364 
regular r-, rcl. 369 
semi-r-, 368 

theorems, 110 fT, 110 ff, XII 
uniform somi-r-, 377 
Acyclic, 85 

Addition theorems, CO, 64 ff, 241 IT 
Alexander addition theorem, 60 
Alexander duality theorem, 14, 63 
for an n-gem, 263 ff 
Algebraic topology, 12, 52 
Analysis situs, 10 
Annihilator, 169 
Arc, 27 

characterizations of, 30 fT, 43 IT 
open, 27 

Arewise connected, 81 
locally, 81 
through a space, 81 

Arewise connectedness of domains of a Poano 
space, 81 
Augment, 121 
Avoidable point, 229 
almost r-, 231 

in the lelativo sense, r-, 281 
locally ?•-, 218 
218 

Avoidable set 
almost completely >■-, 238 
almost locally r-, 238 

Barrier, 216 
Base, homology, 136 

Base of cycles relative to homology = a sot of 
cycles consisting of one cycle from each 
element of a homology base. Base of 
cocycles relative to cohomology is defined 
similarly. 

Basic set, about which a space is irreducibly 
connected, 23 


Basis, homology; see Base, homology 
Basis, countable (of open sots), 70 
Betti group; see Homology group 
Betti number, 12 
around a point, 291 
CO-, 103 

local, local co-; see Local conneotivity 
numbers 

mod 2, of a euclidean complex, 65 
of a space, 163 
of K over G, 124 
of open subsets of 5", 68 
Boundary 

of a set of points, 10 ff. The boundary of a 
point set M is denoted by the symbol 
/<’(;¥); the boundary of an e-neighborhood 
of a point .r in a metric space by F(r, e). 
of a chain, 64, 122 
Boundary cell, 62 
Boundary chain, 121 iT 
Boundary operator, 121 
Boundary point, 16-17 
Brouwer property, 47 
posscs.sion of by 5", 60 

Canonical i)air of neiglil)orii<)ods, 102 
Canonical .Hecpience of reniuniK'nIs, 145 
Cantor-coniK'cU'iI (= (.'-eonneeU'd), 338 
Cantor product llieorein, 24 
Cantor ternary .set, 74 
Cap product, 153 

of compact cycles and infit)i((‘ cocyides, etc , 

2i7rr ' 

of C-cycle.s and eocyclcH, 157 If 
special, 154 
Carrier 

approximnle, 205 
minimal, 205 
of a C-cyclo, 204 
of a compact cocyclo, 248 
of a compact cycle, 246 ff 
of a homology, 204 
Cauchy sequence, 4 
C-cyclo = Cecil cycle 
Cecil 

absolute—cycle, 132 
cycles, 130, 148 
cycle mod L on M, 132 
unrestricted—homology Llioory, 160 
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Coll, 11, 15, 120 f 

ohjiraolorization of closed 2-, 92, 242 
closed, 31, 56 
closed 2-, 92 ff 
n-, 31, 38, 62 
c-cquivaloiico, 18 
Chain, 12 
augmented, 123 
cellular, 53 
deformation-, 128 
groiq:, 6-1, 122 ff 
product, 163 
r-, 63, 6 J, 121 ff 
Chain-homotopic, 129 
Chain-mapping, 127 ff 
Chain-realization, 177 
extension of, 177 
partial, 177 

Character. A point x of a Ilausdorff space S 
has counLablo character at x if some 
countable collection of open subsets of S 
is equivalent to the set of all open sets 
relative to x. (The obvious generalisa¬ 
tion to character of type a whero « is 
any cardinal number). 

See 73 
Closed, 5 

Closed cantorian manifold.s, 207 
Clo.Hed curve, J3, 14 
(piasi-, 32 
simple, 31 

C’los(‘d Jordan curve, 31 
(-'losure of a point .si't, 5 
Coboundary, 150 

Gochain lealizalion, 252; may be abbreviated 
to “co-realizalion” 
jiartial, 252 
Cocvcle, J41) [T 
com[)ael, 2 18 
lundainental, 250, 255 
inlinite, 2 17 
of a spae<‘, 152 

Coofricients {of chains), 12, 121 IT 
integral, 12, 125 IT 
mod 2, 12, 52 IT, 124 ff 
mod p, 12, 126 
rational, 12, 126 
Colinal (directed systems), 147 
Cohomology, 161 
compact—group, 248 
group, 149 IT, 106 
infinite—group, 247 
Combinatorial topology, 11 


Compact, 34 
countably, 8 
locally, 29 

locally pcriphoially countably, 29 
Gomplomont, 1 

Complofco family of coverings, 130 
Comploto space, 4 
Compktoly normal, 60 
Completely r-avoidablo, 229 
almost, 231 
sots, 238 
Complex, 11, S3 
associaled—of a chain, 63 
augmented, 121 
cone-, 126 
deformation-, 128 
infinite, 126 
n-dimonsional, 120 
oriented, 121 
unrestricted, 120 
Component, 18 

Condensation, r-dimcnsional, 366 
Connected, 7 

in the sense of Cantor, 337 
space, 16,19 
strongly, 227 

Connectedness, relation of homology to, 141 IT 
Connc*ctivity, 11 

number, 12, 15, 121 (.see Betti number) 
number about a sol, 193, 240 
Constituanl. Defined exactly like component 
(18) except that two points r and y are 
called c-cquivaleiiL if Lhote existh a com¬ 
pact, connected set containing x and y. 
(Compare sliongly conneeted), 
Continuous curve, 13 SooPeano coiiliniium 
Jordan's definition, 69 

Continuum = noiidegeneiale, compact and 
connected, 30). {Beginning with ChapLor 
IV, a continuum is always a TlaiisdorlT 
space) 

Convergent sequence of points, 73 
Cooidinale of aCoch cycle, 130 
Countable. A set is called countable if it is 
empty, finite or denumerable (q v.) 
Countable base of open sets, 70 
Cover, To, 33 
Covering, 13, 129 
neighborhood, 171 
regular mth respect to a sot, 134 
theorems, 11, 36, 106, 129, 133 ff, 140,145, 
169 ff, 173, 202 
unrestricted, 168 
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Cut point, 10 
Cycle, 12, 64 
absolute, 132 

approximately on a sot, 172 
bounding, 12, 54, 123, 130 
compact, 240 
Ccoh, 130, 148 
essential, 140 
fundamental, 250, 265 
group, 64 
infinite, 248 
non-ti'ivial, 142, 216 
relative, 131 
0-, 64 
Cyclic, 86 
element, 82 
Cyclicly connected, 85 
Cyclic connectivity theorem, 86 

Declinable, r-, 371 
Dedclcind Cut Axiom, 29. A simply ordered 
set S is said to satisfy the Dedckind Cut 
Axiom if for every decomposition 5 = A 
U B such that A 5 ^ 0 M 5 and A < D, 
either A has a last point and/or B has a 
first point. 

Deformation-chain, 128 
Deformation-complex, 128 
Dense, 83 

Denumerable. A set is called denumerable if 
there exists a (l-l)-correspondence be¬ 
tween its clcinonts and tlio natural 
numbers 1, 2, • • • , 7 i, • • • . In the 
terminology of cardinal numbers, a set 
is denuincrablo if the cardinal numbor of 
its elements is aleph-null. (Sec Count¬ 
able.) 

Diameter of a point sot M “ lub p{x, y), x, y 
G M. Denoted symbolically by 
Diameter 
of a chain, 178 
of a C-cyclo, 222 

of a point sot in a metric space, 53 f 
of a point sot m general space, 100 
Difference of sets, 1 
Dimension 
of a chain, 121 
of a covering, 195 
of a space, 195 ff 
Directed system, 147 
Disconneot, 10 
Disjoint, 1 

Distance between two point sots, 68 f 


Distance function, 4 

Domain == open connected subset of a spaco, 
14 f, 62 f 
Dot product, 153 

of compact cycles and infinito cocyoles, oto., 
247 ff 

of Cech cyclo.s and cocycles, 102 
Dual bases, 101, 16J ft’ 

Dual hoinomorpliisni, MS IT 
Dual pairings, 102 
orthogonal, 102 
Duality 

simple local, 274 
Duality tiicorems 

between homology and cohomology groups 
of a space, 103,' 106, 247 IT, 250 IT 
between Ic and avoulability prop(>rLii’s, 340 
between lo and S properties, 320 IT 
between Ic and weak S properties, 339,3436“ 
between Ic and wulc ])roperties, 344ff 
between S and nvoklability pioportios, 
331 ff 

between )S propeities, 310 (T, 327 ff 
between ulc and coulc, 294 
for a complex, 101 ff 
for local Betti number,s, 191, Ii)3, 291 ff 
for S' in 5", 01 ff 
PoincniA typo of, 253, 259 
Pontrjagin typo of (linking), 200 IT, 302 
relation to sepnialioii of siiaec bv closed 
sets, 212 n“, 225 IT 

End point 
of an aic, 27 

of a Peano continuum, 82 
Equivalent neigliboriioml systems, 3 
relative to a sot, 72 

Enclidoaii piano, lop’l cliarach'rization of, 280 
Extendible, r-, 224 
in the relative souse, 281 

Face, 11, 63, 120 
Flat, 130 

Fundamental parallclojnped of Hilbert spaco, 
71 

Fundamental system of cycles, 146,180 ff 
metric, 218 

of infinite r-oyclcs, 268 
of infinite r-eocycics, 200 

Generalized closed manifold, 244 
Generalized closed Ti-ooll, 287 
Generalized manifold of dimension n, 244 


INDEX 


399 


Gcnomlizctl manifolds, 16 
Gcnoralizod ?i-coll, 287 
Geomotiia situs, 10 
Group 

of n-chains of K over G, 123 
of ?i-oyclo8 of K over G, 123 

Ilavisdorff axioms 
First, 2 
Second, 6 
Third, 0 

Fourtli (separation axiom), 69 
First countability axiom, 73 
Ilausdorff siiaco, 09 
Ilomcomorpliic, lioincomorpliism, 8 
Homologous cycles, 12*1 
Homology, 11, M, 56, 124 
base, 130 
relation, 55, 124 
relative, 131 
unrestricted, 109 
Homology group, 123 ff 
appioximati'ly on a set, 172 
Cecil, 130, 147 
compact, 240 

examples of mod 2, mod m, etc,, 124 ff 
infinite, 218 

infinite fundamental, 258 
invariauei' of, for a complex, 125, 140 
mod L on 132, 106 
of a euclidean conijilex, 55 
of an open sub,set of 5", 58 
of K ovei a, 123 
relative, 131 
Ilomotopic to z('ro, 287 
Ilomotojiy 

local eonneeledness, 199 
manifolds, 287 

Imbed, 9 

In (ns a[)plu‘d to chains being in an open set), 
150 

Incidence mimlicr, 121 
incidemt, 11, 120 
Indexed systems, 147 

Infinite fundamental homology group, 268 
Infinite manifold, 

characterization of 2-dimensional, 280 
Interior, 17 
point, 17 

Intersection of sots, 1 
Inverse systems, 147 
Irreducible continuum, 209 


Irrcduciblo Ic-connoxe about a point sot, 42 

Irredudble membrano, 209 

Irrcduciblo 

rcIaUvo to carrying a non-bounding r-cyolo, 
207 

lolatlvo to carrying an r-oyolo non-bounding 
on itf, 207 

Irreduoibly conneoted, 21 
Isomorphio comploxes, 89 f 

Join, 127 

Joidan-Brouwor separation theorem, 14 ff, 
62, 03, 217, 

Converse of, 296 ff, 307 ff 
Jordan cuiro, 31 

Jordan Curve Thcorom, 13 ff, 44, 62, 6S, 68, 
88 , 211, 214, 217, 286, 290, 363 
Converse of, 67, 298 

Klein bottle, 126, 246 
Kroncckcr index (= IG), 66 f, 122 

Limit point, 2 

Limit superior (= Liin sup), 102 
Lindelof Ihcoicm, 72 
Linear grapli, 11 
Linear independence 

i-elalivc to homology (= Hrh), 55, 124, 126, 
136 

relative to cohomology (= lircoli), 165 
Linear isoinoiphism of voctoi spaces, 136 
Link, 62, 206 

of a simple cliain of sets, 33 
iritiducibly, 206 
Linking integral, 10 
Linking, Uicoicms on, 266 ff 
Local co-connectedness, 189 IT 
characterisation of, 192 
Locally connected spaces, 
characterizations of, 102, 104, 100 ff, 224, 
227, 231, 318, 320 ff, 330 ff 
Local connectedness, 12, 40 
Local connectedness in highci dimensions, 176 
characterizations of, 178, 193, 197, 210, 
229 ff, 233, 238 

Local connectivity numbers, 190, 192, 201 ff, 
290 

Local non-r-cut point, 228 
Local separating point, 276 
Locally arowisc connected, 81 
Locally r-avoidable, 218 
almost, 231 
sets, 238 
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Locally oricntable, 281 

Locally peripherally countably compact, 29 

Locus of concentration, 205 

Manifolds. The various types arc listed ac¬ 
cording to descriptive terms, such as 
"generalized,” "regular,” etc.; see also 
16, 16 

2-Manifold, 94 ff 

characterizations of, 06, 221 ff, 225, 272, 
280, 286, 349, 374 ff. 
closed, 95 
infinite, 96 
Mappings, 6 ff 
bicontinuous, 8 
closed, 70 
continuous, 7 
topological, 8 
Metric space, 4,13 
Motrlzablo, 71 

Metnzation theorem (Urysohn), 72 

Neighborhoods 
defining system of, 3 
equivalent systems of, 3 
equivalent systems of relative to a point 
set, 72 
of a point, 2 
Non-cut point, 10 
Nondegenerate sot, 2 
Non-j-cut point, 218 
almost, 231 
local, 228 

Norm of a chain-realization, 178 
Normal, 49 
completely, 50 

Normal sequence of refinements, 218 
Nucleus, 129 

On (as applied to chains on a point set), 131 
Open 
are, 27 
set, 5 

Order of a covering, 196 
Orientable, 125, 246, 249 
Orientability, 249 
Orientation, 11, 120 

Pair, 234 

Peanian = having the properties of a Pcano 
space (q.v.) 

Peano continuum, 13, 69, 76 
See "Locally connected spaces" 


Peano space, 13, 76 
Perfectly normal, 108 
Perfectly separable, 70 
Phragmon-Brouwer property, 47 
of S'*, 00, 68, 242 
Poincnr6 space, 246 
Point set, 2, 12,16 
Positional invariant, 13, 200 
Product 
of chains, 163 

of cycle and cocyclc of a space, 167 
space, 37 
Projection, 129 
Projective piano, 246 
Property S, 106 
weak, 339 
Property S„, 236 
duality of, 316 (T 
rel, Q, 236 
weak, 342 

2 -oquivalcnco, 18 
Quasi-closed curve, 32 
Quasi-componi'iif., 19 

relation of homology to, 111 ff 
Quasi-locally connected, 40 

Real numbor.s, .spuci' of, 3 
Refinemonl, 129 
adjusted to a set, 172 
closure, 133 
normal, 140 
star-, 133 
Regular, 105 
n-manifokl, 283 

R, see Properly S. 

Scalar product of clmin.s, l5i) 
Schoondie.s extension llieoivin, 91 
Schoenliies-Moore Tlieorem, J17, 323 
Somi-locally-eoniu'oted, 233, 333 
Somi-n-connoclod, 167 
Separable, 24 
jjorfectly, 70 
Separate, To, 10 
Separate sets, separated sots, 8 
multiwiso, 20 
pairwise, 20 

Sequential limit point (= sip), 73 
Sets, 1 

Cantor theory of, 11 
finitely additive collection of, 70 
Sot-theoretic method, 12 



Simple chain of seta, 38 
Simple chain Lhoorom, 33 
Simple closed ouvvo, 31 
jj-alLovaLion of, 115 
Simplex, 120 
Homology groups of, 127 
Simpllclal mapping, 127 

Ilomomorphiams induced by, 128 
Simply n-connootod, 108 
Smooth, 369 
Space, 2 

Irreducibly connooled about a subset, 21 
Space-filling curve problem, 12 
Span, 88 

1- Sphoro 

Charaoterinalion of, 31 ff, -IS ft, 67, 114 ff, 
221 ff, 225, 27L, 298, 307, 365, 370 

2- Sphere, 87 IT 

GharaelerizaLiou of, 88, 220 ff, 280, 307, 
365, 37'J, 376 ff 
n-Spluii'o, 31, 38 
open Hubsefs of, 58 
subdiviaion of, 52 
Sphoreliki’, 2'l I 
Splieiical neighborhood, 4 
Star-finite, 122 
Star, 120 
Subdiviaion 
derivi’d, 52 
oli’monLary, 52 
of a chain, 58 
of a eiieluli'an complex, 57 
Siibspace, 3 
Siicc(‘8tior, 138 

Topological invariant, 8 
Topological property, 8 


Unioohercnco, 47 
of the n-sphero, 00 

Uniform local co-conneoLcdiiesa (» r-coulo), 
100, 292 fl 

Uniform local coiinccLcdncss 
ill dimonaion r {= r-ulc), 06, 292 
in the aenso of Cecil, 178 
in set-thcoi-etic sense (=* ulc), 06, 109 
of domains complementary to a ft-sphere in 
the rt-s|)liei'c, 66 

of domains complementary to submani¬ 
folds of a manifold, X 
of neighborhoods in a Pcano space, 77 
of open sulisets of a manifold, X 
weak (= r-\vulc), 3-14 
Union of sets, I 

Univi'rsal cocfllcicnt Rioup, 120 

Vector spaci*, 135 
VerUx 

of a coveimg, 129 
of a simplex, 120 

Weak IlaustlorIT .sjwire, 11 
Weak soiiaratiou axiom, 17 
Weakly locally comiecteil, -10 
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